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SUMMARY 


This  document  constitutes  the  final  report  on  research  performed  at  Texas 
A&M  University  under  Air  Force  Office  of  Scientific  Research  Contract  No. 
F49620-86-K-0014DEF.  This  program  was  coordinated  by  Dr.  A.  K.  Amos  of 
AFOSR  and  Dr.  Alok  Das  of  AFAL;  their  technical  liason  and  support  are  grate¬ 
fully  acknowledged. 

The  research  project  addressed  a  family  of  coupled  research  topics: 

(1)  Optimal  Control  of  Large  Angle  Maneuvers 

(2)  Design  of  Robust  Feedback  Controllers 

(3)  Unified  Structure/Controller  Optimization 

(4)  System  Identification  and  Optimal  Estimation 

(5)  Scaling  Laws  for  Flexible  Structure  Experiments 

In  each  of  the  above  areas  we  have  made  one  or  more  significant  research 
contributions  during  the  past  two  years.  Each  contribution  is  discussed  in  detail  in 
an  attachment.  In  die  text,  we  provide  an  executive  summary  of  the  main  features 
of  our  contributions  in  each  area.  Accordingly,  this  report  is  organized  in  six 
subsections;  one  subsection  for  each  of  the  above  topics  and  a  conclusions  section. 
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1.0  Optimal  Control  of  Large  Angle  Maneuvers 


In  Attachment  1,  we  present  a  new  method  for  near-minimum  time  control 
of  flexible  vehicles.  This  paper  introduces  open  loop  torque  shaping  methods 
which  allows  the  engineer  to  replace  the  sharp  on/off  control  discontinuities  and 
sign  switches  (typical  of  minimum  time  bang-bang  controllers)  by  smoothed 
torque  profiles.  Examples  are  presented  in  which  we  demonstrate  the  feasibility  of 
directly  trading  off  residual  structural  vibration  versus  modest  increases  in  the 
maneuver  time.  Our  approach  allows  explicit,  non-iterative  satisfaction  of  control¬ 
ler  saturation  bounds.  In  Reference  1,  this  method  is  presented  in  greater  detail  and 
several  additional  examples  are  presented. 

In  Attachment  2,  we  present  a  closed  loop  control  law  which  captures  the 
attractive  features  of  the  torque-shaped  open  loop  control,  while  gaining  the  con¬ 
venience  and  robustness  of  a  closed  loop  law.  Prior  to  achieving  the  neighborhood 
of  the  target  state,  the  control  resembles  the  corresponding  near-bang-bang 
smoothed  open  loop  control,  but  smoothly  transitions  into  a  fme  pointing  and 
vibration  suppression  control  in  the  end-game.  In  Reference  2,  this  approach  is 
considered  in  more  detail  and  several  examples  are  considered,  including  a  two- 
body  system. 

In  Attachment  3,  we  discuss  a  novel  scheme  for  steering  Single  Gimbal 
Control  Moment  Gyros  (SCMG)  in  order  to  maneuver  spacecraft.  The  new  formu¬ 
lation  is  based  on  improved  detailed  modeling  of  the  SCMG  system  including 
often  neglected  gimbal  and  rotor  transverse  moments  of  inertia.  A  new  discovery 
that  for  a  given  maneuver,  there  exists  an  optimal  set  of  initial  gimbal  angles  (of 
many  such  sets)  can  dramatically  reduce  the  effect  of  intrinsic  singularities.  The 
validity  of  the  method  is  illustrated  through  a  simulation  study,  and  several  issues 
for  further  study  are  identified  in  Attachment  3. 


2.0  Design  of  Robust  Feedback  Controllers 

In  Attachments  4-7,  we  present  several  new  methods  for  designing  and 
analyzing  robust  feedback  controllers  for  flexible  structures.  In  attachments  4-5, 
we  present  parameterizations  of  feedback  gains  which  permit  non-iterative  assign¬ 
ment  of  closed  loop  eigenvalues  and  subject  to  these  eigenvalue  constraints,  op- 
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ment  of  closed  loop  eigenvalues  and  subject  to  these  eigenvalue  constraints,  op¬ 
timization  of  a  measure  of  robustness  with  respect  to  model  errors.  We  believe 
these  methods  are  important  new  tools  for  design  of  high-demensioned  feedback 
controllers.  Reference  3  provides  a  detailed  presentation  of  the  theoretical  issues 
and  places  these  ideas  into  the  context  of  existing  literature  on  design  of  feedback 
controllers. 

In  Attachment  6,  we  present  a  novel  analytical  formulation  for  determing 
the  sensitivity  of  eigenvalues  and  eigenvectors  for  non-self-adjoint  problems.  We 
correct  a  significant  conceptual  misunderstanding  and  formulation  error  made  in 
several  existing  publications  on  this  subject  and  verify  the  analytical  formulations, 
to  seven  digits,  by  a  finite  difference  method.  The  essence  of  the  conceptual  and 
formulation  error,  which  we  corrected,  is  that  the  projection  of  the  gradient  of  an 
eigenvector  onto  itself  is  non-zero  except  for  the  special  case  of  a  self-adjoint 
system.  Assumptions  to  the  contrary  have  been  routinely  published,  as  discussed 
in  Attachment  6.  Since  self-adjoint  systems  are  almost  invariably  obtained  for 
mechanical  systems  with  feedback  control  loops  closed,  and  since  eigensolution 
sensitivity  is  an  important  issue  in  robust  control,  this  result  is  of  widespread 
significance. 

In  Attachment  7,  we  present  an  analytical  treatment  of  an  interesting  ques¬ 
tion:  The  probability  of  stability  in  the  presence  of  model  errors.  We  introduce  a 
methodology  for  calculating  the  probability  of  stability  and  address  the  issue  of 
optimizing  free  parameters  (such  as  control  gains)  to  maximize  the  probability  of 
stability.  These  results  are  primarily  of  conceptual  and  analytical  significance, 
however  they  do  provide  an  analytical  justification  for  the  robustness  index  intro¬ 
duced  in  Reference  4. 


3.0  Unified  Structure/Controller  Optimization 

In  Attachment  8,  we  introduce  several  important  new  ideas.  We  develop  a 
method  for  considering  several  performance  indices  simultaneously  in  designing  a 
family  of  control  laws  which  display  the  tradeoff  (eg.  control  effort  versus  per¬ 
formance  errors  versus  sensitivity  with  respect  to  model  errors). 

We  also  develop  and  apply  an  algorithm  for  simultaneous  design  of  se¬ 
lected  structural  papameters,  sensor  locations,  actuator  locations,  and  control  gains. 
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In  this  optimization  example,  (a  55  dimensioned  parameter  space)  we  consider 
three  performance  measures:  (i)  Minimum  mass,  (ii)  Minimum  sum  square  eigen¬ 
value  sensitivity,  and  (iii)  Maximum  robustness  (Patel-Toda  index).  In  this  ex¬ 
ample,  we  found  over  30%  improvement  in  actual  stability  margins  (in  the  55 
dimensional  parameter  space)  with  respect  to  parameter  variations  as  a  conse¬ 
quence  of  robustness  optimization,  as  compared  to  the  minimum  mass  design.  In 
Reference  4,  this  subject  is  developed  in  detail  along  with  a  thorough  discussion  of 
the  literature. 


4.0  System  Identification  and  Optimal  Estimation 

In  Attachments  9  and  10,  we  present  two  significant  contributions  to  system 
identification  and  optimal  estimation.  In  Attachment  9,  we  summarize  a  new 
method  for  structural  identification.  The  method  introduces  a  general  way  to 
parameterize  large  flexible  structures  by  re-scaling  the  nominal  contributions  of  a 
prescribed  set  of  substructures  to  the  global  mass,  stiffness,  and  damping  matrices. 
A  modal  energy  partitioning  method  is  used  to  guide  the  selection  of  substructures. 
The  scaling  parameters  are  estimated  considering  the  measured  and  modeled  free 
vibration  parameters  (a  subset  of  the  eigenvalues  and  eigenvectors)  and  the  meas¬ 
ured  and  modeled  forced  vibration  parameters  (frequency  response  functions,  over 
a  frequency  bandwith  of  interest).  The  free  and  forced  model  parameters  are 
brought  simultaneously  into  least  square  agreement  with  their  measured  values  by 
adjusting  the  mass,  stiffness,  and  damping  parameters.  These  ideas  are  applied  to 
several  examples  in  Attachment  9;  in  Reference  5,  additional  examples  and  an 
expanded  discussion  of  the  analytical  details  are  presented. 

In  Reference  6,  we  present  a  Kalman  Filter  estimation  algorithm  and  simulation 
results  for  spacecraft  attitude  estimation.  Attitude  is  parameterized  using  the 
Rodriguez  parameters  and  orthogonal  components  of  angular  velocity. 

In  Attachment  10,  we  consider  the  situation  that  large  non-random  errors  are 
believed  present  between  the  best  available  mathematical  model  and  the  actual 
physical  system.  We  present  a  novel  approach  which  estimates  the  smallest 
(integral  sum  square)  additive  model  acceleration  error  which,  when  incorporated 
into  the  system  differential  equations,  causes  the  revised  model  prediction  of  the 
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system  response  to  "agree  statistically"  with  the  measured  response.  Statistical 
agreement  is  defined  by  the  the  fit  residuals’  covariance  matrix  matching  the 
assumed  known  covariance  matrix  of  the  measurement  process.  This  simple  idea 
has  led  to  good  results  on  several  low  dimensioned  examples,  but  the  algorithms 
have  not  been  successfully  demonstrated  on  systems  of  moderate  or  high  dimen¬ 
sions.  Several  difficult  issues  have  been  encountered  associated  with  how  large  the 
measurement  sample  should  be  before  it  is  meaningful  to  enforce  the  implicit 
equality  of  two  covariance  matrices.  In  spite  of  these  unresolved  issues,  this 
method  appears  promising.  In  several  examples,  we  have  found  the  method  supe¬ 
rior  to  the  conventional  Kalman  Filter  estimators,  which  makes  provision  only  for 
process-noise  (stochastic  model  errors),  and  does  not  explicitly  estimate  the  model 
error  history. 


5.0  Scaling  Laws  for  Flexible  Structure  Experiments 


In  Attachment  11,  we  report  on  our  work  on  development  of  scaling  laws 
for  ground-based  testing  of  large  space  structures.  We  have  examined  some  con¬ 
cepts  regarding  the  scaling  of  large  spacecraft  to  laboratory  sized  models,  while 
preserving  the  dynamic  behavior  of  the  system.  Proportional  changes  only  in 
physical  dimensions  could  result  in  a  stiffer  system,  and  consequently,  a  frequency 
response  radically  different  from  the  response  of  the  actual  large-scale  structure. 
Some  simple  formulae  were  developed  for  scaling  structural  mass  and  material 
properties  such  that  the  modal  frequencies  are  preserved.  Our  ultimate  goal  was  to 
include  experimental  results  obtained  from  testing  scale  models  of  thin-walled 
tubing  proposed  for  space  based  laser  configurations;  however,  components  in  the 
correct  sizes  and  materials  were  not  readily  available.  In  the  attachment,  we  dis¬ 
cuss  the  derivation  of  the  scaling  formulae,  and  the  difficulties  encountered  in  the 
experimental  verification  of  the  concepts. 

Another  topic,  unrelated  to  the  scaling  concepts,  but  nevertheless  of  utmost 
importance  to  the  experimental  testing  of  large  flexible  structures,  pertains  to  the 
use  of  accelerometers  to  measure  local  accelerations  of  the  structure.  It  was  ob¬ 
served  during  experiments  on  the  AFAL  grid  structure,  that  accelerometer  data 
indicated  a  phase  shift  of  x  radians  at  specific  locations  on  the  structure.  Knowing 
that  such  a  phase  shift  does  not  occur  (structurally  at  least),  we  investigated  this 
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behavior  analytically  and  experimentally  for  simple  beam  structures.  We  found  an 
apparently  unknown  result,  or  at  least  a  heretofore  unpublished  truth:  rotational 
motion  of  the  accelerometers  in  a  gravity  field  causes  an  error  in  the  output  signal, 
due  to  the  perceived  change  in  gravity  as  the  sensor  rotates.  The  importance  of  this 
observation  is  clean  In  order  to  obtain  full  benefit  from  the  accelerometer 
measurements,  we  must  predict  and  compensate  for  the  gravity-induced  ac¬ 
celerometer  measurement  errors  in  order  to  obtain  accurate  knowledge  of  the 
motion  of  the  structure.  This  is  particularly  true  when  the  accelerometer  measure¬ 
ments  are  employed  in  the  determination  of  active  controls  applied  to  the  structure. 
In  Attachment  12,  we  briefly  present  the  underlying  principle  regarding  ac¬ 
celerometer  measurement  errors  and  discuss  experimental  procedures  used  to 
verify  die  analytical  predictions.  A  more  complete  treatment  of  the  response  of 
accelerometers  in  a  gravity  field,  is  given  in  the  attached  paper  entitled  "Low- 
Frequency  Response  of  Accelerometers  for  Observer  Design  in  a  Gravity  Environ¬ 
ment."  Compensation  for  the  gravity  effect  is  incorporated  into  an  observer  design 
for  the  AFAL  grid  structure,  with  both  analytical  and  experimental  results 
included.  This  paper  has  been  peer-reviewed  and  accepted  for  publication  in 
AIAAJGCD. 
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6.0  Conclusions 


During  the  course  of  this  research  project,  we  have  been  fortunate  to  have  devel¬ 
oped  a  number  of  significant  results  which  promise  to  impact  future  applications  as 
well  as  define  avenues  for  further  research.  Throughout  this  project,  we  have 
emphasized  balance  between  careful  analytical  developments  and  pragmatic  ex¬ 
perimentation  and  numerical  demonstrations  to  evaluate  the  practical  potential  of 
the  ideas  under  study.  The  above  executive  summaries  and  the  attachments  detail 
these  contributions.  It  is  significant  that  nine  excellent  graduate  students’  theses 
and  dissertation  research  were  partially  supported  by  the  funds  of  this  contract. 
Seven  of  these  students  completed  M.  S.  or  Ph.  D.  degree  programs  during  the 
course  of  this  project  These  excellent  students,  the  Principal  Investigators,  and 
Texas  A&M  University  have  been  significantly  accelerated  by  the  perfromance  of 
this  research.  It  is  evident  that  the  project  has  produced  an  excellent  return  on 
AFOSR’s  investment  in  our  research  program. 
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NEAR  MINIMUM  TINE  OPEN  LOOP 
CONTROL  OF  DYNAMIC  SYSTEMS 

R.  C.  Thompson* 

J.  L.  Junk  Ins2 
and 

S.  R.  Vadall3 
Abstract 

Minima  time,  open  loop,  optlaal  controls  are 
calculated  for  single  axis  aaneuvers  of  a  flexible 
structure.  By  shaping  the  control  profile  with 
two  Independent  and  arbitrary  paraaeters,  a  wide 
variety  of  control  shaping  can  be  acconpllshed. 
Based  upon  the  dynaalcs  of  the  aodel,  with  a 
normalized  tine  scale,  the  resulting  Pontryagln's 
necessary  conditions  yield  a  fully  nonlinear  fixed 
final  tlae,  fixed  final  state,  Two-Point  Boundary 
Value  Problem.  Upon  generating  numerical 
solutions  to  the  problem,  the  final  maneuver  tlae 
and  residual  flexural  energy  are  compared  to  the 
bang-bang  solution  as  a  measure  of  the  success  of 
a  given  maneuver.  Examples  presented  Illustrate 
the  control  of  flexible  modes  in  addition  to  the 
rigid  body  mode,  as  well  as  the  qualitative  and 
quantitative  effect  of  the  torque  shape 
parameters. 

Introduction 

Near-alnimum  time  attitude  control  of  flexible 
spacecraft  with  active  vibration  suppression  Is  a 
topic  of  current  research.  Although  true  minimum 
tlae  aaneuvers  have  been  examined  (Ref.  8),  such 
bang-bang  controls  cause  spillover  effects  which 
Induce  high  residual  flexural  energy.  Futheraore, 
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the  control  profiles  generated  In  true  minimum 
tlae  probleas  are  Impossible  to  l^lement 
perfectly  with  any  hardware  due  to  the 
Instantaneous  and  multiple  switching  required  by 
the  control  theory.  Consequently,  minimum  time 
optlaal  control  probleas  are  of  academic  Interest 
only  for  producing  a  theoretical  lower  bound  for 
the  maneuver  tlae. 

Upon  modifying  the  control  profile  with  a 
smoothing  function  and  transforming  the 
independent  variable  (tlae),  a  near  minimum  time 
problem  is  generated  with  the  aatheaatlcal  form  of 
a  fixed  time  nonlinear  optimal  control  problem. 
The  resulting  boundary-value-problem  yields  to  a 
number  of  established  methods  of  numerical 
solution.  The  controls  are  attenuated  In  such  a 
way  that  the  magnitude  of  the  control  rises 
smoothly  from  zero  to  the  bounded  maximum  at  the 
Initiation  of  the  maneuver,  and  typically  has  an 
Identically  shaped  reduction  to  zero  at  the  final 
time.  In  addition,  any  Instantaneous  switch 
during  the  maneuver  Is  shaped  using  a  smooth 
continuous  function.  The  sharpness  of  the  control 
trajectory  Is  determined  by  a  set  of  arbitrary 
parameters  such  that  we  can  produce  profiles  with 
low  control  rates  as  well  as  controls  which 
approach,  to  any  desired  degree,  the  bang-bang 
minimum  time  solution.  The  Independent  variable 
Is  transformed  such  that  a  linear  free  final  time 
optimal  control  problem  Is  converted  to  a 
nonlinear  fixed  time  problem,  where  the  maneuver 
time  Is  contained  explicitly  as  a  state  variable 
In  the  transformed  system.  This  augmented  fixed 
time  problem  can  then  be  solved  numerically  for 
the  controls  and  the  corresponding  minimum  time 
required  to  complete  the  maneuver. 

The  behavior  of  the  system  In  response  to  the 
optimal  controls  specified  by  the  set  of 
parameters  can  be  examined  to  determine  tradeoffs 
necessary  to  accomplish  certain  mission 
objectives.  For  example,  near  bang-bang  controls 
offer  the  shortest  maneuver  time,  however  control 
spillover  Into  the  flexible  aodes  will  Induce 
structural  vibration,  perhaps  to  an  unacceptable 
degree.  Conversely,  a  smoothly  varying  control 
reduces  the  spillover,  but  may  drastically 
Increase  the  time  required  to  complete  the 
maneuver.  We  examine  Issues  such  as  the  minimum 
time  required  and  residual  structural  energy  for 
various  representative  control  profiles. 


numerical  example*  for  a  low  order  flexible  body 
are  Included  to  demonstrate  the  Implementation  of 
the  algorithm  and  to  support  our  development  of  a 
general,  effective,  and  practical  approach  to 
producing  near  minimum  time  open- loop  control  of 
flexible  vehicles. 

True  Minimum  Time  Optimal  Control  Problem 

Consider  a  flexible  body  described  by  a  set 
of  linear,  undamped,  ordinary  differential 
equations  of  motion  of  the  form 

Hx  ♦  Kx  -  Gu  (1) 

where  M  Is  an  n  by  n  positive  definite  mass 
matrix,  x  Is  an  n  by  1  vector  of  configuration 
coordinates,  K  Is  an  n  by  n  positive  semldeflnlte 
stiffness  matrix,  G  Is  an  n  by  m  control  Influence 
matrix,  and  u  Is  an  m  by  1  control  vector.  The 
admissible  controls  u(t)  must  satisfy  saturation 
bounds  |u(t) |  s  uman  (every  element  of  u(t)  Is 
bounded).  We  shall  transform  Eq.  (1)  Into  a  set 
of  uncoupled  equations  In  order  to  reduce  the 
complexity  of  the  optimal  control  problem.  For 
low  order  models,  or  models  of  discrete  systems, 
this  procedure  may  be  unnecessary,  although  It 
will  greatly  simplify  the  coding  effort.  However, 
we  must  recognize  that  a  discrete  representation 
of  any  continuous  system  given  by  Eq.  (1)  Involves 
some  degree  of  approximation,  which  typically 
means  that  a  number  of  the  higher  frequency  modes 
will  be  Inaccurately  predicted  by  this  model  of 
the  structure.  Therefore,  there  Is  a  practical 
reason  for  restricting  our  attention  to  the  modes 
(typically  some  lower  few)  that  are  accurately 
represented  for  the  system  under  consideration. 

By  solving  the  algebraic  eigenvalue  problem 
associated  with  the  unforced  equations  of  motion 
for  the  diagonal  eigenvalue  matrix,  a,  and  the 
eigenvector  (modal)  matrix,  E;  the  equations  of 
motion  may  be  uncoupled  such  that 

n  ♦  an  »  Bu  (2) 

where 

ETME  -  1  ,  ETKE  •  A 

x  »  Ejj  ,  jj  •  ETMx 


B  ■  ETG  ,  |u(t)|  s  Umx 

In  the  development  of  the  near  minimum  time 
optimal  control  problem,  we  shall  seek  to  control 
only  a  subset  of  the  modal  coordinates,  chosen 
from  the  lower  frequency  modes  contained  In  Eq. 
(2).  Since  our  work  Is  primarily  addressed  to  an 
examination  of  the  effect  of  controlling  just  the 
rigid  body  modes  (as  opposed  to  actively 
controlling  some  of  the  flexible  body  modes,  the 
number  of  controlled  modes  In  the  examples  shall 
be  limited  to  either  one  or  two  (for  illustrative 
purposes  only).  However,  the  derivation  of  the 
optimal  control  formulation  contains  no 
restrictions,  and  the  number  of  controlled  modes 
Is  discretionary. 

To  continue  the  derivation,  we  shall  choose 
to  control  a  set  of  N  modes,  and  form  the  vector, 
z,  to  represent  the  state  of  the  controlled  modal 
system,  which  gives 

i  -  Az  *  Du  ,  |u|  s  0-4x  (3) 

where 

z  -  colf^,  ig)  (2N  by  1) 

*  *  [A  °]  (?M  ^  ?N) 


and  we  seek  the  control  that  will  drive  the  system 
from  a  given  Initial  state  to  a  specified  target 
state 

1(0)  -  ^  (2N  by  1) 

Vz(tf)  -  ^  (2N  by  1) 

within  the  time  limit  (tf),  an  unknown  constant. 
The  problem  defined  by  Eq.  (3)  Is  a  fixed  final 
state,  free  final  time  two-point  boundary  value 
problem  (Ref.  5).  We  shall  transform  this  system 
Into  a  fixed  final  state,  fixed  final  time 
problem,  which  can  be  solved  by  a  number  of 
numerical  methods.  Ref.  (1-3),  by  defining  the 
normalized  time  variable 


16 


so  that  when  t*0,  t»0  and  when  t*tf,  i«l. 
Differentiating  both  sides  of  Eq.  (4)  leads  to  the 
Identity 

» 

or 

C)  *  if  (•)  (6) 

Using  the  identity  and  notation  given  in  Eq.  (6) 
and  operating  on  Eq.  (3),  the  fixed  final  tine 
two-point  boundary  value  problem  (TPBVP)  Is  given 
by 

1  *  *  Du)  (7) 

with  the  corresponding  boundary  conditions  given 

by 

lb  •  0)  -  ^  (8a) 

VI  (*  ■  1)  -  lf  (8b) 

The  optimal  control  problem  Is  to  determine 
the  controls  applied  to  Eq.  (7)  which  will  satisfy 
these  boundary  conditions  and  minimize  the 

performance  Index 

tf  1 

j «  /  dt  -  ;  t.  dt  •  tf  O) 

lo  0 

The  Hamiltonian,  formed  from  the  Integrand  of  Eq. 
(9)  and  the  right  hand  side  of  Eq.  (7),  is 


is  mathematically  stated  for  each  element  (u^)  of 
the  control  vector 

2N 

ut  *  -Umax*19"(jf1  Vj>  <12> 

where  the  subscripts  indicate  the  elements  of  the 
corresponding  vectors  and  matrices. 

Equations  (11*12)  are  the  necessary 
conditions  for  the  true  minimum  time  optimal 
control  problem.  Except  for  the  unusual  singular 
arc  .ase  (characterized  by  vanishing  of  the  switch 
function  over  finite  InterLals),  we  note  from  Eq. 
(12)  that  the  controls  are  Instantaneously 

'switched*  on  and  off  as  well  as  from  positive  to 
negative.  Although  this  leads  to  the  minimum  time 
maneuver,  such  controls  are  impossible  to 

Implement  exactly  by  any  actual  hardware. 

Therefore,  true  minimum  time  maneuvers  serve  only 
as  a  minimum  bound  for  the  actual  time  required  to 
maneuver  the  given  body. 

Since  the  controls  depend  only  upon  the  sign  of 
the  argument  in  Eq.  (12),  the  magnitude  of  the 
costates  will  not  effect  the  value  (tu,,^) 
determined  for  the  controls.  From  Eq.  (11),  we 
see  that  the  costates  appear  linearly  in  an 
unforced  first-order,  ordinary  differential 

equation  (ODE).  Consequently,  the  costates  do  not 
have  a  unique  magnitude,  and  we  are  free  to  impose 
any  arbitrary  condition  which  'normalizes'  x^( -i ) In 
some  convenient  way.  We  shall  then  introduce  a 
constraint  that  the  undetermined  Initial  costates 
satisfy  the  normalization  condition 

!T(0)x(0)  -  C  (13) 


H  -  tf  +  J(tf  (Az  ♦  Ou)J  (10) 

where  the  2H  costates,  x,  are  a  set  of 
undetermined  Lagrange  multipliers.  Pontryagln's 
principle,  acting  upon  Eq.  (10)  produces  the 
equations  governing  the  states  and  costates 

i  ■  4r  ’  +  Dn)  (iia) 

I  -  -  -fz~  •  (Hb) 

and  u  Is  chosen  such  that  Eq.  (10)  Is  minimized 
for  all  time.  To  accomplish  this,  the  last  term 
of  Eq.  (10)  must  be  negative,  a  requirement  which 


where  C  is  an  arbitrary  positive  constant,  with 
this  constraint,  the  search  for  suitable  initial 
costates  is  restricted  to  a  scaled  hypersphere  of 
Initial  conditions.  The  magnitude  of  C  shall  be 
chosen  such  that  numerical  behavior  of  the 
solution  is  enhanced,  which  for  most  applications 
implies  that  C  <■  1. 


Profile  Shaping  of  the  Optimal  Control 


We  propose  to  alter  the  switch  functions  In 
the  optimal  control,  given  by  Eq.  (12),  in  such  a 
way  that  the  control  applied  to  the  system  Is 
smooth  and  continuous  throughout  the  entire  maneu- 
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ver.  Admissible  controls  must  be  smooth  functions 
with  values  between  zero  and  U^,  (zero  near  the 
endpoints  of  the  maneuver)  and  which  switch 
smoothly  from  positive  to  negative  or  negative  to 
positive,  depending  upon  the  switch  function 
argument  (o\) .  The  arctangent  can  be  used  to 
approximate  the  switch  functions  and  thereby 
develop  control  profiles  that  meets  these  criteria 
and  maintains  a  similarity  to  the  sign  function. 

Consider  the  approximation  of  the  sign 
function  of  a  scalar  variable  to  be  expressed  by 

sign  (s(i ) )  •  w(t,  at)  tan_1(  )  (14) 

where  the  arctan  function  simulates  the  sign 
function  (Ref.  7)  with  the  parameter  a 

determining  the  degree  of  approximation  and 
consequently  the  sharpness  of  the  switch  and  the 
multiplier  2/«  Is  used  to  bound  the  arctan  between 
tl.  As  a  approaches  1,  the  arctan  function  In 
Eq.  (14)  approaches  the  Ideal  sign  function, 
however  the  approximation  Is  smooth  and  continuous 
(as  shown  In  Fig.  1  for  several  values  of  a). 
The  applied  weight  w(t.  At),  Is  an  arbitrary 
device  that  Is  Introduced  to  •shape*  the 
approximation  as  necessary  for  specific 
applications.  For  example,  we  note  that  the 
arctan  approximation  still  has  an  'Instant  on-off* 
character  despite  the  fact  that  any  Interior 
switches  are  smooth  and  continuous.  Me  can 
arbitrarily  smooth  the  terminal  on-off  conditions 
of  Eq.  (14)  by  choosing  the  weight  function  to 
attenuate  the  approximation  at  the  endpoints 
0  -  0.1). 


* 


Figure  1  Approximation  of  sgn  function 
Let  the  weight  function  be  given  by 


i .  2r(*  - 

w(t,  4t )  ■  ^  (tanh( - — - )  ♦  1|. 

2r(t  -  1  *  -41-) 

II  -  tanh  ( - - — 2 - ))  (15) 

where  at  Is  a  "rise-time*  for  the  function  and  r 
Is  a  positive  constant  chosen  such  that  the  weight 
function  obtains  a  prescribed  value 
(0  <  w(t,At)  <  1)  for  t  •  at  and 

t  •  1  -  at.  For  our  work  we  shall  choose 
r  •  2.6  which  Insures  that  w(at,  at)  ■ 

w(l  -  at,  at)  ■  0.9945.  This  guarantees  that 
the  weight  function  Is  within  one  percent  of 
maximum  (no  attenuation)  when  at  s  t  s  1  -  at. 
Although  Eq.  (15)  appears  complicated.  It  allows 
us  to  apply  a  single  weight  function  to  the 
approximation  given  by  Eq.  (14)  with  the  effect  of 
prescribing  zero  slope  and  zero  magnitude  to  the 
endpoints  of  the  Sign  approximation,  as  shown  In 
Fig.  2.  In  addition  the  rise  time  Is  a  parameter 
that  provides  another  method  of  ‘tuning*  the 
control  shaping  concept  for  specific  mission 
requirements. 


0  At  1-At  1 


Figure  2  Height  function  applied  to  controls 

Therefore  the  approximation  given  by  Eqs. 
(14)  and  (15)  Is  smooth  and  continuous,  with  two 
parameters,  a  and  at,  available  for  shaping  the 
profile  as  required.  Since  this  approximation  Is 
applied  to  a  scalar  variable,  to  Introduce  the 
approximation  Into  the  optimal  control  formulation 
requires  that  each  element  of  the  control  vector 
be  treated  Independently.  Substituting  the 
approximation  from  Eq.  (14)  Into  Eq.  (12)  gives 
the  1th  element  of  the  control  vector 
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?  -1  * 

V  -w(,.4t)  Ullx  f  Un  1  fclj:  1  (16) 

1-0 

where  w(t.  at)  Is  given  by  Eq.  (15).  The  near 
alnlaua  time  opt Inal  control  problem  Is  then  given 
by  Eqs.  (11).  (13).  and  (16)  which  Includes  the  as 
yet  undetermined  final  tlae  tf,  and  the  boundary 
conditions  given  by  Eq.  (8). 

Near  Minima  Tlae  Qptlaal  Control  formulation 

At  this  point,  we  have  determined  all  of  the 
equations  and  boundary  conditions  required  to 
produce  a  alnlaua  tlae,  open  loop  maneuver  with 
control  shaping.  The  optimal  control  problea  Is, 
as  usual,  a  two  point  boundary  va'ue  problea  with 
a  partial  set  of  Initial  conditions  specified,  and 
a  corresponding  set  of  given  final  conditions.  Me 
fora  the  near  minimum  time  optimal  control  problem 
by  defining  the  augmented  state  vector 

X  -  col(z,  tf.  x)  (4N  +  l  by  1)  (17) 


a  ‘costate,*  since  our  task  Is  to  solve  Eq.  (16) 
subject  to  Eq.  (19)  for  the  unknown  Initial 
costates. 

Because  the  problem  Is  completely  nonlinear, 
we  oust  rely  on  numerical  methods  to  complete  the 
solution.  He  elect  to  solve  the  near  minimum  time 
optimal  control  formulation  through  the  use  of  the 
Method  of  Particular  Solutions  (Ref.  2),  an 
Iterative  procedure  for  nonlinear  equations,  since 
the  method  relies  on  the  principal  of 
superposition.  He  must  first  linearize  the 
equations  governing  the  opt'laal  control  problem  by 
using  quaslllnearlzatlon  (Ref.  1).  Let  us  define 
the  right  hand  side  of  Eq.  (18)  as  a  vector 
function,  f,  so  that 

O 

X  .  f(X.  ,)  (20) 

Expanding  Eqs.  (19)  and  (20)  In  a  Taylor's  series 
to  first  order  for  a  trial  vector  gives 

•  •  afQL.T) 

4  +  aXk.f(4.0*-^| - axk  (*la) 


where  the  unknown  final  time  Is  now  a  state 
variable.  Therefore,  the  two-point  boundary  value 
problem  aay  be  written  as  a  single  first  order 
equation 

2N 

t  ^ji*j 

tfl*2.-w(i,at)^U(MXD{tan“1(-^|~ — )>] 

0 

tf  a\ 

where  by  definition,  tf  «  X2H+1-  The  boundary 
conditions  and  constraints  remain  unchanged 


i*«>)  ♦  ^<°)  •  C  (21b) 

In  terms  of  the  corrections  aX^r)  and  ax^fO). 
Note  that  ax^  Is  by  definition  a  part  of  the 
vector  a]^.  The  corrected  k+1  solution  is  then 
given  by 

4+1*4*  *4 

Solving  Eq.  (22)  for  aX^  and  substituting  Into  Eq. 
(21)  gives  the  quasi linearized  optimal  control 
formulation  In  terms  of  the  k+1  trial  solution 


l(o)  *  4 

(19a) 

Yi(U  •  £f 

(19b) 

xT(0)  x(0)  .  C 

(19c) 

Note  that  Eq.  (18)  Is  a  nonlinear  function  of  the 
state  variables;  a  consequence  of  the 
transformation  given  by  Eq.  (4).  The  optlaal 
control  problem  has  now  been  ‘reduced*  to  a  single 
nonlinear,  TP8VP  of  order  4N  +  1  with  2N  Initial 
conditions  2N  final  conditions,  and  one  constraint 
specified.  We  treat  the  unknown  maneuver  tlae  as 


4+1  *  Fk<’)  4+1*  4(,)  <?3> 

4+l(°)  *  4  <*•> 

vik^D-If  (2<b) 

aJ(O)  i*+1(0)  •  \  (C  +  xj(0)  A*(0))  (24c) 

where  we  have  defined 

»i(X.t)  I 

Ft(0  -  -n-  (4H+1  by  4N+1)  (25a) 

“  *  4(t) 
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Bfcti)  •  t(4»t)  -  Fk(T)  X^t)  (4N+1  by  1)  (25b) 


The  k  trial  solution  Is  known  (we  are  solving  for 
the  k+1  solution)  and  therefore  Fk.  D^,  and  x^ 
are  Implicit  functions  of  time,  t. 

The  k+1  trial  solution  of  the  pro  bleu  given 
by  Eqs.  (23-25)  Is  assumed  to  be  a  linear 
coablnatlon  of  a  set  of  nominal  trajectories  found 
by  Integrating  the  governing  equations  with  a 
particular  set  of  Initial  costates.  Each  set  of 
Initial  costates  Is  specified  such  that  It  Is 
linearly  Independent  of  all  other  sets.  Since  we 
oust  solve  for  2N+1  Initial  costates  (which 
Includes  the  aaneuver  tine),  we  shall  produce  2N+2 
noalnal  trajectories  X^(t),  J-l,2,...,2N+2  with 
the  Initial  conditions 


XJ(0) 


(2N  by  1) 

1-1.2 . 2N+1 


(26) 


where  Is  the  Kronecker  Delta,  and  14^) 
Indicates  a  vector  consisting  of  eleaents,  4^, 
with  1  denoting  the  elenent  number.  The  k+1  trial 
solution  Is  then  given  by 


W'>  *  ji,  "J 


(27) 


He  determine  the  coefficients  In  Eq.  (27)  such 
that  the  trial  solution  satisfies  the  boundary 
conditions  and  constraint  given  by  Eq.  (24). 
Substituting  Eq.  (27)  Into  each  of  the  conditions 
yields 


*  q,  iJ(0)  -  (28a) 

J-l  1 


2  U+2 

V  i  q.  zJ(l)  «  If  (28b) 

J-l  J 


2h+2 

*I(0)<  i  qj  xJ(0)l  -  £(C  +  (28c) 

J*3 


produce  a  linear  system  that  uniquely  determines 
the  coefficients.  In  matrix  form,  the  coeffi¬ 
cients  are  found  by  solving 

‘  1  1  ...  1  1 

Vz^i)  Vi2(i)  ...  vz2M+1(i)  vz2N*2(i) 

0  X^O)---  xj[2N)(0)  0  (30) 


where  xjj^(0)  Indicates  the  1th  element  of 
>^(0)  and  g  «  col(qj).  The  right  hand  side  of 
Eq.  (30)  Is  determined  to  be 


1 

if 

J  ic  -  xj(°)4(°)l 


(31) 


The  solution  of  the  near  minimum  time  optimal 
control  Is  a  multi-step  procedure.  He  start  with 
an  Initial  guess  in  the  form  of  a  trial  solution. 
4(t).  Next,  Integrate  Eq.  (23)  with  the 

definitions  given  by  Eq.  (25)  for  each  nominal 
trajectory,  the  neighboring  trajectories 
X^(r),  using  the  Initial  conditions  specified  In 
Eq.  (26).  When  this  has  been  completed  for  all 
2H+2  trajectories,  the  linear  system  given  by  Eq. 
(30)  Is  formed  end  solved  for  the  coefficients, 
qj.  The  k+1  trial  solution  Is  calculated  by  Eq. 
(27)  and  coapared  to  the  k  solution  to  determine 
whether  convergence  has  been  achieved.  If 

necessary,  the  k+1  solution  now  becoaes  the  new 
nominal  solution,  X^t),  and  the  procedure  Is 

repeated  until  the  system  approaches  an  acceptable 
degree  of  precision,  based  upon  a  relative 
displacement  convergence  test. 


The  first  condition  may  be  simplified  by  realizing 
that  each  z^(0)  Is  equal  to  ^  as  defined  In 
Eq.  (26),  so  Eq.  (28a)  reduces  to 

2M+2 

t  q,  -  1  (29) 
J-l  3 

Note  that  Eq.  (29)  gives  one  relationship  for  the 
coefficients,  and  upon  closer  examination.  It  1$ 
clear  that  Eq.  (28b)  produces  2N  equations  and  Eq. 
(28c)  provides  one;  therefore,  the  2N+2  equations 


Application  to  a  Low  Order  System 

To  demonstrate  the  near  minimum  time  optimal 
control  formulation,  we  apply  the  method  to  a 
simple  structure  which  Is  coi^osed  of  a  rigid  hub 
and  one  cantilevered  flexible  appendage.  The  hub 
Is  pinned  to  allow  only  a  single  axis  rotational 
degree  of  freedom,  and  the  motion  of  the  appendage 
Is  restricted  to  the  plane  perpendicular  to  the 
rotational  axis.  The  spacecraft  structural  param- 
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eters  are: 


Hub  Mass: 

Hub  Radius: 
Appendage  Stiffness: 
Appendage  Density: 
Appendage  length: 
Appendage  Height: 
Appendage  Thickness: 


16  kg. 

0.3  ■ 

7x10®  N/b2 
2700  kg/a3 

4  ■ 

0.1524  a 
3. 175x10"  \i 


Using  the  aethod  of  assuaed  nodes  (Ref.  9),  where 
the  node  shape  Is  described  by  the  function 

♦,(x)  -  1  -  cos  -  |(-l)1(-xL)*  (32) 

the  aass  and  stiffness  aatrlces  can  be 
calculated.  He  shall  restrict  this  aodel  to  a  low 
order  (n«5)  as  defined  In  Eg.  (1),  so  that  the 
presentation  of  numerical  results  Is  aanageable. 
Solving  the  algebraic  eigenvalue  problen  produces 
the  natural  frequencies  listed  In  Table  1. 


Table  1  Natural  Frequencies 


aaneuvers.  The  tlae  required  to  coaplete  bang- 
bang  aaneuver  of  the  spacecraft  considered  In  the 
following  examples  Is  calculated  to  be  tf  •  2.48 
sec.  By  adjusting  the  paraneters  (a  and  at) 
that  govern  the  torque  profile  we  can  widely  vary 
the  configuration  of  the  optlaal  control  and 
consequently  cause  large  variations  In  the 
aaneuver  tlae.  and  flexural  energy. 

In  order  to  appreciate  the  degree  to  which 
the  control  can  be  aanlpulated,  we  shall  examine 
rigid  body  aaneuvers  using  control  profiles 
obtained  through  relatively  large  variations  of 
a  and  e*.  In  each  case  the  aaneuver  time  and 
residual  structural  energy  are  considered  a 
measure  of  the  success  of  each  single  axis 
aaneuver.  and  each  case  will  be  quantitatively 
compared  to  the  bang-bang  aaneuver  which  we  found 
required  2.48  sec  to  complete  with  an  energy 
spillover  (as  measured  by  the  residual  energy  of 
the  flexible  nodes)  of  E»2.3  Nm.  In  each  case  a 
5*  aaneuver  is  to  be  completed  using  a  control 
saturation  Halt  of  2  Nm. 


Mode  Number  Natural  Frequency  (rad/s) 


1 

2 

3 

4 

5 


0.0 

1.13 

3.17 

6.54 

11.86 


Case  1  «  ■  0.999  at  »  0.1 

For  the  first  case,  we  shall  attempt  to 
approximate  the  bang-bang  slew  with  a  sharp  rise 
tine  (10*  of  the  total  maneuver  time)  and  an 
extremely  sharp  central  switch.  The  control 
profile  generated  In  the  near  minimum  time  problem 
for  this  example  Is  shown  In  Fig.  3. 


For  each  of  the  numerical  examples  presented, 
the  Initial  conditions  are 

ni(0)  -  0.51872  (rigid  body  dlsplaceaent) 

n2-5(0)  ■  0 

U  ■  2 

max 

Control  of  Mode  1 


Me  shall  first  Investigate  near  minimum  time 
aaneuvers  of  the  example  problen  with  control  of 
the  rigid  body  mode  being  the  only  considera¬ 
tion.  The  true  alnlwn  time  solution  of  the 
optlaal  control  of  a  rigid  body  Is  well  documented 
(Ref.  4)  and  establishes  the  lower  bound  for  all 


Control 


_ 

\  J 

ALPHA-0  999 

DELTA-0  1 

T5m»  M 

Figure  3  Control  profile  for  Case  1 


The  time  required  for  reorientation  Is  tf  *  2.78 
tec  and  the  residual  energy  Is  found  to  be  E  * 
2.17.  As  we  would  expect  the  residual  energy  Is 
diminished  to  some  small  degree  since  the  control 


for  this  example  'rings*  the  structure  less  then 
the  bang-hang  control;  however  the  cost  Is  a  12* 
Increase  In  the  tine  required  for  completion  of 
the  rotation.  Most  of  the  residual  energy  Is  due 
to  the  excitation  of  the  second  node,  as  shown  In 
Fig.  4,  and  although  this  Maneuver  accomplishes 
the  goal  of  controlling  the  rigid  body  node,  the 
flexural  vibration  would  be  too  great  for  eost 
practical  applications. 


The  residual  energy  Is  drastically  towered 
with  respect  to  the  bang-bang  Maneuver,  a  total 
reduction  of  66*.  with  a  subsequent  Increase  of 
54*  In  the  tlMe  required  for  the  reorientation, 
if  flexural  excitation  were  the  prlnary 
consideration  for  a  given  application,  this 
optimal  control  would  prove  most  useful. 

The  range  of  the  control  parameters  1$  quite 
extensive,  and  In  fact,  we  can  arbitrarily  produce 
controls  Of  extraordinarily  different 
configurations.  For  example  with  •  >  0.999  and 
ai  *  0.4,  the  control  would  appear  as  shown  In 
Fig.  6,  where  the  final  tine  Is  tf  *  4.08  sec  and 
the  flexural  energy  Is  1.8471.  Since  the  switch 
Is  sharp  and  the  Magnitude  changes  by  2UMX.  the 
energy  is  quite  high.  However  as  a  consequence  of 
the  rise  tine  requiring  a  full  40*  of  the  total 
Maneuver  time,  the  MlnlMun  time  Is  also  quite 
large.  Obviously,  this  particular  control  profile 
Is  of  little  practical  use;  however,  the  method 
that  we  have  developed  Is  sufficiently  general  In 
nature,  that  this  form  Is  available,  should  the 
need  arise. 


Case  2  a  -  0.95  at  ■  0.1 

For  the  second  case,  we  shall  reduce  the 
sharpness  of  the  switch  function  while  Maintaining 
the  same  rise  tine.  By  far,  the  largest  Impluse 
applied  to  the  structure  Is  the  sudden  change  In 
sign  of  the  control  Moment.  Therefore  by  reducing 
the  control  rate  during  the  switch,  a  maneuver 
with  less  residual  energy  results.  The  control 
profile  for  this  case  Is  shown  In  Fig.  5,  with  a 
final  maneuver  time  of  tf  •  3.83  sec  and  a  total 
flexural  energy  of  E  •  0.78. 


3 
2 
1 

0 
•  1 
-2 
-3 

Figure  6  Control  for  «  »  0.999  and  at  «  0.4 


Control 


The  last  extreme  variation  that  we  can  make 
1$  to  set  a  ■  0.95  and  at  ■  0.4,  resulting  In 
the  control  shape  shown  in  Fig.  7.  This  maneuver 
Is  quite  smooth  with  little  flexural  excitation 
(the  final  energy  Is  0.51),  but  the  final  time  Is 
6.1  sec  (a  145*  Increase  over  the  bang-bang 
maneuver).  This  type  of  control  resembles  the 
results  obtained  (Ref.  4)  from  open  loop 
formulations  with  penalties  applied  to  the  control 
rates  and  control  accelerations. 


Figure  5  Control  for  Case  2 
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Tun*  Ihc) 

Figure  7  Control  for  a  •  0.9S  and  at  «  0.4 


Control  of  the  Flexural  Modes 

Although  the  results  presented  In  the 
preceedlng  examples  are  rich  In  content  with 
respect  to  optimizing  the  parameter  selection  for 
specific  mission  requirements  (and  our  treatment 
of  the  subject  has  necessarily  been  brief),  we 
shall  now  Include  the  first  flexural  mode  In  the 
mlnlaum  time  formulation.  Furthermore,  we  Shall 
consider  only  a  variation  In  value  of  a,  keeping 
St  fixed  at  0.1  for  simplicity 

Case  3  a  ■  0.999  St  -  0.1 

Setting  a  •  0.999,  the  5’  rotation  Is 
accomplished  In  4.96  sec  with  a  total  residual 
energy  of  2.2  Nm.  Notice  that  this  energy  level 
Is  higher  than  the  final  energy  of  Case  1.  Yet 
when  we  examine  the  trajectories  of  the  first  and 
second  modes  shown  In  Figs.  6  and  9  respectively, 
the  first  two  modes  clearly  contain  no  residual 
energy.  The  high  energy  content  Is  a  consequence 
of  the  combination  of  frequency  content  of  the 
applied  control  (shown  In  Fig.  10)  and  the 
relatively  closely  spaced  eigenvalues  of  this 
particular  model.  For  example  each  natural 
frequency  Is  very  nearly  twice  the  proceeding 
modal  frequency  and  nearly  equal  to  the  primary 
frequency  of  the  control. 

The  optimal  control  switches  three  times 
during  the  course  of  the  maneuver  In  order  to 
control  the  first  flexural  mode.  This  Indicates 
the  high  degree  of  flexibility  of  the  spacecraft 
used  In  the  numerical  examples,  and  significantly 
different  results  have  been  obtained  with  other 
structural  formulations. 


Case  4  a  ■  0.95  4t  •  0.1 


By  reducing  the  control  rate  of  the  switch, 
we  have  demonstrated  In  Case  2  that  the  resulting 
energy  levels  were  greatly  reduced  when 
controlling  the  rigid  body  mode  when.  Upon 
solving  the  near  minimum  time  problem  for 
o  »  0.95  with  control  of  the  first  flexural  mode 
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Included,  the  Maneuver  time  It  Increased  to  6.07 
sec  however  the  residual  energy  at  the  final  tine 
Is  0.2  Me.  Clearly  this  Is  the  better  of  the 
cases  we  have  examined  In  teres  of  residual 
energy,  at  a  high  cost  In  the  slewing  tine.  The 
control  profile,  shown  In  Fig.  11,  exhibits  three 
switches  as  found  In  Case  3,  but  the  Magnitude  of 
the  change  In  the  control  Is  quite  snail  by 
coaqiarlson,  a  direct  cause  of  the  low  residual 
energy.  In  terns  of  final  energy  content,  this  Is 
by  far  the  Most  successful  case  presented  however 
a  toll  Is  exacted  In  the  Corn  of  Increased 
Maneuver  tine. 


Conclusions 


We  have  presented  a  near  nlnlnun  tine,  open 
loop  optlnal  control  foraulatlon  for  flexible 
structures.  The  applied  control  1$  parameterized 
by  two  Independent  and  arbitrary  constants  such 
that  the  control  can  be  shaped  to  neet  specific 
hardware  constraints  or  Mission  requirements. 
Solution  of  the  nlnlnun  tine  problem  Is  usually 
rapid  requiring  four  to  six  Iterations  for  a  low 
order  system. 

As  a  consequence  of  the  ability  to  tune  the 
controls,  we  have  a  means  of  evaluating  specific 
tradeoffs  with  respect  to  maneuver  time  and 
residual  energy  as  a  "function*  of  the  degree  of 
control  smoothness.  For  a  series  of  solutions 
using  the  nlnlnun  tine  formulation  with  various 
values  of  the  control  parameters,  surface  plots 
can  be  produced  giving  excellent  estimates  of  both 
the  maneuver  time  and  residual  energy  as  a 
function  of  the  Independent  variables.  Taking 
this  concept  one  step  further.  It  is  quite 


possible  that  we  nay  be  able  to  fully  parameterize 
the  near  alnlmua  time  optimal  control  problem, 
eliminating  the  need  to  solve  nonlinear  OOE's  for 
each  case  (a  topic  of  current  and  future 
research).  The  near  minimum  time  formulation 
presents  a  practical  and  realistic  approach  to 
solving  open  loop,  minimum  time  slewing  maneuvers. 
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Near-Minimum  Time.  Closed  Loop  Slewing  of  Flexible  Spacecraft 

by 

R.  M.  Byers. ^  S.  R.  Yadali*  and  J.  L.  Junkins^ 

7 ij-ii.'  A  [-.\]  1'iiirt  rsily.  (\>l](yf  Siaiion.  7(su>  17^4  3 

A  bstract 

The  near-minimum  lime  single  axis  slewing  of  a  flexible  spacecraft  with  simultaneous 
suppression  of  vibration  of  elastic  modes  is  considered.  The  hyperbolic  tangent  ( lanh ) 
function  is  used  as  a  smooth  approximation  to  the  discontinuous  **jn  function  occuring 
in  the  rigid  body  “bang-bang"  control.  Variable  structure  control  concepts  are  used  to 
identify  the  necessary  characteristics  of  the  control  switching  line.  Simulations  of  the  rest- 
lo-rest  and  tracking  maneuvers  indicate  that  the  elastic  energy  can  be  reduced  by  several 
orders  of  magnitude  with  only  a  modest  increase  in  the  maneuver  time. 

Introduction 

Many  future  large  space  structures,  due  to  mass  constraints,  will  be  flexible.  For 
the  purpose  of  analysis  these  systems  can  be  modelled  with  a  large  number  of  modes  of 
vibration.  For  certain  applications,  it  will  be  desirable  that  such  a  spacecraft  be  able 
to  slew  as  rapidly  as  possible,  within  the  operating  limits  of  the  control  actuators.  The 
problem  of  control  design  for  rotational  maneuver  and  vibration  suppression  of  flexible 
spacecraft  has  been  addressed  extensively.1'10  Optimal  control  theory  can  be  applied 
to  enforce  quiescent  terminal  conditions  on  the  flexible  modes,  usually  by  applying  a 
quadratic  cost  function  which  weights  the  control  rates  and  the  states.  The  order  of 
the  system  model  grows  rapidly  as  the  number  of  flexible  modes  to  be  controlled  is 
increased,  making  it  impractical  to  attempt  to  control  more  than  a  few  flexible  modes. 

T  Graduate  Student. Student  Member  AIAA 
♦  Assistant  Professor.  Member,  AIAA 
§  TEES  Chair  Professor.  Fellow,  AIAA 
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Furthermore,  there  is  no  rigorous  means  by  which  control  magnitude  constraints  may  be 
enforced.  Although  a  feedback  method  such  as  the  Linear  Quadratic  Regulator  (LQR) 
with  terminal  constraints9-11  is  attractive  because  it  can  enforce  quiescent  conditions  on 
the  elastic  modes,  its  computational  complexity  is  burdensome. 

The  optimal  control  solution  to  the  minimum  time,  single  axis,  rotational  maneuver 
problem  for  a  rigid  body  gives  a  control  scheme  characterized  by  saturation  of  the  rontrol 
throughout  the  maneuver  with  at  most  one  control  switch  which  is  instantaneous  (“bang- 
bang’’).  Although  not  exactly  achievable  in  physical  systems,  and  even  though  the 
trajectories  are  extremely  sensitive  to  variations  in  spacecraft  parameters,  this  control 

I 

law  has  wide  application  for  rigid  systems  using  on-off  thrusters.  When  rigorously 
applied  to  flexible  systems,  however,  the  result  is  typically  multiple  control  switches  and 
excessive  excitation  of  the  flexible  modes  of  vibration.  Previous  investigations  of  the  near- 
time  optimal  maneuver  for  flexible  systems7  8  are  open-loop  designs  requiring  extensive 
computational  effort.  An  alternative  is  to  compute  the  required  parameiers  for  a  number  of 
initial  conditions  off-line  and  use  table  look-up  and  interpolation  for  a  particular  maneuver. 
This  may  involve  excessive  storage.  We  start  with  the  assumption  that  the  minimum  time 
solution  for  a  rigid  spacecraft  can  serve  as  an  initial  approximation  to  the  near-minimum 
time  solution  for  a  flexible  structure.  In  other  words  we  expect  that  near-minimum  times 
can  be  achieved  by  limiting  the  number  of  control  switches  to  one  and  vibration  suppression 
can  be  achieved  by  torque  smoothing.  Singh,  et  al  8  observe  quantitatively  that  the 
difference  between  the  minimum  time  for  a  rigid  body  and  the  actual  time  required  for  a 
flexible  spacecraft  is  small  for  large  angle  maneuvers  of  systems  of  low  flexibilty  and  small 
available  control  torques. 

To  avoid  exciting  the  flexible  modes  of  vibration  the  discontinuous  sgn  function 
associated  with  the  minimum  time  solution  for  a  rigid  body  is  approximated  bv  the 
hyperbolic  tangent  ( ianh )  function.  The  parabolic  switching  function  associated  with  the 
rigid  body  control  is  replaced  by  one  which,  also  using  the  hyperbolic  tangent  function, 
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exploits  the  symmetry  of  the  rigid  body  state  trajectory. 

The  resulting  control  logic  is  a  computationally  simple,  feedback  design  which  causes 
the  flexible  system  to  come  very  close  to  the  desired  orientation  (coarse  maneuver)  and 
corrects  any  residual  error  in  a  fine  pointing  mode  using  very  small  control  inputs.  A 
major  feature  of  this  control  design  is  that  only  the  rigid  body  components  of  the  state 
\*ector  must  be  considered  bv  the  control.  This  approach  has  been  adapted  for  a  multiple 
body/multiple  actuator  system. 

System  Model  and  Equations  of  Motion 

1 

A  generic  flexible  spacecraft  is  used  for  analysis  (Fig.  1(a)).  It  consists  of  a  rigid  hub 
with  four  cantilevered  flexible  appendages.  Continuous  control  torque  is  assumed  to  be 
provided  by  a  single  momentum  exchange  actuator  in  the  central  hub.  Internal  actuator 
dynamics  are  ignored.  Only  small  anti*svmmetric  deformations  (Fig.  1(b))  in  the  plane 
normal  to  the  axis  of  rotation  are  assumed.  Damping  is  assumed  to  be  negligible  and  is 
ignored. 

The  dynamics  of  such  a  system  may  be  modelled  by  the  second  order  matrix  equation: 

Mq-Kq  =  Vu  (1) 

where  £  is  the  ( n  x  1)  vector  of  the  generalized  displacements  of  the  configuration,  M  is 
the  (n  x  tj)  mass  matrix,  K  is  the  (n  x  n)  stiffness  matrix  and  V  is  the  (n  x  1)  control 
influence  matrix. 

Unfortunately,  these  n  equations  are  coupled  and  not  in  a  convenient  form  for  analysis. 
They  can  be  decoupled  by  transforming  from  generalized  coordinates  to  modal  coordinates 
using  the  transformation: 

9  =  $77  (2) 

where  $  is  the  n  x  n  matrix  of  normalized  eigenvectors.  This  yields  the  equations  of 
motion: 

£  T  Ar)  =  V'u 
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(3) 
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where  A  is  the  diagonal  matrix  of  the  system's  eigenvalues  and  V'  =  $TV.  Since  Ai  =  0, 
ijj  =  0,  where  0  is  the  spacecraft's  rigid  body  mode  coordinate  in  physical  space. 

These  equations  may  be  further  reduced  to  a  set  of  2 n  first  order  differential  equations 
Bv  defining  the  (2n)  vector: 

-(■) 

the  state  space  formulation  can  be  expressed  as: 

i  =  Ar-B  h;  where:  A  =  (  _°A  Jj  B  =  (  ^  )  (5) 

* 

Numerical  integration  by  4th  order  Runge-Kutta  method  was  used  on  thi-  system  to 
analyze  the  first  seven  modes  of  the  generic  spacecraft. 

Rigid  Body  .Minumum  Time  Optimal  Control  Solution 

Consider  a  system  with  only  a  rigid  body  mode  with  bounded  control  such  that: 

16  =  u :  ii.  <  iio  (6) 

0(0)  =  0U  0(0)  =  0O 
6(1 ,)  =  0  0(/ f)  =  0 

where  I  is  the  moment  of  inertia,  6(1)  is  the  angular  displacement,  and  u  is  the  magnitude  of 
the  control.  The  closed  loop  solution  to  the  rotational  maneuver  problem  is  well  known:11,12 


v  =  -uosgn(>0 


(7) 


c  _  /  0(0  +  J0(f)  0(O72mot  0  <  f  <  f i ;  f]  =  switch  time 

1  0(0-  <  #  <  if  1  j 

It  is  clear  that  the  origin  of  the  state  space  can  be  reached  from  any  initial  condition 
with  a  maximum  of  one  control  switch  at  some  time  1  =  1 1  by  initially  applying  ±u o  as 
appropriate  to  intercept  the  switching  function  Eq.  (8)  then  instantaneously  switching  to 
u  =  =u0. 
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The  time  required  to  complete  the  maneuver  may  be  found  by  integrating  the  stale 
equations  along  the  optimal  path  to  yield: 

ja  1  1  /  /  •  \ 2 

If  =  — sgn(i0)  -  2a,  —  0osgn(so)  +  «  )  (9) 

«o  V  u°  2  V  t*o  / 

Setting  =  0  gives  the  result  for  the  ‘Test -to- rest"  case: 

n 

1 J  -  (10) 

\  «0 

The  value  of  ij  found  in  Eq.  (9)  or  (10)  may  be  used  as  a  starting  point  for  any  near¬ 
minimum  time  control  law  for  a  flexible  structure.  The  degree  to  which  ihe  near-minimum 
time  goal  is  achieved  can  be  estimated  by  comparing  the  actual  maneuver  time  with  the 
idealized  rigid  body  time  computed  above.  However,  this  “bang-bang”  control  cannot  be 
applied  directly  to  a  highly  flexible  system  since  the  discontinuous  nature  of  the  control 
tends  to  excite  the  elastic  modes. 

Control  Smoothing 

and  Synthesis  of  the  Feedback  Control 

The  primary  cause  of  excessive  elastic  mode  excitation  in  flexible  spacecraft  comes 
from  abrupt  control  changes.  If  we  assume  that  initially  the  flexible  modes  are  quiescent, 
logically  a  control  which  excites  them  very  little  throughout  the  maneuver  will  enhance 
our  ability  to  suppress  them  at  the  final  time.  While  the  LQR  control  is  nearly  ideal 
in  satisfying  quiescent  boundary  conditions  of  controlled  modes,  it  is  less  attractive  for 
achieving  near- minimum  maneuver  times.  The  final  time  must  be  specified  and  there  is  no 
rigorous  means  by  which  the  control  magitude  constraints  may  be  enforced.  In  addition, 
it  requires  real-time,  perfect  knowledge  of  modal  coodinates  whereas  in  practice  only  a 
limited  set  of  these  may  be  estimated  based  on  measurement  of  physical  coodinates.  To 
achieve  acceptable  smoothness,  u  and  u  must  be  modelled  as  states  with  u  becoming 
the  control.50  Finally,  Bryson’s  method51  to  enforce  the  terminal  boundary  conditions 
is  computationally  demanding,  requiring  the  solution  of  2 n2  n  differentia!  equations 
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for  n  modelled  modes,  thereby  making  modelling  more  than  a  very  few  flexible  modes 
impractical. 

We  seek  a  feedback  system  which,  while  providing  the  essential  smooth  controls, 
approximates  the  characteristics  of  the  minimum  time  control  and  is  not  computationally 
intensive.  In  any  continuous  momentum  exchange  system,  actuator  dynamics  provide 
control  smoothing  to  a  certain  degree,  but  this  alone  is  insufficent  for  vibration  suppression. 


Smoothing  Functions 


Consider  the  approximation  of  the  sgn  function:33 


sgn (*)  n  tanh  ^  j 


where  0  1  o  <  1  is  a  smoothing  function.  Figure  2(a)  illustrates  the  function  for  several 
values  of  a.  As  a  —  1  the  approximation  of  the  sgn  function  becomes  arbitrarily  good. 
Also  note  that,  unlike  the  sgn  function,  which  is  undefined  at  s  =  0  the  innh  function 
is  continuous  at  all  values  of  $.  Alternatively,  the  arclangcnl  function  shows  similar 
smoothing  characteristics.'  14  The  lanh  function  is  preferred  here  because  it  is  easily 
represented  in  terms  of  exponential  functions  or  series. 

If  we  replace  the  sgn  function  in  Eq.  (7)  with  the  lanh  function  in  Eq.  (11)  we  can 
realize  any  degree  of  smoothness  desired  for  the  control  switch  at  1  =  1i  and  all  subsequent 
interior  switches.  However,  the  initial  jump  discontinuity  at  i  =  0  remains.  This  can  be 
remedied  by  employing  a  multiplier  function  which  ensures  zero  initial  control  magnitudes 
and  control  rates.  Such  a  multiplier  function  is  given  by:15 


H'/Tl  £:>* 


where  7i  is  “rise  time"  which  can  be  selected  to  achieve  whatever  degree  of  control 
smoothness  is  desired.  The  profile  of  m(1)  is  shown  in  Fig.  2(b). 

With  these  smoothing  functions  the  control  becomes: 


1 1  =  -u0  |  tanh  ^  ^  j  n?(f) 


/ 


The  use  of  these  smoothing  functions,  however,  is  not  compatible  with  the  switching 
function  prescribed  for  the  minimum  time  control  in  Eq.  (8).  which  itself  is  discontinuous  at 
the  control  switch.  In  addition,  the  smoothed  control  cannot  follow  the  optimal  trajectory 
because  of  the  inherent  lag  in  the  control  switch.  We  observe  for  the  rigid  body  rest-to- 
rest  maneuver.  /]  =  If' 2  from  which  it  follows  that  the  state  space  trajectory  is  symmetric 
about  the  0(1)  =  0^/2  line. 

Variable  Structure  Control  Systems 

Variable  Structure  Control  Systems16-21  change  control  laws  along  a  switching  line  in 
order  to  drive  the  slate  space  trajectory  to  the  phase  plane  origin.  Each  control  may,  by 
itself,  be  unstable  and  generally  the  control  is  discontinuous  at  the  switching  line.  Under 
certain  conditions,  once  the  state  space  trajectory  intercepts  the  switching  line,  the  control 
switches  at  high  frequency  to  cause  it  to  chatter  along  the  switching  line  to  the  origin. 

The  minimum  time  control  system  is  a  variable  structure  system  where  the  control  is 
discontinously  switched  at  the  switching  line  s  =  0  defined  in  Eq.  (8).  Now  suppose  that 
the  parabolic  switching  line  is  replaced  by  a  linear  switching  line  of  the  form: 

s  =  0~k6  =  O  (14) 

Under  certain  ideal  circumstances,  the  state  space  trajectory  will  move  along  this  switching 
line.  The  necessary  conditions  are: 

lim  i  >  0 
*— o- 

lim  i  <  0 
#— o- 

The  effect  of  Eqs.  (15)  is  that,  as  the  trajectory  crosses  the  s  =  0  line,  the  control  changes 
sign  and  immediately  forces  it  back  toward  the  switching  line.  Ideally,  control  switching  is 
instantaneous  and  the  trajectory  ’•slides"  on  the  switching  line  to  the  origin.  Hence  this 
is  called  the  "sliding  regime".  In  real  systems  however,  such  infinite  frequency  switching 
is  impossible  and  instead,  switching  will  occur  at  some  high  frequency  determined  by  the 
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(15) 


limitation  of  the  control  mechanism.  Slotine  et  al. 20,21  seek  to  avoid  chattering  via  a 
multiplier  function.  The  lanh  function  serves  the  same  purpose  with  increased  smoothess. 
When  the  conditions  of  Eq.  (15)  are  applied  to  Eqs.  (6),  (7)  and  (14)  the  following 
inequality  results:1® 

1  B  k  i/o  =  k  ■  (16) 

16 

That  is,  if  k  t/0  7  6  ,  regular  switching  occurs  on  or  very  near  the  switching  line.  Now 
define: 

,11  o 

ktnax  ~  •  (  1  <  ) 

Iff 

Replacing  k  with  kmoi  in  Eq.  (14)  gives: 

6  -  —6\6  =  0  (18  ) 
u  o 


Thus,  regular  switching  or  sliding  may  be  induced  anywhere  on  the  phase  plane  by  selecting 
a  switching  function  with  the  appropriate  slope  k  at  the  point  where  switching  is  desired. 
To  achieve  near-minimum  times  for  a  maneuver  it  is  desirable  that  regular  switching  occur 
at  Btvitch  =  $u/2,  the  control  saturates  and  the  number  of  control  switches  is  minimized. 
However,  as  the  trajectory  nears  the  origin,  only  small  control  inputs  are  necessary  to 
correct  any  residual  error. 

The  lanh  function  again  proves  to  be  useful;  consider  the  switching  line  described  by: 


*  =  m  - 


h  i 


tanh 


m) 


—  tanh 


(19) 


where  3  is  a  smoothing  factor  and  ^  is  a  “deadband”.  Thus  the  switching  function  in 
the  state  space,  is  bounded  by  =j0,un*cAi  and  passes  through  the  origin.  Note  that  it 
satisfies  the  two  requirements  that  were  placed  on  the  desired  switching  line.  The  slope  of 
the  function  in  the  state  space  is  infinite  at  6tu.iUf ,,  guaranteeing  a  regular  switch  as  the 
trajectory  crosses  the  s  =  0  line.  Near  the  origin,  however,  by  selection  of  the  appropriate 
values  of  3  and  s,  the  slope  can  be  made  sufficiently  small  so  that  the  state  trajectory  will 
track  the  switching  line. 
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Smooth  Control  Law 

At  this  point  the  smooth  rest-to-resl  maneuver  can  be  assembled: 


Example  Maneuvers 

The  parameters  a.i,r-.and  Tj  provide  an  infinite  variley  of  “user  control"  over  the 
sharpness  of  control  switches,  while  still  preserving  saturation  constraints  and  the  feedback 
nature  of  the  control  law.  Figures  3  and  4  illustrate  two  possibilities  for  selection  of  values 
for  these  parameters.  Figure  3  shows  that  a  close  approximation  of  the  minimum  time 
control  is  possible  bv  choosing  a  and  3  close  to  one.  and  T\  small.  The  “bang-bang" 
control  applied  to  a  rigid  spacecraft  of  equal  moment  of  inertia  is  shown  by  the  dashed  line 
for  comparison.  Figure  4  compares  the  performance  of  the  smooth  control  with  relaxed 
values  of  a.  3  and  T\  to  that  of  a  terminally  constrained  LQR  control  in  which  only  the 
rigid  body  mode  and  the  first  flexible  mode  of  the  spacecraft  are  measured  and  modelled. 
The  maneuver  time  for  the  LQR  was  selected  by  trial  such  that  the  control  just  saturates. 

Although  symmetry  of  the  state  space  trajectory  is  not  guaranteed,  the  feedback 
control  law  developed  above  brings  the  rigid  body  mode  near  the  origin  with  final  time 
unspecified.  The  control  may  reach,  but  not  exceed,  the  saturation  limit  and  the  energy 
of  the  flexible  modes  is  dissipated  via  tracking  a  near-linear  switching  line  at  the  end  of 
the  maneuver. 

Especially  noteworthy  in  this  approach  is  the  latitude  which  the  designer  has  in 
choosing  the  degree  of  smoothness  desired.  Ti.a.3-  and  ^  are  all  discretionary  parameters. 
T]  is  the  “rise  time’’  parameter  which  determines  the  smoothness  of  the  initial  control  input. 
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The  value  of  u  primarily  affects  the  smoothness  of  the  mid-maneuver  control  switch,  while 
3  is  the  factor  which  controls  the  smoothness  of  the  control  near  the  origin.  As  J  —  1 , 
the  control  transition  will  be  rapid  but  tracking  along  the  switching  line  will  be  slow.  As 
3  decreases,  the  control  transition  will  be  smooth  and  tracking  of  the  switching  line  will 
be  more  rapid.  However  if  3  is  made  too  small,  the  trajectory  may  "overshoot’’  the  origin. 
The  deadband  in  the  switching  line,  determined  bv  may  be  used  to  increase  the  slope 
of  the  switching  line  very  near  the  origin  t<<  speed  correction  of  residual  error,  while  still 
allowing  the  value  of  3  to  stay  relatively  large.  Although  it  is  possible  to  have  a  similar 
deadband  in  the  control  itself,  in  general,  little  benefit  has  been  found  in  such  unless  the 
system  has  a  velocity  constraint  imposed.  Since  this  is  an  undamped  oscillatory  system, 
the  trajectory  misses  the  target  state  by  a  small  amount  and  must  correct  the  error  by 
tracking  the  switching  line  with  very  small  control  magnitudes.  This  is  a  shortcoming 
of  this  control  law;  i;  does  not  actively  suppress  flexible  mode  vibration  until  the  end  of 
the  maneuver.  Rather,  it  uses  control  smoothing  to  avoid  exciting  them.  It  is  possible 
to  use  velocity  feedback22  to  damp  the  critical  flexible  modes  but  this  increases  the  rigid 
body  mode  maneuver  lime.  This  notwithstanding,  this  control  does  slew  the  spacecraft 
rapidly  with  low  excitation  of  elastic  mode  energy.  Robustness  can  be  inferred;  extensive 
structual  identification  is  unnecessary;  only  direct  measurement  of  the  rigid  body  modes  are 
considered.  Moreover,  although  the  smoothing  parameters  in  the  control  law  are  affected 
by  spacecraft  parameters,  e.g.  moments  of  inertia,  satisfactory  values  may  be  selected 
without  accurate  knowledge  of  the  spacecraft  structural  data. 

Target  Tracking 

The  rest-to-rest  maneuver,  although  important,  is  fairly  restrictive.  In  many  scenarios 
the  target  is  moving  with  respect  to  the  spacecraft  and  it  will  be  necessary  not  only  to 
intercept  its  trajectory  but  to  subsequently  track  it.  While  examining  the  target  tracking 
problem,  it  is  convenient  to  adjust  our  notation  to  reflect  the  fact  that  the  desired  final 
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state  may  not  be  stationary.  Therefore  we  define  the  relative  error  coordinate  system: 


r 


=  0-  (i 


fa  rp  ft 


(23) 


where  8torgti  is  the  rigid  body  orientation  of  the  target  with  respect  to  inertia]  frame  whose 
origin  is  at  the  center  of  the  spacecraft  and  c  is  the  relative  “error’’  between  the  spacecraft 
rigid  body  component  and  the  the  target  states. 

From  Eq.  (23)  it  follows: 

'  =  —  Qtarprt  ( 2-1  ) 

<  i'  =  0-Lrpc,  (25) 

Which  leads  to  the  equations  of  motion  for  the  rigid  body  system: 


l'c  =  U  -  I  Carpel  (26) 

Equation  (26)  suggests  that  it  is  possible  to  express  the  target  acceleration  as  an 
equivalent  control  magnitude. 

If  maximum  control  effort  is  applied  to  a  rigid  body,  its  state  space  trajectory  describes 
a  parabola.  Along  any  given  parabolic  trajectory  the  relationship  between  c(i)  and  e(i) 
remains  constant;  thus: 

<W  =  <0-2- (;?-*(<)’)  (27) 

where  u  —  —u o  as  in  Eq.  (7).  It  is  clear  that  it  is  possible  to  convert  any  “motion-to-rest51 
problem  to  an  equivalent  “rest-to-rest”  problem  by  determining  the  value  of  c(1)  where 
the  state  space  trajectory  intercepts  the  e  =  0  axis  of  the  phase  plane.  Setting  e(t)  =  0  in 
Eq.  (27)  and  continuing  the  assumption  that  u  =  —u o  gives: 


with  the  regular  switching  angle  defined: 

_  £u 

t  twitch  —  ~ 


(28) 


(29) 


i 


i 


i 


_  l 


_  i 
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The  control  law  for  the  flexible  spacecraft  relies  on  the  spacecraft  approximately  following 
these  same  trajectories.  During  0  _  1  _  T]  however  the  flexible  system  does  not  exactly 
follow  the  ideal  parabolic  trajectory  due  to  the  presence  of  the  multiplier  function  m(l) 
given  in  Eq.  (12)  and  the  flexible  characteristics  of  the  spacecraft.  If  we  assume  that  the 
initial  state  is  sufficiently  far  from  the  would-be  switching  line  so  that  the  control  would 
saturate  if  n<»t  constrained  by  w (1)  then  the  equation  of  motion  ( for  a  rigid  system)  for 
0  _  i  _  Ti  is: 


(30) 


On  integrating  twice,  we  obtain  gives: 


*'(r,)  =  (3i) 

=  (32) 

After  /  '•  Tj  we  assume  that  the  control  has  saturated  and  the  trajectory  is  approximating 
the  parabolic  path.  Therefore  we  can  revise  our  estimate  of  ec  bv  replacing  c0  and  in 
Eq.  (31)  with  e(Ij)  and  e(Ti)  to  give: 


io  =  e{T1)--i(T;)2 

2  u 

I  . j  Ti  eo 


—r7 
jo  r‘ 


(33) 


Target  with  Constant  Angular  Acceleration 

We  now  consider  the  class  of  maneuvers  in  which  a  constant  relative  acceleration  exists 
between  the  target  state  and  the  spacecraft.  The  "motion-to-rest"  case,  where  a  constant 
velocity  difference  initially  exists  is  a  special  case  of  this  problem;  relative  acceleration 
between  the  target  state  and  the  spacecraft  is  zero.  In  Eq.  (26)  it  was  observed  that,  for 
the  rigid  body  system,  the  target  acceleration  could  be  expressed  in  terms  an  equivalent 
control  input  by  multiplying  the  target  acceleration  by  the  spacecraft  axial  moment  of 
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inertia.  This  allows  us  10  reduce  the  problem  to  an  equivalent  “motion-lo-rest"  problem 
in  which  the  control  bounds  are  asymmetric  about  u  =  0.  That  is: 


**  m  i  n  _  M  _  t*  m  a  r 
Umax  —  ~  **0  IQlargti 


Although  Utargei  is  not  directly  measurable,  it  can  be  deduced  from  Eq.  (25)  and  will 
hereinafter  be  expressed  as  01ar9t1  =  (0  —  (). 

Figure  5  portrays  a  representative  maneuver  for  the  rigid  body  system  in  which  the 
target  and  spacecraft  states  have  a  relative  angular  acceleration.  Notice  that  the  parabolic 
trajectories  are  not  symmetric  about  the  desired  value  of 

The  equation  for  the  equivalent  “rest-to-rest"  initial  angle  is  expressed  in  terms  of 
u  =  —  i/u  the  sign  of  which,  ironically,  is  dependent  on  the  initial  conditions.  We  cannot 
determine  the  value  of  s  upon  which  the  switching  logic  depends  until  e0  and  c,u.,,c/ ,  are 
calculated.  But  these  cannot  be  calculated  without  knowing  sgn(s).  A  sign  convention  is 
established  bv  recalling  the  parabolic  switching  function  in  Eq.  (8)  which  can  now  be  be 
written: 

V  =  f( 0  -  =  °-  (34) 

This  curve  represents  the  optimal  switchless  trajectories  to  the  origin  and  is  constant 
regardless  of  initial  conditions.  All  that  is  needed  is  the  value  of  sp(f  =  0)  =  spo.  Thus: 


/  .  . 

Vo  -  Co  T  2~ico  C0i 


(35) 


Replacing  u  with  the  appropriate  control  magnitude  gives: 


-Vo  —  f° 


/eo'iol 


(36) 


2 [ tf o  ~  /(*  ~  e)sgn(e0)j 
Recalling  Eq.  (33)  and  assuming  that  7j  <  t;  (where  1  j  is  the  time  to  the  control  switch): 


Ti  . 


€q  —  C{)  —  —  Co  —  - 

2  2.u0sgn(sP0)  -i- 1{0  -  f). 


“osgn(V0)  -  1(0  -  c)'T? 

40 1 


(37) 
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Now  the  asvmmetic  control  bounds  mav  be  defined  as: 


(  «2-  U  -  1  —  1  f 


where: 


"}  =  -i'uSgn(5P0)  -  1(6  -  c) 

11 2  =  M<iSgn(*Po)  -  1(0  -  >") 

Thus,  the  trajectory  for  0  _  1  1\  may  be  described  by: 

f(0  =  ( u  - 

2  a  i 

and  the  trajectory  for  1}  _  1  _  i  ■  is: 

<(0  =  J-<V)2 

-a  2 

Equating  Eqs.  (40)  and  (41)  gives: 

•  2  _  2f£  /  »2  \ 

(,u-,,ch  -  j  Ut  -  ii 2  / 

Substituting  Eq.  (42)  into  Eq.  (41)  gives: 

:  (  “1 

f twitch  —  CO  I 

\  Uj  ~  1/2  / 

_  £0  /  i'o5gn(-sP0)  -  /(fl  -  £) 
2  \  w0sgn(iP0) 

_  £o  (  a o  ~  1(8  ~  c)sgn(5P0) 
2  «0 
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(40) 


(41) 


(42) 


(43) 


The  major  characteristic  which  distinguishes  the  constant  acceleration  case  from  the 
previous  cases  is  the  fact  that,  although  the  relative  states  go  to  the  origin  as  before,  the 
control  does  not  go  to  zero.  Once  the  target  state  is  intercepted,  continued  control  effort, 
u  =  1(6  —  e).  is  necessary  to  keep  the  target  and  spacecraft  states  coincidental.  Thus  it  is 
necessary  to  rewrite  Eq.  (20): 

u  =  {-t/0  -  1(0  -  f)sgn(.«)}  jtanh  ^  ~~  j  j  m(l)  -  1(6  -  c)m(l)  (44) 
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Inspection  of  Eq.  (4-1)  reveals  that  when  #  is  sufficiently  large  to  saturate  the  control; 
v  =  uq,  and  as  a  —  0  near  the  origin,  u  =  1(0  -  <),  which  is  the  behavior  we  desire. 
Unfortunately  with  this  control,  the  sign  of  u(1)  does  not  change  at  c(f)  =  ( ,,r,irh  as 
desired.  Instead,  the  control  actually  changes  sign  where: 


{«/„  -  J(H  -  «')sgn(s)}  |  tanh  ^  ^  ^  j  j  =  1(H  -  t) 


Solving  for  .<■  we  find  that  the  control  switches  at: 


(45) 


_  /  1  "  «  \ 
*»  "  ~  l  o  ) 


In 


"u  -  /(#  -  <  )(sgn(.<)  -  1) 


Hu  -  1{6  -  ( )(sgn(s)  -  1) 
Thus,  in  order  to  have  the  control  switch  as  desired: 


(46) 


_  <u  /  «o  ~  I[fi  ~  <)*ign(*p0)  \  .  (  u o  “  /(#  “  c)spn($p(l) 

* twitch  —  ,,  l  |  ^twitch  1 

2  \  u 0  /  \ 


(47) 


Equations  (21  ).(44),(46)  and  (47)  give  a  complete  set  of  equations  for  controlling  the 
spacecraft  to  track  a  target  state  with  constant  angular  acceleration.  They  are,  in  fact, 
compatible  with  all  previous  maneuvers  considered. 

A  representative  maneuver  is  shown  in  Fig.  6.  As  one  might  expect  from  a  near¬ 
minimum  time  maneuver,  except  for  the  influence  of  control  smoothing,  the  control  is 
saturated,  until  target  interception.  Subsequently,  the  control  becomes  a  tracking  control. 
Although  post-rendezvous  energy  appears  high,  it  is  manifest  as  potential  strain  energy 
as  a  result  continued  control  input  to  sustain  tracking.  Modal  kinetic  energy  is  very  small. 
In  fact,  if  the  control  in  Eq.  (20)  is  substituted  for  that  in  Eq.  (44)  the  control  would  still 
attempt  to  track  the  target  state.  However,  a  steady  state  error  results.  This  steady  state 
error  is  found  to  be: 


c(~)  =  ^T“ln 


up  -  1(6  -  e) 

«/0  4-/(*-e). 


c(oo)  =  0 


(48) 


The  accelerating  target  case  illustrates  a  major  advantage  of  this  control  design  over  the 
alternate  approaches  to  quiescent  boundary  conditions  such  as  the  LQR.  With  only  a 
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minor  modification  of  the  control  law,  a  target  with  an  acceleration  component  can  be 
intercepted  with  a  control  profile  which  possesses  the  characteristics  of  a  minimum  time 
control;  the  control  saturates  and  there  is  only  a  single  control  switch  until  the  time 
very  near  the  interception.  No  additional  constraints  beyond  the  kinematic  constraints. 
((If)  =  ((If)  =  0  need  be  included. 

Multi-Body  'Multi- Actuator  Configurations 

The  control  technique  thus  far  developed  is  not  restricted  to  single  actuator,  single 
body  systems.  It  can  also  be  applied  to  multiple,  interconnected  bodies  with  multiple 
controls.  As  a  general  illustration  of  the  techniques  required,  consider  the  generic  two-body 
system  in  Fig  7.  This  is  an  approximate  model  of  the  Rapid  Retargetiong  and  Precision 
Pointing  (R2P2)  experiment  being  conducted  by  Martin  Marietta  Corp.  The  dynamical 
system  consists  of  two  bodies;  .4  is  rigid  while  B  is  flexible.  The  actual  dimensions  of 
the  R2P2  model  are  proprietary,  but  it  is  significantly  larger  and  the  flexible  body  B  is 
qualitatively  more  rigid  than  the  system  heretofore  considered.  Body  A  has  a  continuous 
momentum  exchange  type  actuator.  In  addition,  an  active  joint  (“gimbalflex”)  actuator 
which  generates  the  torque  (*b  and  the  Fv  parallel  to  the  v-axis  is  required  to  prevent 
large  lateral  displacements  between  the  two  rotating  bodies. 

In  developing  the  control  for  the  multi-body  system,  we  will  proceed  as  before;  first 
evaluating  the  rigid  body  dynamics  and  then  smoothing  the  control  for  application  to  the 
flexible  system. 

After  linearization,  the  equations  of  motion  for  the  system  may  be  expressed  in  matrix 
form:23 


where  m A  b  are  the  body  masses.  Ra.b  are  the  moment  arms  from  the  mass  centers 
to  the  interface  and  Ia.b  are  the  moments  of  inertia  about  the  centroidal  axis  of  each  body 
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respectively.  In  Eq.  (49 j,  for  simplicity,  we  ignore  all  flexible  body  effects.  We  have,  in 
other  developments,  included  flexible  body  effects  (of  body  B )  and  the  simulated  controlled 
responses  discussed  below  include  flexible  body  effects. 

The  net  control  torque  on  A  and  B  is: 

rAm„  =  I'a  -  I'b  -  Ha F, 

(50) 

=  I'b  ~  FBFV 

Two  scenarios  are  examined.  In  the  first,  it  is  desired  to  rotate  the  entire  system  in 
a  synchronized  manner,  so  that  o.  the  angle  between  the  two  bodies  is  kept  as  small  as 
possible.  In  the  second  scenario,  it  is  desired  to  rotate  only  the  flexible  portion  of  the 
system,  leaving  the  rigid  body  orientation  undisturbed.  In  both  cases,  the  major  task  is 
ascertaining  the  permissible  control  limits  for  each  actuator. 

It  is  clear  that  the  permissible  torque  to  ensure  synchronization  may  not  coincide 
with  the  actual  physical  limits  of  the  actuators.  Generally,  the  physical  limits  of  one  of 
the  actuators  will  constrain  the  remainder  to  some  less  than  maximum  limit.  In  addition, 
it  is  possible  that  the  system  may  have  acceleration  or  velocity  limits  which  do  not  permit 
the  full  exploitation  of  the  actuators.  Here,  we  allow  V A  to  saturate  and  find  new  control 
limits  for  I'b  and  Fy  to  satisfy  the  constraints. 

Setting  o  =  0  in  Eq.  (49)  and  substituting  Eq.  (50)  gives: 

r 

-  Anel 


I'b 


net 


I_a 

Ib 


(51) 


This  result  is  confirmed  by  equating  the  maneuver  times  for  each  body  from  Eq.  (10). 
Now  setting  Y  =  0  in  Eq.(49)  to  ensure  the  displacement  between  .4  and  B  remains  small 
and  substituting  with  Eqs.  (50)  and  (51)  gives: 


{Ra  -  RB)mAmB 

V  Ia(™a  +  ™b)  /4"*’ 

Let  the  saturation  torque  of  UA  be  l'All .  From  Eqs.  (50)  and  (52): 

FaJa{™A  ~  ™b) _ 


(52) 


(/.4  ~  f£)(n’.4  ^  ™B)  -  {R A  -  RB)7ir>AniB 
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FUt,  is  now  found  from  Eq.  (52)  and: 

cb<,  =  Rbf,..  (54) 

*A 

In  the  second  case  under  consideration,  it  is  desired  to  rotate  the  flexible  body  as 
rapidly  as  possible  while  leaving  the  rigid  body's  orientation  undisturbed.  Setting  H  =  c< 
in  Eq.  (49)  leads  to  the  logical  outcome  that  =  0.  Now  the  flexible  body  actuator  is 

the  limiting  factor:  the  control  torque  necessary  to  prevent  .4  from  rotating  will  be  small 
compared  to  the  actuator  limits.  Setting  }’  =  0  gives: 

_  R  Ant  B 

Fv=  - - : - rj -  (do) 

1b>»B  -  1  B,n  A  -  Rb,11a,VB 

and.  from  Eq.  (50),  with  l  ak„  =  0; 

1'a  =  1'b  +  RaFv  (56) 

If  an  initial  displacment  l’(0)  =  l*o  >  0  exist,  Y  =  0  will  result  in  a  linear  displacement 
in  time  between  the  two  bodies.  To  compensate  for  this  a  damping  term  is  introduced  via: 

Y  =  -2^nY-^nY  =  d  (57) 

where  u.-n  is  selected  to  be  some  cutoff  frequency  appropriate  to  the  structure  and  (.  =  1. 
Equations  (52)  and  (55)  are  used  to  calculate  control  limit  Fv„  after  which  d  (which  is 
expected  to  be  very  small)  is  added  to  time  varying  value  of  Fy  from  those  equations. 

It  is  clear  that  in  both  scenarios  the  saturation  limits  of  the  controls  are  related  by 
constant  ratios.  Once  the  control  limits  for  the  particular  maneuver  are  established,  it  is 
a  simple  matter  to  apply  them  to  the  smoothing  functions  found  previously.  The  control 
histories  of  the  three  actuators  differ  only  in  magnitude.  Figure  8  shows  the  control  of 
the  flexible  portion  (body  B)  of  the  two-body  spacecraft  for  a  synchronized  maneuver, 
including  the  rotational /vibrational  coupling  effects  which  cause  the  high  frequency  effects 
evident  in  Fig.  8  (b),(c).  The  high  frequencev  effects  are  much  more  pronounced  for 
sharper  control  histories. 


43 


19 


Conclusions 

The  problem  of  slewing  a  flexible  spacecraft  in  near-minimum  time  has  been  consid¬ 
ered.  A  relatively  simple  control  scheme  was  developed  by  approximating  the  minimum 
time  “bang-bang"  control  for  a  rigid  body.  The  control  law  was  modified  to  accomodate 
accelerating  targets  by  converting  the  problem  to  an  equivalent  rest-to-rest  maneuver  with 
assvmentric  control  bounds.  It  was  shown  than  it  can  be  applied  to  systems  with  multiple 
bodies  and  actuators.  Simulations  using  models  of  both  very  flexible,  and  nearly  rigid 
structures  verify  that  this  approach  is  workable  for  a  wide  range  of  space  structures. 

Sufficent  control  smoothing  and  symmetry  of  the  state  space  trajectory  about  the 
control  switch  are  the  most  important  factors  in  ensuring  that  the  flexible  modes  of 
vibration  are  quiescent  in  the  least  time  for  rest-to-rest  maneuvers.  Of  lesser  importance 
is  the  smoothness  of  the  initial  and  terminal  control. 

This  control  design  is  simple  and  can  be  executed  in  real  time;  it  is  very  robust  and 
unaffected  by  spacecraft  parameter  estimation  error.  Final  time  is  not  specified  and  state 
estimation  is  not  required. 
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ABSTRACT 

Feedback  Control  and  Steering  Laws  for  Spacecraft 
using  Single  Gimbal  Control  Moment  Gyros.  (Dec.  1988) 

Hwa-Suk  Oh,  B.S.,  Hankuk  Aviation  College 
Chairman  of  Advisory  Committee:  Srinivas  R.  Vadali 

The  complete  dynamic  equations  for  large  angle  rotational  maneuvers  of 
spacecraft  using  single  gimbal  control  momentum  gyros  are  derived  by  Newton- 
Euler  as  well  as  Lagrangian  approaches.  Feedback  control  laws  are  developed  by 
using  Liapunov  stability  theory.  Gimbal  rate  steering  laws  are  derived  by  neglecting 
gimbal  and  wheel  transverse  inertia  terms.  A  gimbal  acceleration  steering  law  is 
also  developed  by  including  all  the  CMG  inertia  terms. 

With  these  control  and  steering  laws,  several  rotational  maneuvers  are  simu¬ 
lated  numerically  by  a  Runge-Kutta  method.  The  feedback  control  laws  in  com¬ 
bination  with  either  velocity  or  acceleration  steering  laws  are  shown  to  work  well. 
Especially,  a  varying  gain  feedback  control  law  is  shown  to  be  effective  in  alleviating 
the  gimbal  lock  problem.  It  is  found  that  the  velocity  steering  law  is  adequate  for 
simulations,  but  the  acceleration  steering  law  provides  more  reliable  and  useful  data 
regarding  gimbal  torques.  It  is  also  observed  that  for  a  given  maneuver,  there  exists 
a  preferred  set  of  gimbal  angles  which  can  aid  in  avoiding  singularities. 
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CHAPTER  I 
INTRODUCTION 

Spacecraft  attitude  control  systems  use  either  external  torques  or  internal 
torques.  On-off  thrusters  are  of  the  externa]  type  and  employed  for  fast /coarse 
attitude  control,  but  they  are  not  suitable  for  precise  attitude  acquisition  due 
to  their  discontinuous  mode  of  operation.  Reaction  wheels  and  control  moment 
gyros(CMGs)  are  internal  torque  devices;  their  operation  is  based  on  momentum 
exchange.  Reaction  wheel  systems  can  achieve  and  maintain  precise  attitude  due 
to  their  smooth  operating  modes.  However,  they  are  unsuitable  for  fast  attitude 
maneuvers  and  their  varying  wheel  speeds  can  cause  structural  dynamic  excitations. 

A  control  moment  gyro  is  composed  of  two  parts,  a  fixed  speed  rotating  wheel 
and  the  gimbal(s).  The  axis  of  the  wheel  can  rotate  about  the  gimbal  axis,  and  the 
gimbal  is  either  free  to  rotate  or  fixed  to  the  supporting  structure  of  the  spacecraft. 
When  input  torque  is  applied  about  the  gimbal  axis,  output  torque  is  exerted 
on  the  supporting  structure  about  an  axis  normal  to  the  gimbal  axis  as  well  as 
the  spin  axis.  A  CMG  can  be  classified  by  the  number  of  gimbals,  i.e.,  single 
gimbal  CMG(SGCMG)  or  double  gimbal  CMG(DGCMG).  For  the  DGCMG,  the 
output  torque  is  transferred  to  the  spacecraft  by  balancing  it  with  the  outer  gimbal 
motor  torque.  Thus  the  problems  of  torque  balancing  and  hardware  complexity  are 
disadvantages  of  DGCMG. 

The  SGCMG  has  simpler  mechanical  structure  than  DGCMG.  It  transfers  the 
output  torque  directly  to  the  structure,  thus  it  does  not  need  any  balancing  torque. 
Despite  these  advantages  of  SGCMG,  serious  analytical  difficulties  exist  in  the 
development  of  gimbal  steering  laws.  These  difficulties  are  due  to  “  singularities  ” 
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which  are  intrinsic  to  the  SGCMG. 

Much  work  has  been  done  to  solve  this  singularity  problem  and  several  methods 
are  shown  effective  in  particular  cases.  Margulies  and  Aubrun1  built  the  theoretical 
foundation  and  identified  the  different  types  of  singularities.  Cornick2  developed 
singularity  avoidance  steering  laws,  and  suggested  a  simple  way  to  avoid  singularities 
using  null  motion(  gimbal  motion  for  which  no  torque  is  produced  ).  Kurokawa  et 
al.3  proposed  a  steering  law  based  on  off-line  calculation  of  all  singularity  locations 
in  the  gimbal  angle  space.  As  a  particular  singularity  is  approached,  appropriate 
null  motion  is  added.  The  storage  required  is  about  250K  bytes.  Many  other 
authors  developed  similar  techniques  to  avoid  singularities.  However,  Bauer4  has 
shown  that  there  is  no  general  steering  law  to  avoid  all  singularities. 

Nakamura  and  Hanafusa5  developed  the  so-called  singularity  robustness  steer¬ 
ing  law  (S-R  steering  law)  for  solving  robot  manipulator  steering  problem. 
Bedrossian8  has  shown  that  this  law  can  be  used  for  SGCMG  systems  and  a  large 
class  of  internal  singularities  can  be  avoided  as  there  exist  non-zero  solutions  at 
these  singular  points.  At  some  singular  points,  the  gimbal  rates  are  infinitesimal, 
which  causes  the  “  gimbal  lock  ”  phenomenon.  Nevertheless,  this  S-R  steering  law 
is  very  attractive  due  to  the  existence  of  solutions  at  many  singular  points,  albeit 
approximate. 

All  the  above  authors  developed  steering  laws  by  assuming  the  required  torque 
to  be  of  simple  open  loop  forms  and  they  also  did  not  consider  the  effect  of  spacecraft 
dynamics  on  the  performance  of  the  steering  laws.  They  also  simplified  the  problem 
by  neglecting  the  inertia  of  gimbals  and  the  transverse  inertia  of  rotating  wheels. 

For  feedback  control,  control  laws  which  define  the  required  torque  as  a  function 
of  the  states  of  the  system  have  to  be  developed.  Usually,  control  laws  have 
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been  derived  from  linearized  system  equations  for  small  angle  rotational  maneuvers 
(attitude  control).  For  feedback  control  of  linear  systems,  Kalman  and  Bertram7 
first  suggested  an  approach  based  on  Liapunov’s  Second  method.  Vadali  and 
Junkins8  developed  feedback  control  laws  for  reaction  wheel  systems  using  this 
approach.  Wie  and  Barba9  also  suggested  a  similar  technique  for  developing 
feedback  control  laws  and  suggested  a  means  of  using  on-off  thrusters  for  producing 
the  desired  torque.  Before  developing  the  control  law,  the  dynamic  equations 
should  be  derived  first.  The  complexity  of  dynamic  equations  including  the  gyro 
inertia  terms  lead  many  authors  to  neglect  them.  For  DGCMG,  Ross  and  Melton10 
derived  the  dynamic  equations  including  some  of  the  inertia  terms.  They  also  used 
quaternions  to  describe  the  attitude  of  the  spacecraft  as  well  as  the  gimbal  positions. 

In  this  thesis,  large  angle  rotational  maneuvers  of  rigid  spacecraft  with 
SGCMGs  are  considered.  In  chapter  2,  the  complete  dynamic  equations  includ¬ 
ing  the  gyro  inertia  terms  are  derived  by  Newton-Euler  approach.  They  are  derived 
from  angular  momentum  analysis  based  on  typical  frame  conventions11. 

In  chapter  3,  feedback  control  laws  are  developed  by  using  Liapunov’s  second 
theorem.  The  feedback  control  laws  are  quite  general  and  can  be  used  for  slewing, 
motion-to-rest,  rest-to-rest,  as  well  as  tracking  maneuvers. 

In  chapter  4,  two  existing  velocity  steering  laws  are  reviewed  and  different 
types  of  singularities  are  analyzed.  The  varying  gain  method  is  suggested  for 
escaping  from  some  internal  singularities.  An  acceleration  steering  law  is  developed 
by  including  gimbal  and  wheel  transverse  moments  of  inertia. 

In  chapter  5,  with  these  control  and  steering  laws,  several  rotational  maneuvers 
are  simulated  numerically  by  a  Runge-Kutta  method.  The  results  of  numerical 
simulations  using  different  steering  laws  are  compared. 
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Chapter  6  presents  a  summary  and  conclusion  of  the  work  contained  in  this 
thesis  along  with  recommendations  for  further  study  in  this  area. 
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CHAPTER  II 
SYSTEM  DYNAMICS 

To  derive  the  rotational  equations  of  motion,  there  are  two  approaches,  i.e. 
Lagrangian  and  Newton-Euler  approach.  Here,  the  Newton-Euler  approach  based 
on  angular  momentum  of  system  is  used.  Euler  parameters  and  angular  velocities 
are  used  as  vehicle  states,  and  the  gimbal  angles  and  rates  are  used  as  CMG  states. 

At  first,  the  system  configuration  is  briefly  described,  and  the  relative  location 
of  each  component  is  defined  by  several  coordinate  systems  (  frames  ),  vectors,  and 
matrices.  Based  on  these  definitions,  kinematic  and  dynamic  equations  are  derived. 
1.  System  Configuration 

Consider  an  arbitrary  asymmetric  spacecraft  equipped  with  n  SGCMGs.  The 
spacecraft  system  is  divided  into  n  +  1  parts,  i.e.  a  vehicle  body  and  n  SGCMGs. 
The  vehicle  body  is  assumed  rigid.  The  system  mass  center  C  and  the  location  of 
the  ith  CMG,  are  shown  in  Fig.  1. 

Spacecraft  attitude  can  be  represented  by  relative  rotation  of  vehicle  body 
frame  {Y}  with  respect  to  inertial  frame  {iV}  through  a  direction  cosine  matrix  Cy 
as 

{£}  =  cv(j){£>,  (2-i) 

where  C\-(3)  is  parameterized  as  a  function  of  Euler  parameters  as 

’31  +  31-31-31  2{3i32  +  3o3i)  2 (3i3z  -  3o32)  ' 

Cv(3)=  2(3ifo  -3o33)  31-31  +  31-31  2(3z3z  +  3o3:)  ■ 

2(3i3i+3o32 )  2(323s  -  3o3i )  3l  -  31  -  3\  +  3\ . 

The  center  of  the  ith  CMG  is  located  at  a  distance  r{  from  the  mass  center  of 
system.  The  ith  gyro  reference  frame  {J?,}  is  embedded  in  the  suspension  structure, 
and  the  suspension  structure  is  fixed  in  the  vehicle  body.  Hence  rotation  of  gyro 
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reference  frame  with  respect  to  {£.}  can  be  described  by  a  direction  cosine  matrix 

f 

Cm  as 

{«,}  =  CB, («,){£},  (2-2) 

* 

where  Oi  is  a  fixed  configuration  angle.  Inside  the  suspension  structure  of  each  gyro, 
a  gimbal  is  controlled  to  rotate.  The  gimbal  frame  {£,}  is  embedded  in  each  gimbal 
as  shown  in  Fig.  2(a).  The  gimbal’s  rotation  with  respect  to  suspension  structure 
can  be  represented  by  the  location  of  gimbal  frame  with  respect  to  gyro  reference 
frame.  Thus  each  gimbal  frame  is  projected  onto  the  gyro  reference  frame  by  a 
direction  cosine  matrix  Cai  as 

{£}  =  Coi(<r, ){£,},  (2-3) 

where  <rt  is  the  ith  gimbal  rotational  angle  with  respect  to  {/2j}.  When  we  consider 

the  gimbal  rotation  axis  as  z  axis  of  gimbal  frame,  Cg,  can  be  represented  as 

cos  <r,  sin  <Xj  0 

C>Gi(«r.)  =  —  sin  <7*  coso-j  0 

0  0  1 

From  Eqs.(2-2)  and  (2-3),  we  can  relate  the  gimbal  frame  with  the  vehicle  frame 
as 

{£,■}  =  CGi(<Ti)CRi  (*,){£} 

=  C,  {£},  (2-4) 

where  Ci  is  a  direction  cosine  matrix  orienting  the  ith  gimbal  frame  with  respect  to 
the  vehicle  frame,  and  it  depends  on  the  gyro  cluster  arrangement  and  the  gimbal 
angles. 

All  the  equations  are  derived  using  matrices  and  vectors  for  simplicity.  Each 
vector  is  based  in  the  proper  frame.  For  example,  the  angular  velocity  of 
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vehicle  is  generally  expressed  in  the  vehicle  frame,  and  it  can  be  witten  as 
=  [u >z  u>j,  ]  .  Each  gimbal  can  only  rotate  around  z  axis  of  each  gimbal 
frame  as  shown  in  Fig.  2(a),  so  the  angular  velocity  £,  of  the  ith  gimbal  is  expressed 
as  £Li  —  [  0  0  <r,j  in  the  gimbal  frame.  The  rotational  velocity  of  gyro  wheel  is 
expressed  as  Q  =  [0  fl  0]  in  gimbal  frame  because  the  wheel  can  rotate  only 
about  y  axis  of  gimbal  frame.  For  any  vector  *  =  [xi  x-i  x3  ]  in  this  thesis,  x 
represents  the  skew  symmetric  cross  product  matrix  as 


x 


0  -X3  X2 

x3  0  - X 1 

~*2  *1  0 


2.  Kinematic  Equations 

Spacecraft  attitude  can  be  represented  by  Euler  parameters  as  shown  in  Eq.(2- 
1).  The  kinematic  differential  equation  relating  the  time  derivatives  of  the  Euler 
parameters  to  the  angular  velocity  vector  u?  of  the  vehicle,  is  expressed  as  follows8,11 : 

i  =  \GVU,  (2-5) 

where 


rfti 

r-A 

—A 

-A  ‘ 

A 

A 

and  G{S)  = 

A 

A 

-A 

A 

A 

-A 

UJ 

L-A 

A 

A  - 

3.  Dynamic  Equations 

To  derive  the  dynamic  equation  of  motion,  either  Newton-Euler  approach  or 
Lagrangian  approach  can  be  used.  In  this  section,  Newton-Euler  approach  is  used 
and  its  results  are  compared  with  those  of  Lagrangian  approach  as  shown  in  the 
Appendix. 
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The  total  angular  momentum  ff5//c  of  system  about  the  system  mass  center 
C  is  composed  of  the  angular  momenta  of  the  vehicle  and  the  n  CMGs’: 

Hs/C  =  HV/C  +  H?/C.  (2-6) 

i=l 

Each  angular  momentum  vector  can  be  expressed  in  vehicle  frame  as 


HV'C  =  IV>C 

(2-7) 

HG/C  =  mifiri+  HG,CG 

=  MiUi  +  HG/CG, 

(2-8) 

where  Iv/C  is  the  vehicle  inertia  matrix(  does  not  contain  gyro  contribution), 
rrii  is  the  mass  of  ith  CMG, 

Mi  is  the  contribution  of  the  ith  CMG  mass 

to  the  moment  of  inertia  matrix  about  C ,  and 
H_ i  '  is  the  ith  CMG  angular  momentum. 

When  we  define  the  system  inertia  matrix  Is  =  Jv/C  Mi,  the  system 

total  angular  momentum  can  be  written  as 

Hs/C  =  JSu>  +  ^ff?/CG.  (2-9) 

i=  1 


The  location  of  center  of  mass  is  fixed,  and  the  value  of  Is  remains  constant  unless 
the  payload  is  changed.  In  this  thesis,  the  payload  is  assumed  fixed. 

The  angular  momentum  H^^CG  of  each  CMG  can  be  derived  in  gimbal  frame 
as 


HG/CG  =  ( JGC,ul  +  JGo,)  +  {JwCi  +  JW&i  +  JWQ) 

=  ( jg  +  jw)c,u,  +  ( jg  +  jw)&{  +  jw  n,  (2-10) 
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where  JG  and  Jw  are  the  inertia  matrices  of  the  gimbal  and  gyro  wheel  respectively, 
expressed  in  gimbal  frame.  When  we  define  the  CMG  inertia  matrix  as  J  =  JG  +  Jw 
and  axial  angular  momentum  of  wheel  as  h  =  the  above  equation  can  be 

written  as 

H? /CG  =  JCiLO  4-  J<x,  +  h.  (2-11) 

To  combine  H_f^CG  with  the  vehicle’s  angular  momentum,  we  rewrite  the  above 
equation  in  vehicle  frame  as 

jjG/CG  =  CT  JCm  +  CT  +  CT^  (2-12) 

Hence  the  total  angular  momentum  H_s^c  of  the  system  in  vehicle  frame  can  be 
expressed  as 

HS/C  =  Is u>  4-  +  Cfj&i  +  Cjh).  (2-13) 

»=i 

From  Newton-Euler  principle,  the  time  derivatives  of  the  total  angular  momen¬ 
tum  of  the  system  with  respect  to  the  inertial  frame  {jV}  is  equal  to  the  external 
torque  Lc  exerted  on  the  system  about  the  mass  center  C  as  follows: 

L,  = 

=  Is±  +  iIsu  +  '£,JtUL°'Ca)  N.  (2-14) 

represents  the  torque  Lai  exerted  on  the  ith  CMG,  and  —  tGl  is  the 
internal  torque  due  to  the  j'th  CMG.  The  system  equation  of  motion  can  then  be 
written  as 

-Li  +  Lc  =  Is  <k  +  (2-15) 

n 

where  Li  =  ^Loi- 

i=i 
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In  order  to  express  LGi  explicitly  in  terms  of  system  states,  we  have  to  differentiate 
jjG/CG  geen  from  EqS,(2-ll)  and  (2-12),  it  is  better  to  differentiate  as 

follows: 

d  ,„G/CG\  d  .  -jG/CGk  .  N-G(tjG/CG\  /n  i  r»\ 

JtULi  )N  =  -jtULi  )Gx  +  W  [Ht  ),  (2-16) 

where  N u)G  is  the  cross  product  matrix. 

The  first  term  on  the  right-hand  side  of  the  above  equation  can  be  written  in 
gimbal  frame  as 

£(H?/CG)Gi  =  JCiU  +  JCiUL  +  Jat  +  h.  (2-17) 

at 

Since  the  gyro  wheel  angular  velocity  fl  is  constant,  4  =  0.  The  time  derivative  of 
direction  cosine  matrix  C,  is  given  by  the  following  kinematic  differential  equation. 


C,  =  -atC\-  (2-18) 

Thus  Eq.(2-17)  can  be  rewritten  as 

^UL?/CG)g,  =  -J*,C,u>  +  JC IS£  +  Jat.  (2-19) 

at 

The  second  term  of  Eq.(2-16)  can  be  divided  into  two  parts  as 

NZG{HG,CG)  =  n*v{HG/CG)^  vZg(Hg/cg)  (2-20) 

where  each  part  can  be  expressed  in  gimbal  frame  as  follows: 

stv(HG/CG)  =  C^Cj{JCt  w  +  J&,  +  h),  (2-21) 

vZg{Hg/cg)  =  *,{JCiU  +  J&,  +  h) 

=  *,{JCi*  +  h),  (2-22) 
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as  =0.  Thus  Eq.(2-20)  can  be  rewritten  as 

n&g{H?/CG)  =  CtZCj{JCx  w  +  Jb{  +  h)  +  ^,(JC,u;  +  h).  (2-23) 

Therefore,  from  Eqs.(2-19)  and  (2-23),  the  time  derivative  of  gyro  angular  momen¬ 
tum  can  be  written  in  gimbal  frame  as 

jt{HG/CG)N  =  -  J'&iCiU  +  JCxu  +  Jbt 

+  CxCjCjJCx  u;  +  CiZCTj&i  +  CiuCjh 

-I -  b  XJ Cju>  -t-  b xh.  (2—24) 

From  this  equation,  we  see  that  each  CMG  torque  LGi  has  three  components, 
LGl  =  [  Lqi  Lq2  Lgs  ]T-  From  Fig.  2(a),  we  see  that  the  x  axis  component  of 
L-Gi  represents  the  reaction  torque  due  to  directional  change  of  wheel  and  gimbal 
angular  momenta.  The  y  axis  component  represents  the  reaction  torque  due  to  the 
motion  of  the  gimbal  frame.  The  z  axis  component  represents  the  control  motor 
torque  u,  which  can  be  expressed  as 

Ui  —  PjLg^  (2-25) 


where  Pj  =  [  0  0  1  ] . 

To  combine  ^{HG^CG)y  with  the  time  derivative  of  vehicle  angular  momen¬ 
tum,  we  rewrite  Eq.(2-24)  in  vehicle  frame  as 

jt{B.f/C°)s  =  ~  CTjhCi*  +  CjJCi*  +  CTJZi 

+  J Cju>  -t-  u >Cf  J  b_x  CJCj' h 

+  Cj'bxJCx«L+  Cjbxh.  (2-26) 

Substitution  of  this  expression  for  ^(Pf^CG).v  in  Eq.(2-14)  leads  to 
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i: 
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12 


(7s +  £  C^Cite 
1=1 


—  u>/Su?  *f  L c 

n 

t=i 

+  UjCf  J CjU7  -f-  mC?  J &i  +  wC? h 

■+■  Cf  ff’iJ  C  i ',ui_  -f-  Cj  b  ih). 


(2-27) 


To  simplify  the  equation,  define 

/  =  /S  +  ^C,rJC, 

i=l 

n 

Dai  =  J^(c?&iJCi u>  -  CjJ&iCiu) 
i=  1 
n 

D2b  =  Y,Z>CiJ°.i  (2-28) 

1=1 
n 

Di<r  =  £c,r£,h 

i=i 

fl£  =  £<?’■  j£„ 

1=1 

where  <r  =  [  <7i  <72  ■  •  •  <rn  ]  and  £  =  [  cri  £2  •  •  •  bn  ]  represent  respec¬ 

tively,  n  dimensional  angular  velocity  vector  and  angular  acceleration  vector  of  the 
gimbals.  Then  the  system  dynamic  equation  can  be  represented  as  follows 

n 

w  =  +  ££  +  (!>!  +£>2  +  I>3)£+^J’C.T(*7C<^  +  ^)]-  (2~29) 

1=1 

This  equation  can  also  be  derived  by  Lagrangian  approach  as  shown  in  the 
Appendix. 
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Since  this  dynamic  equation  obtained  by  including  the  CMG  inertia  terms  is 
complicated,  many  studies  neglect  J  in  comparison  to  the  vehicle  inertia.  For  this 
special  case,  we  need  consider  the  angular  momentum  of  the  CMG  again. 

H? /ca  =  JCi +  j£,  +  h  .  (2-1 1 ) 

The  first  term  JCi u>  is  due  to  the  rotation  of  spacecraft,  J&i  is  due  to  the  rotation 
of  the  gimbal  and  h  is  the  axial  momentum  of  the  wheel.  Gyro  wheel  usually  rotates 
at  much  higher  speed  than  a>  or  <r,  so  the  magnitude  of  h  is  much  greater  than  that 
of  (JC.w-f  J&i).  Thus  we  can  often  neglect  the  first  two  terms  in  Eq.(2-ll).  Then 
the  angular  momentum  of  CMG  can  be  expressed  as 

H°/CG  =  h  .  (2-30) 

That  is,  we  can  assume  that  the  angular  momentum  of  each  CMG  is  a  rotating 
vector.  With  this  simplified  notion,  the  dynamic  equation  can  be  reduced  to  the 
following: 

n 

w  =  -(/S)~1[i/Su;-Xc4l>1£  +  ^cDCl7’/i].  (2-31) 

i=i 

Depending  on  whether  J  terms  are  included  or  not,  either  Eq.(2-29)  or  Eq.(2-31) 
can  be  used  as  a  dynamic  equation  of  system  besides  the  kinematic  equation.  The 
gimbal  motor  torque  equation  is  given  by  Eqs.(2-24)  and  (2-25). 
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CHAPTER  III 

FEEDBACK  CONTROL  LAWS 

If  the  present  state  is  known  and  it  is  desired  to  maneuver  the  spacecraft  to 
a  target  state,  we  need  a  feedback  control  law  which  defines  the  required  torque 
as  a  function  of  the  current  and  target  states.  In  many  situations,  linearlized 
equations  of  motion  can  be  used  in  developing  feedback  control  laws  applicable  for 
small  angle  rotational  maneuvers.  For  large  angle  rotational  maneuvers,  the  system 
equations  are  nonlinear.  For  that  case,  one  of  the  powerful  methods  for  control 
design  is  Liapunov’s  second  method.  In  this  chapter,  using  the  Liapunov  approach, 
general  feedback  control  laws  for  large  angle  rotational  maneuvers  of  spacecraft  with 
SGCMGs  are  derived  for  a  wide  class  of  maneuvers  including  slewing  and  tracking 
maneuvers. 

Assume  that  present  state  of  the  system  u>,  /?,  and  a  can  be  measured  in  real 
time  and  we  wish  to  maneuver  the  spacecraft  to  a  desired  target  state  uj  and  0 f 
with  the  final  a  free.  The  error  vectors  fj  and  e2  which  represent  the  departure  of 
the  instantaneous  states  from  target  states  can  be  written  as 

e,=0-3f  (3-1) 

e2  =  (3-2) 

Let  V’(e)  be  a  trial  Liapunov  function  defined  as 

V{e)  =  \\  +  V, 

=  ^  "*■  j  -2  ^-2 '  (3-3) 

where  k  is  a  positive  constant,  and  I  is  the  inertia  matrix  shown  in  Eq.(2-28).  The 
time  derivative  of  V*i  can  be  derived  as 
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Vi(e)  =  2  kej^ 

=  2 M0j-£TXi,-i) 

= -u(iTi, +gjih 

rji  •  m  •  m 

where  =  0,  and  0/3  =  0  due  to  the  Euler  parameter  constraint  (31 

From  Eq.(2-5),  /3  and  $  can  be  written  as 

g=\o(S)a 
tf  =  j  UPlWf- 

Hence  each  item  in  Eq.(3-4)  can  be  expressed  as 

fi,  = 

f,g  =  \eTGT(i3)tr 

However,  GT(fif){3=  —  GT(3)3f]  thus  Vj  can  be  represented  as 

Vi  =  -kUT  -  ^)GT(3)3f. 

The  time  derivative  of  V’2  can  be  derived  as 

\\  =  ejlc2  +  \gie2 

=  (s!^  —  J )( /^  —  I^f)  ■+■  (u>^  —  uij  )-/(u>  —  *Lf)' 

From  the  definition  in  Eq.(2-28),  j/( u>  —  u;^)  can  be  derived  as 


(3-4) 
0  =  I- 

(3-5) 

(3-6) 

(3-7) 

(3-8) 

(3-9) 


(3-10) 
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Uu  -  a,)  =  \  '£(C?«,JC,  -  CfJ&'CiXu  -  a,) 


=  -  [=  Y.lcThJc,  -  cj JhCiU, 

*  t=l 

\  ±ic?*.JCt  -  cTJhCite] 

1=1 

rl  .  1  „ 

=  -[5D42-  5  .£>>2], 


(3-11) 


l  2  2  J  ' 

where  _D4<7  =  53”_1(C1 ^&,JCi  —  Cj Equation  (3-10)  can  then  be  written 
as 

V2  =  -(u>T  -  u $)[lvf  +  u>ISui  -  4 

n 

+  5£+jD£  +  ^wC1t(JC,,ui  +  /i)],  (3-12) 

»=i 

where  £>  =  Dj  +  Z)2  +  §(D3  +  D4). 

Therefore,  the  total  time  derivative  V  can  be  written  as 

V  =  -{uj  -  *Tf)[kGT{3)3f  +  I±f  -v  uIS u>  -  Lc 

n 

+  Bi  +  I^  +  ^^C^JC.ui  +  h)].  (3-13) 

!=1 

For  V  to  be  negative,  it  is  sufficient  that 

n 

[kGT{3)3f  +  Iuf  +  «i/su;  -  Xc  +  B3  +  D&  4-  ^  ^C’,T  ( JCiW  +  h)j 

i=i 

=  *(*-«,),  (3-14) 

where  K  is  a  positive  definite  gain  matrix  defined  as 

A  n  A 12  Kn 
A  =  A21  A22  A"23 

Aji  A  52  Ass 
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We  can  rewrite  Eq.(3-14)  as  follows: 

Ba  +  Da  =  A'(u>  —  u;^)  —  kGT((3)j3  —  —  <l?Isw  +  L^. 

n 

-  ^wC^JCW  +  h).  (3-15) 

«'=i 

The  right-hand  side  of  the  above  equation  is  defined  as 

Lr  =  K{ u  -  uf)  -  kGT({3)l3f  -  Iuf  -  w/su>  +  ^ 

n 

-Y,^T(JCm  +  h),  (3-16) 

1=1 

which  is  called  the  feedback  control  law.  Then  Eq.(3-15)  can  be  written  as 


Bg_  +  Da  =  Lr, 


(3-17) 


i 


l 


l 


I 


l 


which  is  called  the  steering  equation.  From  Eqs.(3-16)  and  (3-17),  we  can  see  that 
Lr  or  ( Ba  +-  Da)  is  torque;  hereafter  Lr  is  referred  to  as  “  required  torque  ”,  and 
(Ba  +  Da)  as  “  output  torque  .”  It  is  anticipated  that  during  finite  intervals, 
the  required  and  output  torques  may  not  be  equal  to  each  other. 

As  we  can  see  in  Eq.(3-16),  Lr  can  be  adjusted  by  changing  the  gain  K.  The 
easiest  way  to  assign  K  is  to  make  it  a  constant  diagonal  matrix  as 


A'  = 


Ki  0  0 

0  k2  0 
0  0  a3 


For  critical  damping  in  the  linear  range,  it  is  assigned8  as 


(3-18) 


I 


1 


1 


A',  =  y/ZDk. 


(3-19)  | 


Varying  gains  can  also  be  used  in  Eq.(3-16).  As  discussed  in  the  next  chapter,  this 
is  desirable  for  perturbing  the  required  torque  direction. 

! 
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When  we  neglect  the  inertia  terms  J,  the  steering  equation  Eq.(3-17)  can  be 
reduced  to 

Did  =  Lr,  (3-20) 

where 

Lr  =  K(lo  -  tof)  -  kGT((3)0f  -  Is -  ulsu  + 

n 

(3-21) 

1=1 

That  is,  the  output  torque  is  reduced  to  Did,  and  we  only  need  match  D id  with  Lr 
by  steering  the  gimbals.  From  the  definition  of  the  ith  CMG  torque  in  Eq.(2- 
26)  and  D\  in  Eq.(2-28),  the  ith  column  of  Di  represents  the  x-axis  reaction 
torque(output  torque)  of  the  ith  CMG  due  to  directional  change  of  the  wheel 
angular  momentum.  Thus  the  output  torque  D id  represents  the  linear  combination 
of  output  torques  of  each  CMG  torque.  Therefore,  when  CMG  inertia  terms  are 
neglected,  we  need  a  proper  combination  of  each  CMG  output  torque  which  should 
result  in  Lr.  Comparing  Eq.(3-17)  with  Eq.(3-20),  we  see  that  a  different  steering 
logic  should  be  used  depending  on  whether  the  inertia  terms  are  included  or  not. 


I 


81 


19 


CHAPTER  IV  j 


STEERING  LAWS 


When  the  feedback  control  law  for  the  required  torque  is  given,  the  next  step 
is  to  develop  a  steering  law  which  is  defined  as  the  kinematic  relationships  between 
gimbal  rates  and  the  required  torque.  That  is,  the  gimbals  should  be  properly 
steered  to  produce  the  required  torque.  Depending  on  whether  inertia  terms  are 
included  or  not,  steering  equations  are  given  by  Eqs.(3-17)  or  (3-20),  and  a  different 
steering  law  has  to  be  developed  for  each  case.  When  the  inertia  terms  are  neglected, 
&  steering  or  velocity  steering  of  gimbals  is  used  and  when  the  inertia  terms  are 
included,  <r  steering  or  acceleration  steering  is  used.  At  first,  we  consider  the  simple 
steering  equation 

Dx&  =  Lr.  (3-20) 

1.  Moore-Penrose  Steering  Law 

Matrix  Di  in  Eq.(3-20)  is  a  function  of  <r,  i.e.  its  elements  change  as  gimbals 
rotate.  For  three-axis  maneuvers,  usually  more  than  three  CMGs  are  used  and  D\ 
becomes  a  3  xr>  dimensional  rectangular  matrix.  Hence,  determination  of  the  gimbal 
rates  becomes  an  under-determined  problem.  Thus  there  are  many  solutions  for  £ 
which  satisfy  Eq.(3-20).  Naturally,  it  is  appropriate  to  choose  a  minimum  norm 
solution  for  &  by  using  the  Moore-Penrose  inverse.  We  can  derive  the  solution  by 
minimizing  |£T£  subject  to  Eq.(3-20).  The  solution  is 


4 


n 


_  i 


&  =  Dl(DlDl)~1Lr. 


(4-1) 


This  is  a  velocity  steering  law.  Unfortunately,  this  law  cannot  exist  when  rank(D j) 
is  less  than  three;  the  gimbal  angles  for  which  this  happens  are  called  singular  gimbal 
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angles  and  the  event  is  called  a  “  singularity.  ”  Moreover,  near  singular  points,  the 
magnitude  of  &  becomes  excessive,  violating  the  gimbal  rate  constraint.  Hence,  this 
steering  law  is  of  limited  use  unless  augmented  by  some  logic  which  accomodates 
the  sigularities. 

Before  discussing  other  steering  laws,  we  need  to  discuss  the  singularity  problem 
in  depth.  Each  column  of  D\  represents  the  output  torque  vector  of  each  CMG  as 
shown  in  the  previous  chapter.  D\b_  is  the  linear  combination  of  each  column  of  D\. 
When  rank(Di)  equals  two,  the  column  space  of  Dj  becomes  planar.  That  is,  at 
a  singularity,  each  output  torque  vector  lies  on  the  same  plane.  Then  there  exists 
a  direction  to  which  all  the  output  torque  vectors  are  perpendicular  and  an  output 
torque  can  not  be  produced  in  that  direction.  In  other  words,  at  any  singular  point, 
there  exists  a  unit  vector  a  which  satisfies  Dfa  =  0.  The  direction  of  this  vector  is 
called  the  “  singular  direction.  ”  Whenever  the  desired  torque  direction  lies  in  the 
nullspace  of  D i,  no  torque  can  be  generated  in  that  direction. 

At  any  instance,  each  CMG  angular  momentum  vector  is  perpendicular  to 
the  each  output  torque  vector  as  shown  in  Fig.  2(a).  Thus  at  a  singularity,  each 
CMG  angular  momentum  vector  is  extremely  (minimally  or  maximally)  projected 
along  the  singular  direction.  When  the  projections  are  maximal,  the  singularity 
is  directional  “  saturation  ”  or  “  the  external  singularity.  ”  When  some  angular 
momentum  vectors  are  minimally  projected  and  the  others  are  maximally  projected, 
then  the  singularity  is  called  “  internal  singularity.  ” 

If  the  required  torque  Lr  lies  in  the  column  space  at  a  singularity,  there 
obviously  exists  a  minimum  norm  solution  for  D\&  =  Lr.  Unfortunately,  this 
solution  can  not  be  obtained  by  M-P  steering  law.  Either  when  the  required  torque 
is  parallel  to  the  singular  direction  or  when  it  lies  on  the  column  space  of  £>i,  we 
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can  not  use  M-P  steering  law  at  singularities. 

The  best  way  to  circumvent  this  problem  is  to  avoid  the  singularity.  Several 
avoidance  techniques  have  been  proposed  and  proven  effective  in  particular  cases. 
However,  application  of  these  avoidance  techniques  for  maneuvering  spacecraft 
reveals  several  defects.  These  techniques  consider  only  the  steering  law  without 
including  the  vehicle  movement.  When  the  vehicle  movement  is  considered,  these 
techniques  fail  to  predict  “  future  singular  points  ”  so  that  they  can  be  avoided. 
Null  motion  avoidance  law  is  one  of  these  techniques.  It  uses  a  null  solution  of 
Eq.(3-20)  to  re-position  the  momentum  vectors: 

iN=-r{l-Df{DlDj)-'D1}l,  (4-2) 

where  7  is  a  scalar  and  /an  dimensional  vector.  If  the  number  of  CMGs  is  limited 
to  4  and  rank(Di)  is  three,  null  space  of  Dx  is  only  one  dimensional.  Then  there 
remains  only  one  degree  of  freedom  for  &N,  thus  this  restricts  the  gimbal  movement 
to  one  direction  which  is  not  sufficient  to  avoid  all  singularities.  None  of  the 
singularity  avoidance  steering  laws  has  been  shown  to  be  perfect  in  general.  In 
this  thesis,  singularity  avoidance  laws  will  not  be  treated. 

2.  Singularity  Robustness  Steering  Law 

When  the  required  torque  is  not  exactly  parallel  to  the  singular  direction,  there 
exists  a  non-zero  least-square  solution  of  minimum  norm  for  D\&  =  Lr  even  at  a 
singular  point.  If  we  can  tolerate  some  deviations  between  the  required  torque  Lr 
and  the  output  torque  Di&,  we  may  use  this  steering  law.  Nakamura  and  Hauafusa5 
invented  the  singularity  robust  steering  law  based  on  the  least-square  concept,  for 
robot  manipulator  control.  Bedrossian®  applied  this  law  and  analyzed  singularities 
for  open  loop  torque  generation  without  considering  vehicle  motion. 
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Before  integrating  the  S-R  steering  law  with  feedback  control  law,  further 
discussion  of  this  law  is  necessary.  S-R  steering  law  is  derived  by  minimizing  with 

respect  to  & 

-  Ir)T(£>i2  -  Lr), 

where  a  is  a  weighting  factor.  After  some  matrix  manipulation,  the  steering  law’  is 
given  by 

&  =  +  al)-1ir.  (4-3) 

When  a  is  zero,  S-R  steering  law  is  the  same  as  M-P  steering  law.  Except  near  the 
vicinity  of  singular  points,  M-P  steering  law  is  acceptable.  Thus  it  is  better  that 
a  remain  zero  normally,  and  increase  as  det(Di  Dj)  approches  zero.  But  at  the 
switching  point  between  two  steering  laws,  there  may  exist  an  abrupt  change  in  &. 
For  a  smooth  maneuver,  it  is  better  to  use  S-R  steering  law  for  the  entire  maneuver. 
The  selection  procedure  for  a  will  be  treated  in  the  next  chapter. 

In  contrast  to  M-P  steering  law,  &  usually  decreases  in  the  vicinity  of  singular 
points  and  the  output  torque  deviates  from  the  required  torque.  It  is  a  disadvantage 
of  S-R  steering  law.  But,  at  a  singular  point,  there  still  exists  a  solution;  existence  of 
a  reasonable  solution  at  a  singularity  is  the  main  advantage  of  this  law.  Thus,  this 
law  looks  applicable  at  almost  every  situation  if  the  torque  deviation  is  tolerable 
occasionally. 

However,  when  the  required  torque  direction  is  parallel  to  the  singular  direction, 
i.e.,  when  Lr  =  0,  the  gimbal  rates  will  be  zero  and  there  occurs  the  “  gimbal  , 
lock  ”  phenomenon.  The  gimbal  lock  problem  is  a  defect  of  S-R  steering  law.  To 
avoid  the  gimbal  lock,  we  should  prevent  Dj Lr  from  becoming  0.  It  would  be 
better  to  divert  our  attention  from  steering  law  to  the  feedback  control  laws  for  the 
present. 
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By  changing  the  feedback  control  law  near  a  singularity,  we  can  prevent  the 
required  torque  from  being  parallel  to  the  singular  direction.  It  can  be  done  by 
changing  the  gain  matrix  K  in  Eq.(3-16);  however,  K  should  still  remain  positive 
definite  to  guarantee  a  closed  loop  stable  system.  Hence,  instead  of  a  constant 
diagonal  matrix  K  in  Eq.(3-18),  a  perturbed  gain  matrix  can  be  used  in  the  vicinity 
of  singular  points  as 

\KX  0  SK' 

K  =  SK  K2  0  ,  (4-4) 

0  SK  Ks 

where  S K  should  be  positive  in  order  for  K  to  remain  positive  definite.  During 
normal  operations,  SK  remains  zero,  but  as  DjLr  approaches  0,  SK  is  increased 
such  that  the  direction  of  Lr  moves  away  from  the  singular  direction.  It  is  better 
for  the  maximum  value  of  SK  to  be  small  compared  with  AT,  in  order  that  the 
perturbation  in  the  system  response  remains  small.  The  selection  of  the  maximum 
value  of  SK  is  based  on  trade-off  between  performance  and  controllability.  Another 
perturbed  gain  matrix  can  be  selected  as 


A’  =  SK3  Ki  - SK j  .  (4-5) 

-SK2  SK i  K3 

This  matrix  is  still  positive  definite  and  moreover,  it  does  not  affect  Liapunov  rate 
as  the  perturbations  SKi,  are  organized  in  a  skew  symmetric  form.  The  varying 
gain  feedback  control  law  can  widen  the  usage  of  S-R  inverse  steering  law. 

3.  Acceleration  Steering  Law 

When  the  CMG  inertia  terms  are  included,  the  steering  equation  is  given  as 

Bq_  +  Dir_  =  Lr.  (3-17) 

It  is  convenient  then  to  use  £  as  a  control.  The  effect  of  Ba  on  the  output  torque 
is  very  small  in  comparison  with  the  D&  term.  As  the  entries  of  the  matrix  B  are 
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quite  small,  if  D&  is  significantly  different  from  £P,  the  gimbal  accelerations  will 
be  high.  Hence  the  direct  solution  of  Eq.(3-17)  is  avoided.  Instead,  the  alternate 
steering  law  of  making  Dd  approach  Lr  as  closely  as  possible  based  on  Liapunov’s 
method,  is  one  method  to  minimize  a  in  an  average  sense. 

Let  Va  be  a  trial  Liapnov  function  defined  as 

v.  =  \(i,  -  ifa,  -  2),  (4-6) 

where  d^  is  the  desired  angular  velocity  of  gimbals.  Then  the  time  derivative  of  V„ 
becomes 

v„  =  (2/  -  2),'(2/  -  2).  (4-7) 

For  Va  to  be  negative,  it  is  sufficient  that  the  following  condition  must  be  satisfied: 

(If  -  2)  =  -K0(&f  -  d),  (4-8) 

where  Ka  is  a  positive  definite  gain  matrix.  Then  d  is  given  by 

d  =  K0{q_f  -  d)  +  (Tf.  (4-9) 

As  it  is  desirable  that  d  follows  the  S-R  steering  law,  we  can  consider  dy  as  obtained 
from  the  S-R  steering  law.  If  d^  is  assumed  small,  then  it  can  be  neglected.  Thus 
an  acceleration  steering  law  can  be  of  the  form 

d  =  Ka[DT(DDT +  aI)~1Lr-a\.  (4-10) 

The  gain  matrix  Ka  depends  on  the  allowable  magnitude  of  d.  As  might  be 
expected,  the  acceleration  steering  law  is  a  little  more  complicated  than  the 
velocity  steering  law.  Like  S-R  steering  law  without  inertia  terms,  the  gimbal  lock 
phenomenon  occurs  when  DT Lr  =  0.  However,  the  varying  gain  feedback  control 
law  can  be  used  again  to  escape  from  such  situations. 
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CHAPTER  V 
SIMULATIONS 

So  far  the  equations  of  motion,  feedback  control  laws,  and  steering  laws  are 
derived.  For  a  simulation  without  inertia  terms,  we  need  the  following  equations: 


£  =  \G(0)«,  (2-5) 

n 

w  =  -(/s)_1[i/s  +  DiZ+^aCfh]  (2-31) 

i=i 

&  =  +  al)~lLr  (4-2) 

Lr  =  A'(u;  -  utf)  -  kGT(0)i3f  -  7S^/  -  J)Jsu>  +  Xc 

n 

-'E&CTh.  (3-21) 

1=1 

For  a  simulation  with  inertia  terms,  we  need  the  following  equations: 

£=\g(3)»  (2-5) 

n 

w  =  — I  1  —  Lc  +  Her  +  ( D\  +  Z?2  +  Z?3)<7  +  ^  *  CjCJ (J C,u>  -f  hj]  (2—29) 

1=1 

£  =  KC,[DT{DDT +  aiy1Lr-&]  (4-10) 

Lr  =  A'(u>  -  w/)  -  kGT[l3)3j  -  Iuf  -  ulsui  +  Lc 

n 

-  ^wC,r(7C,u;  +  h).  (3-16) 

1=1 


Neglecting  the  CMG  inertia  terms  would  be  better  for  simple  analysis  and  simu¬ 
lation,  but  the  more  complicated  acceleration  steering  law  provides  better  under¬ 
standing  of  the  system.  The  primary  advantage  of  including  gimbal  inertia  terms 


88 


26 


is  that  the  magnitude  of  the  gimbal  motor  torque  can  be  obtained  and  the  torque 
amplification  property  of  the  SGCMG  can  be  examined.  Other  differences  between 
the  two  steering  laws  are  expected  to  be  minimal  and  will  be  investigated  by  simu¬ 
lations.  Simulations  are  done  by  using  IMSL  Library  routine  DIVPRK,  which  is  a 
combination  of  fifth  and  sixth  order  Runge-Kutta  methods. 

Before  simulations,  we  need  to  select  the  values  of  the  severed  parameters  which 
are  used  in  simulations.  In  order  to  have  a  smooth  maneuver,  o  in  Eqs.(4-2)  and 
(4-9)  is  chosen  to  increase  linearly  as  det(DDT)  approaches  zero  as  follows: 

,  det(DDT ),  /r  x 

0  =  00(1 - - - -),  (5-1) 

where  a0  is  a  maximum  value  of  o  and  d  is  a  normalizing  scale  factor  for  the 
determinant. 

In  order  to  monitor  the  margin  of  CMG  capability,  we  need  to  monitor  how 
close  the  CMGs  come  to  saturation.  By  using  a  saturation  index  defined  below,  we 
can  see  the  margin  of  CMG  capability  and  distinguish  the  external  singularity  from 
the  internal  singularity  in  simulations. 

Definition  :  Saturation  index  5  is  a  measure  which  indicates  the  amount  by  which 
gyro  angular  momentum  vectors  are  projected  toward  the  required  torque  direction. 
For  the  ith  CMG,  it  is  defined  as 

5,  =  —  cos ~1(—==/J2  .=.),  when  L\  +  L\  ^  0  (5-2) 

*  V£i  +  Ll 

Si  =  1.0,  when  L\  =  0  and  L2  =  0,  (5-3) 

where  Lj  is  the  jth  component  of  Lr  in  the  ith  gimbal  frame.  Then  the  gyro  cluster 
saturation  index  S  is  defined  as 

s=l£s<.  (5-4) 

1  =  1 
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This  definition  is  motivated  by  the  following  reasoning:  the  angular  momentum 
vector  h  is  fixed  along  y  axis  of  each  gimbal  frame  and  the  required  torque  vector 
Lr  moves  around  the  center  of  the  gimbal  frame  as  shown  in  Fig.  2(b).  When  Lr 
lies  in  the  y-z  plane  along  the  positive  y  direction,  h  is  maximally  projected  to  Lr 
and  the  index  value  is  one.  When  Lr  lies  with  opposite  direction,  h  is  minimally 
projected  and  the  index  value  is  zero.  If  Lr  lies  between  two  extremal  positions, 
the  index  value  can  be  expressed  with  angle  e  between  h  and  the  projection  vector 
(  L\,  L2)  of  Lr  on  the  x-y  plane.  This  relationship  can  be  expressed  as  Eq.(5-2). 
When  Lr  coincides  with  z  axis,  Si  is  defined  as  one  as  Eq.(5-3).  The  gyro  cluster 
saturation  index  S  is  a  mean  value  of  ail  saturation  indices  and  its  maximum  value 
is  one. 

W'hen  the  inertia  terms  are  included,  5  can  not  be  used  as  a  rigorous  measure 
for  saturation  because  it  only  considers  the  gyro  axial  momentum  and  the  transverse 
momentum  and  gimbal  momentum  are  neglected.  However,  this  index  can  be  still 
used  as  a  rough  measure  when  the  inertia  terms  are  included. 

For  the  varying  gain  feedback  control  law,  the  gain  matrix  K  is  chosen  as  given 
by  Eq.  (4-4).  The  value  of  6K  is  chosen  to  change  along  with  another  index  which 
is  called  the  orthogonality  index  0. 


Definition  :  Orthogonality  index  is  a  measure  of  how  close  the  required  torque  is 
orthogonal  to  the  column  space  of  D  and  is  defined  as 


where  D  =  D\  when  the  inertia  terms  are  neglected.  The  minimum  value  of  0  is 
zero  which  indicates  exact  orthogonality. 


90 


28 


6K  increases  as  0  approaches  zero  as 


<A-  =  <A-.(0°0-0), 

when 

0<Oa 

(5-6) 

O 

II 

MS 

when 

o>o0. 

(5-7) 

where  6Ka  is  the  maximum  value  of  6K0,  and  0o  is  the  reference  value  of  0. 

As  we  can  see  from  Eqs.(4-3)  and  (4--10),  &  and  &  will  change  abruptly  at  the 
initial  time  because  Lr  is  large  and  the  gimbals  are  stationary.  For  a  smooth  initial 
maneuver,  a  multiplier  function  is  designed  such  that,  when  multiplied  with  the 
feedback  control  law,  smooth  torques  with  zero  initial  magnitudes  and  moderate 
slopes  result8.  The  multiplier  function  m(t)  is  given  by 

m(t)  =  r2( 3  —  2t),  t  =  —  when  t  <  Ti  (5-8) 

T\ 

m(t)  =  1  when  t  >  T\  (5-9) 

This  multiplier  function  is  used  for  simulation  5. 

The  simulation  model  is  a  rigid  spacecraft  with  4  pyramid-configured  SGCMGs 
as  shown  in  Fig.  3.  The  centroid  of  the  bottom  surface  of  pyramid  is  located  at  the 
mass  center  of  system.  The  vehicle  frame  {F}  is  chosen  so  as  to  coincide  with  the 
principal  axes  of  the  system.  The  model  characteristic  data  and  several  parameter 
values  which  are  used  in  simulations  are  given  in  Table  1.  The  values  for  a0,  tK0, 
and  0o  were  selected  on  the  basis  of  a  few  trial  simulations.  The  selection  methods 
of  optimum  values  are  not  addressed  here. 

1.  Constant  Gain  Feedback  with  S-R  steering 

To  begin  with  the  discussion  of  simulations,  consider  two  maneuvers  using 
constant  gain  feedback  control  and  the  S-R  steering  law,  neglecting  the  inertia 
terms.  The  main  purpose  of  these  simulations  is  to  establish  baselines  showing  how 
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the  S-R  steering  law  works  in  conjunction  with  a  constant  gain  feedback  control 
law. 

Simulation  1  :  Motion-to-Rest  Three-Axis  Maneuver 

The  initial  states  and  the  target  states  are  given  in  Table  2.  Target  states  are 
fixed  with  respect  to  the  inertial  frame  {/£}.  As  can  be  seen  in  Fig.  4,  the  maneuver 
is  satisfactorily  completed.  In  practice,  the  gimbal  rates  are  typically  limited  to  1 
or  2  rad/sec.  Figure  4(d)  shows  that  this  limit  is  never  active  during  the  maneuver. 
As  we  can  see  in  Fig.  4(e),  the  Liapunov  function  rate  remains  negative  during 
maneuver.  Figure  4(f)  shows  the  indices:  det(DiDj),  5,  and  0.  From  this  figure, 
we  can  see  that  the  steering  law  does  meet  internal  singularities  on  two  occasions 
during  which  Lr  is  not  orthogonal  to  the  singular  direction. 

However,  as  we  can  see  in  Fig.  4(g)  and  (h),  the  decrease  of  <7  near  singularities 
causes  some  deviation  of  output  torque  from  the  required  torque,  which  results  in 
the  fluctuations  in  the  output  torque  curve.  This  fluctuation  may  not  be  desirable, 
especially  for  a  flexible  spacecraft.  The  deviation  and  fluctuation  of  torque  is  one 
of  defects  of  S-R  steering  law  although  the  law  is  much  better  than  M-P  steering 
law. 

Simulation  2:  Rest-to-Rest  Uni-directional  Maneuver 

To  deliberately  create  a  situation  of  “  gimbal  lock  ”,  the  maneuver  starts  from 
the  singular  initial  states  where  Df  Lr  =  0  as  shown  in  Table  3.  The  required  torque 
is  uni-directional  but  time  varying.  As  expected,  the  gimbals  remain  “  locked  ”  at 
the  initial  states  as  shown  in  Fig.  5(c),  and  angular  velocity  does  not  change  at  all 
as  shown  in  Fig.  5(a).  That  is  due  to  DjLr  =  0  at  the  initial  time  as  evident  from 
Fig.  5(f)  .  From  this  simulation,  we  can  see  that  even  though  we  use  S-R  steering 
law,  there  still  exists  a  singularity  which  can  not  be  escaped  with  this  law. 
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2.  Varying  Gain  Feedback  with  S-R  Steering 

As  a  cure  of  the  gimbal  lock  problem,  the  varying  gain  feedback  control  law 
is  suggested  in  the  previous  chapter.  To  compare  the  results  of  the  varying  gain 
feedback  control  law  with  those  of  constant  gain,  the  maneuver  of  simulation  2  is 
repeated  with  varying  gain  feedback  control  law. 

Simulation  3:  Rest-to-Rest  Uni-directional  Maneuver 

The  initial  conditions  are  same  as  for  simulation  2.  As  shown  in  Fig.  6,  it 
is  possible  to  escape  from  the  sigularity  at  the  initial  time,  and  the  maneuver 
is  completed  satisfactorily.  Due  to  the  varying  gain  which  perturbs  the  required 
torque  command,  the  maneuver  is  not  purely  uni-directional  as  shown  in  Figs.  6(a), 
(b),  (g),  and  (h). 

The  spacecraft  coasts  in  an  output  torque  free  mode  during  a  finite  time.  This 
is  because  we  meet  another  singularity,  i.e.  saturation  which  can  be  identified  from 
Figs.  6(c)  and  (f).  During  this  time,  then  gimbals  are  almost  locked.  During  this 
“  near  saturation  singularity  ”,  the  output  torque  shows  a  large  deviation  from 
the  required  torque,  as  seen  in  Figs.  6(g)  and  (h).  We  can  see  that  very  near  a 
saturation  singularity,  even  the  varying  gain  feedback  control  law  is  not  effective  to 
escape  that  singularity.  That  is  due  to  the  fact  that  CMG  torque  capability  in  the 
desired  direction  is  limited. 

Comparing  simulation  3  with  simulation  2,  we  conclude  that  the  varying  gain 
control  law  allows  for  escape  from  any  singularity  except  for  the  exact  saturation 
singularity. 

3.  Constant  Gain  Feedback  with  Acceleration  Steering 

When  the  inertia  terms  are  included  for  a  detailed  analysis,  Eqs.(2-5),  (2-29), 
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and  (4-9)  are  needed  for  simulation.  At  first,  the  constant  gain  feedback  control 
is  used.  To  compare  the  results  with  those  of  the  velocity  steering  law,  the  initial 
conditions  are  selected  as  in  simulation  1. 

Simulation  4:  Motion-to-Rest  Three-Axis  Maneuver. 

As  shown  in  Fig.  7,  the  results  are  very  similar  with  those  of  simulation  1,  but 
we  see  more  realistic  pictures  now.  Gimbal  accelerations  are  shown  in  Fig.  7(d).  As 
expected,  <7  is  very  small  during  most  of  the  maneuver.  Unlike  the  required  torque 
in  Fig.  7(g),  output  torque  has  zero  magnitude  initially.  This  big  difference  causes 
the  high  acceleration  of  the  gimbals  at  the  initial  time.  Figures  7(i)  and  (j)  show' 
the  torque  amplification  phenomenon  clearly.  By  including  the  inertia  terms,  the 
gimbal  motor  torque  u,  becomes  meaningful  and  it  can  be  used  for  other  studies, 
e.g.  power  consumption  analysis. 

Simulation  5s  Motion-to-Rest  Three-Axis  Maneuver. 

To  avoid  high  acceleration  of  the  gimbals,  the  multiplier  function  discussed 
before  is  used.  Simulation  4  is  repeated  w'ith  the  multiplier  function.  Figures  8(a) 
and  (b)  show  that  the  torque  rise  profile  is  smooth.  We  can  see  that  the  multiplier 
function  is  highly  effective  for  smooth  initial  maneuvering. 

4.  Varying  Gain  Feedback  with  Acceleration  Steering 

As  long  as  we  use  the  constant  gain  feedback  control  law,  we  can  not  escape 
from  the  singularities  where  Dj Lr  =  0.  Hence  a  varying  gain  feedback  control  law 
is  utilized  in  conjunction  with  an  acceleration  steering  law  in  the  next  simulation. 

Simulation  6:  Rest-to-Rest  Uni-directional  Maneuver 

The  initial  conditons  are  the  same  as  those  of  simulation  3.  Fig.  9  shows 
that  initial  singular  states  are  successfully  escaped,  and  maneuver  is  completed 
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satisfactorily.  However,  comparing  Fig.  6(c)  with  Fig.  9(c),  the  final  gimbal  angles 
are  much  different.  Thus,  we  can  see  that  neglecting  the  CMG  inertia  terms  in 
simulation  may  not  produce  realistic  results. 

Conclusively,  we  can  see  that  the  varying  gain  feedback  control  law  provides 
an  exit  from  any  internal  singularity,  and  it  works  well  in  conjunction  with  either 
velocity  steering  law  or  acceleration  steering  law. 

5.  Another  Example  Maneuver 

So  far  several  feedback  control  and  steering  laws  have  been  simulated  and 
compared.  All  the  simulations  have  been  started  from  the  zero  initial  gimbal  angles 
where  JliLi  CJ h.  =  fii  zero  initial  total  CMG  angular  momentum.  In  the  next 

simulation,  a  different  set  of  initial  gimbal  angles  are  used  in  order  to  see  their 
effects  on  the  maneuver. 

Simulation  7:  Motion-to-Rest  Three-Axis  Maneuver. 

The  initial  gimbal  angles  corresponding  to  zero  CMG  momentum  are  selected 
as  in  Table  4.  Figures  10(d)  and  (e)  show  that  gimbal  rates  and  accelerations  are 
smoother  and  smaller  compared  with  simulation  4.  We  meet  a  singularity  only  once 
as  seen  from  Fig.  10(f).  Figures  10(g)  and  (h)  show  that  the  torque  deviation  is 
smaller  and  the  fluctuation  is  much  less  than  before. 

From  this  simulation,  we  can  see  that  with  some  initial  gimbal  angles,  the 
maneuver  may  be  improved.  When  the  gimbals  are  initially  in  unsuitable  positions, 
a  null  motion  based  control  can  be  used  to  move  them  to  desirable  positions.  To 
find  these  desirable  positions,  optimal  control  theory  (  or  nonlinear  programming  ) 
can  be  used.  A  systematic  means  for  obtaining  preferred  angles  is  worthy  of  future 
study. 
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CHAPTER  VI 

CONCLUSION  AND  RECOMMENDATIONS 

A  complete  set  of  equations  of  motion  including  all  the  inertia  terms  has  been 
derived  in  simple  forms  by  using  matrices  and  vector  notations.  Based  on  these 
equations  of  motion,  feedback  control  laws  have  been  developed  by  using  Liapunov 
stability  theory.  The  acceleration  steering  law  based  on  the  existing  S-R  steering 
law  has  also  been  developed. 

The  feedback  control  laws  have  been  shown  to  work  well  in  conjunction  with 
either  S-R  steering  law  or  acceleration  steering  law.  It  has  been  shown  that  there 
exist  some  singularities  which  cause  gimbal  lock  when  the  constant  gain  feedback 
control  law  is  used  with  these  steering  laws.  The  varying  gain  feedback  control  law 
has  been  shown  to  provide  an  exit  from  any  internal  singularity.  S-R  steering 
law  has  been  proved  to  provide  a  workable  steering  law  even  at  singularities. 
The  acceleration  steering  law  has  shown  similar  characteristics  with  S-R  steering 
law.  It  has  been  shown  that  the  acceleration  steering  law  provides  more  useful 
information  about  torques  than  velocity  steering  law.  Many  of  the  singularity 
problems  encountered  in  the  simulations  can  be  elliminated  by  using  higher  CMG 
momentum  or  more  CMGs.  However,  the  choice  of  the  CMG  angular  momentum 
was  deliberate-to  induce  these  singular  effects. 

The  torque  deviation  problem  in  the  above  two  steering  laws  still  needs  a  further 
study.  It  has  been  suggested  that  a  judicious  choice  of  initial  gimbal  angles  can  help 
alleviate  this  problem.  Further  research  is  needed  to  establish  a  systematic  method 
of  finding  suitable  initial  gimbal  angles.  The  control  and  steering  law's  need  better 
integration  to  solve  the  singularity  problem  completely. 
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Table  1.  Simulation  Model  Characteristic  Data 


Value 

Units 

1.8 

Kg-m2  /sec 

86.215 

Kg-m2 

85.070 

Kg-m2 

113.565 

Kg-m2 

0.04 

Kg-m2 

0.05 

Kg-m2 

0.03 

Kg-m2 

1.0 

N-m 

13.13 

N-m-sec 

13.04 

N-m-sec 

15.08 

N-m-sec 

I 

sec-1 

0.1 

100 

0.01 

10.0 

sec 

0.1 

54.74 

degree 

Table  2.  System  States  for  Simulation  1,  4,  and  5 


States 


Initial  u 

0 


Target 


Value 

Units 

[  0.01  0.05  0.001  ] 

rad /sec 

[0.707  0.707  0.0  0.0] 

[0.  0.  0.  0.  ] 

degree 

[  0.  0.  0.  0.  ] 

rad  /sec  # 

[  0.  0.  0.  ] 

rad/sec 

[  1.0  0.0  0.0  0.0  ] 

Table  3.  System  States  for  Simulation  2,3,  and  6 


States 


Initial  w 
0 


Target 


Value 

Units 

[0.01  0.0  0.0] 

rad /sec 

[  0.707  0.707  0.0  0.0  ] 

[  -90.  0.  90.  0.  ] 

degree 

o 

o 

o 

o 

rad/sec  # 

[  0.  0.  0.  ] 

rad /sec 

[1.0  0.0  0.0  0.0] 

#  ;  only  for  acceleration  steering 


O' 


Table  4.  System  States  for  Simulation  7 


Fig.  4.  Results  of  Simulation  1.  (continued) 

(d)  Gimbal  Rates  of  1st  and  2nd  CMG 

(e)  Liapunov  Function  Rate 

(f)  Singularity  Indices 
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Fig.  10.  Results  of  Simulation  7.  (continued) 

(j)  2nd  CMG  Torque 

(k)  Liapunov  Function  Rate 
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APPENDIX 

DYNAMIC  EQUATIONS 
DERIVED  FROM  LAGRANGE  EQUATIONS 

Lagrangian  approach  to  deriving  dynamic  equation  is  well  known18"18.  First, 
we  need  to  express  kinetic  energy  of  system  in  terms  of  generalized  coordinates  and 
their  derivatives. 

1.  Kinetic  Energy  of  System 

The  system  kinetic  energy  Tr  including  one  CMG  can  be  written  as 

r  —  1  n,  ,v  rv  n,  ,v  ,  1  n,  ,v  N  v 

ir=2  a l  'L  '  U  +2  —  ■  MuG.C  ' 

.^N,,Or  N,  ,0  _l  1  N.  T  (A  i\ 

+  2  &  -JjQ'  ^+2  ^  •  d.w  '  4 £  •  (A-l) 

Nuw  can  be  expressed  as  Nvw  =  NuG  +  °uw.  Substituting  this  for  Nuw  in 
Eq.(A-l)  and  defining  ( lv  +  M.G.C )  =  LS,  we  obtain 

TV  =i  V'  Is  •  Vr  +  1  Vs  lo  ■  V*  +  \  V5  •  Lw  ■  V 

+  V’  lw  ■  V  +  i  Guw  lw  ■  V*.  (A— 2) 

mt 

Using  the  definition  +  J_w)  =  J_,  the  above  equation  can  be  written  as 

T  -  1  Nt  ,V  r S  N,  ,V  ,  1  N,  ,G  t  AT.  ,G 
1  r  —  —  u>  •  J  •  w  +  r  w  *  J  •  u> 

2  2 

+  V  •  +  i  ’’a”'  IwV.  (A— 3) 

Therefore,  the  system  rotational  kinetic  energy  TV  can  be  represented  using  the 

matrices  and  vectors  as 

Tr  =^r/s  £  +  ^(Ciu;  +  £,)t7(C^  +  <rj 

+  (C\u>  +  GLi)TJwQ  +  ^ ^JwQ. •  (A-4) 
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2.  Dynamic  Equation  of  System 

The  kinematic  equation  is  represented  by  Euler  parameters.  Vadali18  derived 
the  dynamic  equations  using  Euler  parameters  as  generalized  coordinates.  In 
this  thesis,  other  generalized  coordinates  are  chosen.  Imagine  ^1,^2,  and  <ps  as 
generalized  coordinates  (not  Euler  angles)  whose  time  derivatives  are  assumed  to 
be  u>c,u>v,and  w,,  respectively.  The  Lagrangian  function  L  =  Tr  and  it  is  composed 
of  generalized  coordinates  £  and  generalized  velocities  u>*,  ufy,  u>r,  &,  and  Cl. 

For  the  vehicle  coordinates,  the  dynamic  equations  are  derived  as  follows: 

=  <A-5> 

^  =  IS(!>  +  CTj(Ciui  +  &i)  +  C?JwClt  (A-6) 

Ou? 

d  c  e 

and  — (—  )n  —  ISQ_  + 
at  Ouj 

+  jt{CjJCi<£)v  +&(C?JCm) 

+  ji{CjJcLi)v  +  &{CjJ<Li) 

+  jt(C?JwQ)v  +  *Cj  Jw  Q),  ( A-7) 

where  each  time  derivative  with  respect  to  vehicle  frame  can  be  derived  as 

—  (C? JCiu^v  =  Cj hJCiU  -  Cj JhCiu>  +  Cj JCi a  ( A-8) 

dt 

=  Cfhlti  +  Cfili  (A-9) 

UcJJw  Q)v  =  CfiiJwa  +  CjJwil.  {A— 10) 

dt 

Then  Eq.  (A-7)  can  be  written  as 
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d,dLT ,  rS.  .r5 

7tlei  )w=/  -+“'7  s 

+  Cj hJCi*  -  Cj JhCte  +  C?JCm  +  Z(C?JCiuL) 

+  Cf&iJ&i  +  Cj  J  a i  +  u{Cf  J  a  i) 

+  Cj  ViJwQ.  +  C?  JwQ  +  JwQ)’  (A-ll) 

The  generalized  force  corresponding  to  <f)  is  external  torque  L^,  and  the  system 
dynamic  equation  is  written  as 

t  =  |(g  V  (A-12) 

Combining  terms  in  Eq.(A-ll)  and  using  /  =  (7s  +  Cj JCi),  Q  =  Q,  and 
h  =  Jw 0,  the  system  dynamic  equation  can  be  written  as 

Jjj.  =Juj  +  u )Isu 

+  Cj'aJCm.  -  C?J&iCiU  +  w{CjJCi±) 

+  CjJzi+&(C?J&i) 

+  Cjalh  +  ^(Cfh).  (A-13) 

When  we  consider  all  n  CMGs,  the  system  equation  of  motion  cam  be  expressed  as 

n 

u L  =  -/-1  p/s u>  -Lc+Y,  *CTJCi± 

i=l 

n 

+  -  CTjhCi* 

1=1 

+  ZCj J&{  +  Cj & ih 

+  C?'jci+u>C?h}}.  (A-14) 
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ABSTRACT 

A  methodology  for  robust  elgenstructure  assignment  for  multivariable 
feedback  systems  Is  presented.  The  algorithm  Is  based  upon  a  pole  placement 
technique  utilizing  projections  onto  subspaces  of  admissible  eigenvectors.  We 
Introduce  new  Ideas  to  generate  target  (desired)  sets  of  unitary  eigenvectors 
and  determine  optimal  feasible  eigenvectors  In  a  least  square  sense.  We  also 
establish  useful  connections  between  the  pole  placement  by  Independent  modal 
space  control  and  the  method  Introduced  In  this  paper. 

A  multi-criterion  optimization  algorithm  Is  also  presented,  which  takes 
efficient  advantage  of  the  present  elgenstructure  assignment  method.  These 
developments  show  significant  Improvement  over  an  earlier  version  of  this 
algorithm  In  both  computational  cost  and  accuracy.  This  optimization  process 
appears  to  be  numerically  robust  and  suitable  for  high  dimensional  multi- 
criterion  optimizations;  It  Is  especially  attractive  for  computer  aided  design 
of  control  systems. 
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I.  INTRODUCTION 


Elgenstructure  assignment  has  been  shown  to  be  a  useful  tool  for  state 
and  output  feedback  system  designs.  This  approach  allows  the  designer  to 
directly  choose  eigenvalues  and  to  explore  the  arbitrariness  of  admissible 
eigenvectors.  These  Ideas  were  Introduced  by  Brogan  In  Ref.  (11.  Subsequent 
authors  utilize  formulations  based  upon  either  Sylvester  equation  [2,3]  or 
projections  to  a  subspace  of  admissible  eigenvectors  (4,5) .  These 
formulations  are  conceptually  equivalent  [1-5],  In  the  sense  that  they  share 
the  same  parameterization  scheme  for  eigenvectors.  Differences  arise  among 
the  several  algorithms  because  of  choices  on  criteria  which  generate  the 
closed-loop  eigenvectors,  as  well  as  In^lementat Ion  details. 

r. 

The  success  of  these  approaches  (1-5)  depends  mainly  upon  the  selection 
of  criteria  or  parameters  sets  which  determine  the  closed-loop  eigenvectors. 
It  Is  well  known  that  near  orthogonality  Is  very  desirable  to  minimize 
sensitivity  of  eigenvalue  placement  to  model  errors.  Arbitrary  selection  of 
feasible  eigenvectors  may  cause  the  eigenvector  modal  matrix  to  be  Ill- 
conditioned.  If  this  Is  the  case,  the  associated  gain  matrix  may  not  be 
accurately  calculated  and  further,  the  closed-loop  system  may  be  a  highly 
sensitive  design.  Therefore,  generation  of  well -conditioned  eigenvectors  Is  a 
key  Issue  for  this  family  of  pole  placement  algorithms  with  regards  to  both 
Insensitive  feedback  system  design  and  numerical  stability.  This  consideration 
motivated  the  present  study. 

In  this  paper,  we  Introduce  a  new  scheme  to  generate  unitary  basis  for 
the  desired  eigenvectors  and  determine  admissible  eigenvectors  close  to  them 
In  a  least  square  sense.  A  similar  approach  can  be  found  In  Ref.  1 7 ] ,  which 
employs  an  orthogonal  projection  scheme  to  Iteratively  Improve  conditioning  of 
eigenvectors.  As  mentioned  In  Ref.  (7],  the  convergence  of  their  Iteration  Is 
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not  assured.  The  algorithm  developed  herein  utilizes  a  noniterative  scheme  In 
conjunction  with  an  orthogonal  projection  concept.  As  suggested  In  Ref.  (8), 
and  motivated  by  Ref.  [9],  open-loop  eigenvectors  are  also  considered  as  one 
choice  for  the  desired  eigenvectors  and  the  results  are  compared  with  those 
obtained  by  the  new  algorithm.  For  special  cases  with  the  same  number  of 
controls  as  number  of  controlled  modes,  the  performance  of  pole  placement 
techniques  by  the  present  approach  and  by  the  Independent  modal  space  control 
(IMSC)  method  [9]  Is  examined  and  useful  Insights  on  design  strategies 
regarding  elgenstructure  assignments  are  provided. 

A  robust  elgenstructure  obtained  by  the  proposed  algorithm  (to  satisfy 
conditions  specified  In  the  space  of  closed-loop  eigenvalues  and  eigenvectors) 
can  be  further  tuned  and  constrained  to  satisfy  other  design  conditions. 
Imposed  for  Instance,  upon  average  state  error  energy  and  average  control 
energy,  as  In  Ref.  (10].  The  parameterization  scheme  based  upon  subspaces  of 
eigenvectors,  as  developed  herein.  Is  employed  for  multiple  objective 
optimizations.  This  approach  enables  us  to  Improve  the  computational 
efficiency  over  Ref.  110]  since  the  Iterative  solution  of  the  eigenvalue 
problem  Is  avoided.  These  savings  are  most  significant,  especially  for  high- 
dimensioned  applications. 

Section  II  presents  the  formulation  of  the  proposed  elgenstructure 
assignment  algorithm.  Section  III  sutnnarlzes  the  multiple  objective 
optimization  Ideas  for  average  state  error  energy  and  average  control  energy, 
and  presents  the  stability  robustness  measure  which  we  consider  an  attractive 
design  criterion.  In  Section  IV,  we  present  computational  results  obtained 
for  an  Illustrative  sixth  order  mass-spring  system,  and  a  more  significant 
24th  reduced  order  model  of  a  flexible  space  structure.  Finally,  Section  V 
offers  concluding  remarks. 


II.  ROBUST  EIGENSTRUCTURE  ASSIGNMENT  ALGORITHM 


In  this  section,  a  pole  placement  algorithm  based  on  defining  subspaces 
of  admissible  eigenvectors  Is  described.  The  formulation  of  appropriate  least 
square  problems  for  a  prescribed  set  of  eigenvalues  offers  the  choice  of 
determining  eigenvectors  as  close  as  possible  to  1)  a  prescribed  set  of 
unitary  basis  vectors,  11)  the  open-loop  eigenvectors.  The  first  choice  Is 
explored  by  utilizing  singular  value  decomposition  (SVO)  of  a  matrix  to 
establish  admissible  basis  vectors  for  all  inodes.  The  second  choice  suggested 
In  Ref.  (8],  Is  compared  with  the  independent  modal  space  control  (IMSC) 
method  for  structural  systems  with  same  number  of  controllers  as  number  of 
controlled  modes. 

A  specialized  algorithm  for  mechanical  vibrating  systems  Is  also 
provided.  This  method  takes  special  advantage  of  the  structure  of  the 
eigenvectors  to  define  a  more  efficient  elgenstructure  assignment  method  for 
second  order  systems. 


Preliminaries 

Consider  the  linear  dynamical  system  In  the  state-space  form 

x  •  Ax  ♦  Bu,  x(0)  «  x0  ;  (*)  «  -g*(  )  (1) 

with  the  linear  feedback  control 


u  *  -Gx 


(2) 


where  A  Is  the  N  x  N  plant  matrix,  B  Is  the  N  x  m  control  Input  matrix 
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and  G  Is  the  m  x  N  gain  matrix.  We  assume,  for  Initial  simplicity,  that  the 
full  state  Is  measurable  and  the  pair  (A,B)  Is  completely  controllable.  Also, 
we  assume  that  rank(B)*m. 

From  Eqs.  (1)  and  (2),  we  form  the  closed-loop  system 


x  *  (A-BG)x 


and  corresponding  eigenvalue  problems 


(A-BG)  *  X^£.j 
(A-BG)1^  *  x^ 


1  *  1,2,. ...N 


;*4 OT t  TO 
•WpfeSeTTfrt  -  T»(- 

c/woenuweJ  s  H'ovv*> 


couoo  ^ 


BovOf^F  • 

(4a) 


(4b) 


where  ^  and  are  the  right  and  left  eigenvectors,  respectively, 
corresponding  to  the  eigenvalue  x^.  We  adopt  the  usual  normalization  for  the 
eigenvectors  by  scaling  them  such  that 


±*li  *  1  .  ±{ij  *  (5) 

*  T 

where  ^  Is  the  conjugate  transpose  of  j^,  and  jfcJ  is  the  transpose  of 
Then,  the  central  constraint  in  the  eigenvalue  assignment  problem  Is  to 
determine  the  gain  matrix  G  which  results  In  a  prescribed  set  of  eigenvalues. 
Noting  that  G  Is  an  m  x  N  dimensional  matrix.  It  Is  evident  that  the  problem 
Is  underdetermined.  We  can  choose  N  x  (m-1)  parameters  arbitrarily  for  N 
prescribed  eigenvalues. 
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Sylvester's  Equation 


The  pole  placement  algorithm  of  Ref.  | 3]  utilizes  the  parameter  Vector  hj 
defined  by 

s  (6) 

Rewrite  Eq.  (4)  with  this  as  "Sylvester's  equation": 

(A-ljI)!,  «  Bhi  (7) 

or  In  matrix  form 

A*  -  «a  «  BH  (8) 


where  •  *  ^ •  •  •  •  1 

a  *  dlagUj,  x2.....xNl 
and  H  ■  (h|i  h£,...,h^]  *  G  a 

The  pole  placement  scheme  based  on  Sylvester's  equation  (Eq.  (7)  or  (8))  can 
be  summarized  as  follows: 

For  given  set  of  A,  B  matrices,  and  for  prescribed  a  matrix,  we  can 
choose  an  arbitrary  H  matrix  and  solve  for  •  frqm  Eq.  (8).  Then,  provided 
the  a  matrix  is  we  11 -conditioned,  we  can  solve  for  G  from  the  linear  system: 

Ga  «  H  (9) 

Notice,  from  Inversion  of  Eq.  (7)  that 

±i  -  (A  -  x1l)‘IBhi  (10) 
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So,  If  Xj*s  are  distinct  from  their  open-loop  positions,  the  columns  of  H 
directly  generate  the  corresponding  closed-loop  eigenvectors. 

Projection  Method 

An  arbitrary  choice  of  hj  In  Eq.  (10)  may  produce  poorly-conditioned 
eigenvectors  and  thus  result  In  an  Inaccurate  calculation  of  the  corresponding 
gain  matrix.  If  this  Is  the  case,  the  resulting  closed-loop  eigenvalues  may 
be  different  from  the  prescribed  set  and  more  Importantly,  their  placement  Is 
likely  to  be  highly  sensitive  with  respect  to  perturbation  of  plant  parameters 
or  control  gain  themselves.  This  Is  because  of  the  well-known  truth  (111  that 
the  condition  number  of  the  closed-loop  modal  matrix  of  eigenvectors  Is  a 
measure  of  elgensolutlon  sensitivity.  To  eliminate  this  problem,  we  develop  a 
systematic  scheme  designed  to  determine  hj  vectors  which  generate  well- 
conditioned  eigenvectors.  In  what  follows,  we  formulate  an  optimization 
problem  and  describe  an  algorithm  to  generate  unitary  basis  for  desired 
eigenvectors. 

From  Eq.  (10),  we  observe  that  the  admissible  eigenvectors  are  also 
determined  by  unitary  basis  vectors  which  span  the  column  space 
of  (A-x.jI)“*B.  Identifying  such  basis  as  the  columns  of  the  N  x  m  matrix, 
Uj,  we  rewrite  Eq.  (10)  through  an  appropriate  choice  of  h^  as 

i1  «  (11) 

There  are  several  ways  (7,8]  to  compute  the  basis  matrix  U^;  1)  by 
decomposing  (A-x^I)"^  using  the  singular-value-decomposition  (SVD)  or  QR 
algorithms,  11)  by  computing  the  complement  B1  of  the  column  space  of  B 
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(I.e.,  BXB  ■  0)  and  the  complement  of  the  column  space  of  BX(A-Xjl),  or  111) 
by  generating  the  complement  of  the  column  space  of  |A-x^I  B).  For  the 
calculation  of  U{,  we  adopt  the  second  approach,  since  It  does  not  require 
Inverse  of  (A-x^I).  It  should  be  noted  that  when  B  Is  a  full-rank  square 
matrix,  the  orthogonal  complement  does  not  exist.  If  this  Is  the  case,  the 
equation  (10)  can  be  replaced  by  B“*(A-XjI)±j  -  h^,  which  means  that  for  any 
given  vector  there  exists  a  unique  vector  hj. 

0k 

Assuming  that  the  desired  eigenvector,  ^  Is  given,  we  formulate  the 
least-square  problem 

il  -  Uih1  ♦  Aj  (12) 

The  admissible  eigenvector  ^  and  the  corresponding  minimized  residual  error 
vector  are  then  obtained,  using  the  orthogonal  projection 

1,  *  “X  1,  (13) 

>.  and 

4,  *  ir  !t-  U-V*)!,  (14) 

* 

Now,  we  need  to  select  the  target  (desired)  basis  vectors  ^  such  that 
the  resulting  modal  matrix  Is  well  conditioned.  With  Eq.  (14),  analogous  to 
developments  in  (8),  we  define  an  optimization  problem  as 

N  * 

minimize  J  •  z  a.  a.  (15) 

*  i«i  *“1  — 1 

^,k-l,2,..,N  1  1 

**  « 

subject  to  ij  *  6ij  •  1»J  *  1*2, ...,N  (16) 


138 


This  problem  can  be  solved  by  using  available  nonlinear  programming 
algorithms.  The  parameterization  of  the  unitary  basis  may,  however,  be 
tedious  and  lead  to  a  highly  nonlinear  optimization  problem.  A  more  direct 
and  less  rigorous  approach  Is  then  to  choose  some  judicious  unitary  basis  and 
solve  the  unconstrained  optimization  problem  of  Eq.  (15).  Thus,  we  develop  an 
algorithm  to  generate  unitary  basis  from  the  subspace  matrices,  Uj,  1-1,2,.., N 
for  admissible  eigenvectors. 

Define  the  global  matrix  S  as 

S  -  |UX.  U2,....UN)  (17) 

and  take  SVD  of  S  to  get 

S  -  UiV*  (18) 

where  t  Is  the  diagonal  singular  value  matrix,  and  U,  V  are  the  left  and 

a 

right  singular  vectors,  respectively.  We  hypothesize  that  since  II  Is  a 
unitary  matrix  spanning  the  space  of  all  admissible  eigenvectors.  It  will 
prove  an  attractive  set  of  target  eigenvectors.  Now,  It  remains  to  determine 
which  unitary  basis  vectors  should  be  assigned  to  each  of  the  N  least  square 
problems  of  Eq.  (12)  corresponding  to  each  particular  assigned  eigenvalue, 
such  that  the  performance  Index  J  of  Eq.  (15)  Is  minimized.  Based  upon  this 
approach,  we  summarize  the  main  steps  of  the  proposed  algorithm  as  follows: 

Step  1:  For  1-1,2. ..N,  compute  the  unitary  basis  matrix  Uj  of  the  column 
space  of  the  (A-XjI)"*B  matrix. 
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A  A  A  A 

Step  2:  Find  the  left  singular  vectors  U  «  |Uj,  u2 . u^J  of  the  matrix  S 

A  A 

defined  by  Eq.  (17)  and  set  ■  u^,  for  1»1,2,..,N. 

Step  3:  For  1*1,2,. ..N,  determine  the  Index  k  for  kth  desired 

*  *  * 
eigenvector  which  minimizes  la^l  -  i(I-U1(Jj)aki.  Store  this 

A 

Index  In  the  array,  q(1)*k.  and  remove  from  the  set  of  desired 
basis. 

Step  4:  Calculate  admissible  eigenvectors  and  parameter  vectors 
!l  -  l^U*  ik.  k  -  q(1) 

Step  5:  Determine  the  gain  matrix  G  by  solving 
G*  ■  B+(A#  -  #a) , 

where  the  m  x  N  matrix  B+  Is  the  pseudo  Inverse  1 151  of  the  B  matrix. 

The  above  process  Is  easily  modified  to  accommodate  two  other  attractive  sets 
of  target  sectors.  When  the  open- loop  eigenvectors  are  considered  as  the 
desired  closed-loop  eigenvectors.  Step  2  should  be  replaced  by  computation  of 
the  right  eigenvectors  of  the  open-loop  system  matrix.  Reference  (8]  offers  a 
third  alternative  choice  for  the  target  vectors,  namely  the  columns  of  the 
unitary  matrix  which  lies  nearest  (least  square  sense)  to  the  open  loop 
eigenvectors. 


Specialization  for  Mechanical  Second  Order  Systems 
When  we  deal  with  the  n  second  order  differential  equations  of  mechanical 
vibrating  systems.  It  Is  not  necessary  to  determine  2n  x  2n  eigenvector  matrix 
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for  the  corresponding  2n  first  order  state  space  equations.  In  fact,  we  can 
reduce  dimensionality  In  half  and  consider  the  n  x  n  modal  matrix.  Suppose 
that  a  mechanical  system  Is  defined  by  the  n  second  order  equations  of  motion 

My  ♦  Cy  ♦  Ky  ■  Ou  (19) 

where  y  and  u  are  the  configuration  and  control  vectors,  respectively, 

M  Is  an  nxn  positive  definite  mass  matrix,  K  and  C  are  nxn  positive  seml- 
deflnlte  stiffness  and  damping  matrices,  respectively,  and  D  Is  an  nxm 
control  Influence  matrix  (assumed  to  be  of  maximum  rank  m). 

For  this  system,  we  Introduce  the  feedback  control  In  the  form 

u  «  G,y  +  G2y  (20) 

Substituting  Eq.  (20)  Into  Eq.  (19),  we  obtain  the  closed-loop  system 

My  +  Cy  +  Ky  »  0  (G,  G2]  col(y,  y)  (21) 

and  the  corresponding  eigenvalue  problem 

(xJm  ♦  ♦  K)oj  «  0(G,G2]  col (a^ ,  X^)  (22) 

Similar  to  Eq.  (6),  we  define  the  parameter  vector  h{  as 

h1  *  16,  G21  col (o ^ ,  x^)  (23) 

Assuming  that  the  Inverse  of  the  coefficient  matrix  of  the  left-hand  side  of 


Eq.  (22)  exists,  we  can  write  the  nodal  sub-vector,  with  Eq.  (23)  as 

ai  -  (xjM  ♦  XjC  ♦  K)"10hi  (24) 

Obviously,  as  before,  existence  of  the  Inverse  In  Eq.  (24)  depends  upon 
assigning  the  eigenvalue  x ^  to  positions  other  than  the  open-loop  eigenvalue 
position.  It  should  be  noted  that  the  nodal  vector  for  the  velocity  vector  y 
Is  simply  Also,  note  that  If  the  vectors  a^,  1«l,2,..,n,  are  a 

unitary  set,  then  so  are  the  eigenvectors  col^,  x^),  1*1,2,. ...n  for  the 
corresponding  closed-loop  system  In  the  state-space  form.  Therefore,  we 
conclude  that  the  same  procedure  developed  In  the  previous  section  can  be  used 
for  the  system  of  Eq.  (19)  with  the  formulation  of  Eq.  (24).  That  Is,  after 
completing  the  calculation  of  admissible  modal  vectors  o^,  1*1,  2,  ...  n,  we 
form  2n  x  2n  eigenvector  matrix  such  that 


where  a  Is  the  diagonal  eigenvalue  matrix  and  a  is  the  nxn  modal  matrix  for 
the  displacement  vector  y  and  (~)  denotes  the  complex  conjugate. 

With  this,  we  compute  the  gain  matrix  {Gj  G21  by  solving  the  linear  system 

[G,  G2)a  •  H  (26) 

where  H  Is  an  m  x  2n  matrix  defined  by 


Eq.  (24)  provides  useful  Insight  on  the  Independent  modal  space  control 
(IMSC)  algorithm  of  Ref.  (91  for  the  case  when  D»I  and  C*0.  In  what  follows, 
we  review  the  pole  placement  technique  by  the  IMSC  method. 


Elgenstructure  Assignment  by  IMSC  method 
A  key  feature  of  In  the  IMSC  method  Is  the  determination  of  feedback 
control  which  preserves  the  open-loop  modal  matrix*  so  that  the  closed-loop 
system  becomes  totally  decoupled.  For  the  system  of  Eq.  (19)  with  C«0  and 
D*I,  we  Introduce  the  modal  coordinate  £  defined  by 

• 

y  -  «JL  (28) 

where  a  Is  the  modal  matrix  which  satisfies 

Ka  «  Mafl  (29) 


with  the  diagonal  natural  frequency  matrix  q  given  by 
Q  *  dlagUj,  u2'*‘.*un) 

Note  that  the  modal  vectors  are  normal Ized  by 


4M-j  "  41j  ’  -l^-j  *  "l41j* 


Rewrite  Eq.  (19)  In  the  modal-space  form  as 


(30) 


(31) 
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*  w 


(32) 


by  Identifying  the  modal  force  w  ■  ®*Du.  If  a  feedback  control  with  diagonal 
gain  matrices  Is  Introduced  In  Eq.  (32),  then  the  uncoupled  structure  of 
Independent  nodal  space  equations  Is  maintained.  Therefore,  with  a  proper 
choice  of  diagonal  gain  matrices,  we  can  place  the  closed-loop  eigenvalues 
arbitrarily.  For  this  case,  we  can  write  the  eigenvectors  for  the  open-  and 
closed-loop  systems  In  the  state-space  form  as 

*  col  (j*j ,  JuOj )  i  ^  *  col(aj,  j  *  -1  (33) 

.  where  the  superscripts  o  and  c  represent  open-loop  and  closed-loop, 
respectively. 

t.  For  the  case  with  D»I,  we  rewrite  Eq.  (24)  as 

(x|h  ♦  X^C  «■  K)”lh1  (34) 

*4- 

Observing  that  the  columns  of  the  coefficient  matrix  In  the  right-hand  side 
span  a  complete  n-dlmenslonal  space,  we  conclude  that  the  closed-loop 
eigenvectors  for  the  displacement  y  can  be  arbitrarily  assigned.  In  other 
words,  Eq.  (34)  has  exact  solution  for  any  vector.  Therefore,  the  closed- 
loop  modal  vector  obtained  by  projecting  an  open-loop  one  will  be  exactly  same 
vector  as  obtained  by  IMSC  method  for  each  desired  eigenvalue.  If  H  Is  the 
Identity  matrix,  from  Eq.  (31),  we  notice  that  the  modal  matrix  whose  columns 
contain  Is  a  unitary  matrix.  For  this  special  case,  the  projection 
methods  based  on  unitary  basis  vectors  and  open-loop  modal  vectors,  and  IMSC 
method  will  generate  equally  well-conditioned  closed-loop  eigenvectors. 
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However,  the  projection  algorithm  based  on  unitary  basis  may  not  produce  the 
same  gain  matrix  since  the  unitary  basis  vectors  selected  for  this  algorithm 
generally  do  not  coincide  with  the  orthogonal  open-loop  modal  vectors.  It 
should  be  noted  that  It  Is,  however,  generally  Impossible  to  have  a  perfectly 
conditioned  closed-loop  eigenvectors  for  pairs  of  complex  conjugate 
eigenvalues,  since  self-con jugate  eigenvectors  are  not  orthogonal. 

III.  APPLICATIONS  TO  MULTI-CRITERION  OPTIMIZATION  PROBLEMS 


As  shown  In  the  previous  section,  the  closed-loop  eigenvectors  can  be 
easily  parameterized  with  a  pre-deflned  eigenvector  subspace  for  each 
eigenvalue  assigned.  Due  to  the  underdetermined  nature  of  the  problem,  the 
elements  of  the  parameter  matrix  H  of  Eq.  (9)  or  (24)  obtained  by  using  the 
projection  technique  can  be  further  tuned  to  satisfy  some  other  design 
specifications  or  performance  Index  minimization.  As  In  the  previous  version 
of  multi -criterion  design  methodology  of  Ref.  [10],  we  consider  expected  state 
error  and  control  energy,  and  a  stability  robustness  measure  (condition  number 
of  eigenvectors)  as  design  criteria. 

In  Ref  (10],  we  demonstrated  that  a  nonlinear  optimization  technique 
based  upon  minimum  norm  correction  strategy  with  a  homotopy  technique  (13,14) 
Is  suitable  for  multi -criterion  approaches. 

In  this  section,  we  first  define  the  three  objective  functions  and 
establish  their  derivatives  with  respect  to  the  elements  of  the  parameter 
vectors.  Next,  we  define  a  multiple  objective  (HO)  problem  and  briefly 
describe  Its  solution  process.  Also,  a  procedure  to  generate  multiple 
criterion  trade-off  surfaces  Is  discussed. 
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Objective  Functions  and  Their  Derivatives 
1)  State  Error  and  Control  Energy 

For  the  closed-loop  system  described  by  Eq.  (3).  we  define  the  state  and 
control  energy,  respectively,  as 

Js  •  Jo  *TQs*  dt  (35) 

Ju  “  UV  dt  (36) 

Qs  end  Qu  are  selected  based  upon  physical  considerations;  these  Integrals  (or 
their  expected)  values  can  be  evaluated,  as  we  show  below,  from  the  solution 
of  a  pair  of  Lyapunov  equations.  Assuming  that  •  Is  the  closed  loop 
eigenvector  matrix,  we  Introduce  the  coordinate  transformation 


X  ■  •  2 

(37) 

Noting  from  Eqs.  (2),  (9)  and  (37)  that  u  «  -Hz, 

we  rewrite  Eqs.  (35)  and 

(36)  as 

•  *  * 

J  «  J  2  ♦  Q  #2  dt 

5  o  5 

(38) 

•  *  * 

JU  *  J  2  H  Qu«*  dt 

0  M 

(39) 

Again,  rewrite  Eq.  (3)  In  the  modal  space  form  as 

i  «  az,  z(0)  »  rXx0  (40) 
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where  a  Is  the  prescribed  diagonal  matrix  of  eigenvalues.  It  Is  well  known 
U2|  that  the  Integrals  of  Eqs.  (38)  and  (39)  can  be  evaluated  by  solving 
Lyapunov  matrix  equations 


PsA  *  A*Ps  4  "  0  (41) 

PUA  ♦  a\  ♦  h\h  -  0  (42) 

The  solutions  of  these  can  be  written  In  the  Indexed  form  as 


ps1j  *  *  ±1  Qs  1  *x1+  xj) 

(43) 

Pu1J  *  '  h1  9u  V  *xi+  xj* 

(44) 

we  write  Js  and  Ju  In  terms  of  P$t  Py  and  the  Initial 

state  values  as 

J$  -  trace (P$X0) 

(45) 

Ju  •  trace (PUXQ) 

(46) 

where 

ps  *  eVV1 .  pu  -  cVV1  *  X<>  *  xo*I 

Next,  we  will  derive  the  partial  derivatives  of  the  objective  functions  with 
respect  to  the  parameter  vector  hj.  Denoting  by  ak  the  derivative  with 
respect  to  the  kth  element  of  the  parameter  matrix  H,  we  write  the  eigenvector 
derivatives  as 
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Ak±1  *  Vkh1 


(47) 


Also,  the  derivative  of  the  Inverse  of  the  modal  matrix  can  be  written  as 

(48) 

Therefore,  the  derivatives  of  Js  and  Ju  can  be  directly  obtained  by  using  Eqs. 
(«).  (44).  (47)  and  (48). 

Given  Eqs.  (45)  and  (46),  we  can  consider  the  Initial  conditions  Xq  to  be 
random  and  It  Is  easy  to  average  (take  expected  value)  of  Js  and  Ju  over  a 
distribution  of  Initial  conditions  (121.  If  we  replace  Xc  »  x0x„  In  Eqs.  (45) 
and  (46)  by  the  Initial  condition  covariance  matrix,  the  Eqs.  (45)  and  (46) 
are  Immediately  Interpreted  as  the  expected  state  error  and  control  energies, 
respectively  (l.e.,  their  average  over  a  distribution  of  Initial  conditions). 

II)  Stability  Robustness  Index 

As  a  third  performance  measure,  condition  numbers  of  the  closed-loop 
eigenvectors  are  utilized  for  the  multiple  objective  optimizations.  As  shown 
In  Ref.  Ill],  conditioning  of  eigenvectors  Is  directly  related  to  the 
sensitivity  of  each  eigenvalue  to  perturbations  In  the  elements  of  the  closed- 
loop  system  matrix.  The  condition  number  Cj  for  1th  eigenvalue  Is  defined 

III)  by 

ci  *  *Jki  1^1  (49) 

where  ^  Is  the  left  eigenvector  and  normalized  by  Eq.  (5).  Note  that  c1t  for 
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all  1,  take  the  minimum  value  If  and  only  If  the  closed-loop  eigenvector 
matrix  Is  normal.  It  Is  also  shown  in  Ref.  (Ill  that  the  condition  numbers  (or 
sensitivities)  are  bounded  by  * 

max  c<  £  k(#)  *  mi*-1!  (50) 

J  J 

where  k(-)  denotes  the  condition  number  and  l»l  represents  the  spectral  norm 
of  a  matrix.  We  consider  the  condition  number  of  Eq.  (49)  as  a  third 
performance  function,  l.e., 

Je  -  k(*)  (51) 

Similar  to  the  previous  cases,  the  derivatives  of  Je  with  respect  to  the 

parameter  vector,  can  be  obtained  by  using  Eqs.  (47)  and  (48). 

It  should  be  noted  that  the  parameter  vector  is  complex  for  a  complex 
eigenvalue  so  the  vector  has  2m  parameters.  Equivalent  formulations  In  a 
real  form  can  be  developed  for  evaluations  of  objective  functions  and  their 
derivatives. 

As  shown  here,  the  evaluations  of  the  objective  functions  and  their 
derivatives  Involve  only  simple  matrix  algebra  but  Include  the  necessity  of 
taking  a  matrix  Inverse.  Therefore,  it  Is  very  Important  to  use  strategies 

which  lead  to  well-conditioned  matrices  and  select  numerical  algorithm 

carefully.  In  Implementing  the  above  robust  elgenstructure  algorithms,  we  find 
the  gain  matrix  computation  to  be  much  more  numerically  stable,  compared  to 
previous  version  of  the  algorithm  (see  Ref. (10)),  which  requires  solving 
Sylvester  equations  and  Lyapunov  equations.  We  used  conventional  Gaussian 
elimination  to-  carry  out  the  solution  for  the  gain  matrix  In  Eo.  (26).  The 
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optimization  procedure  described  In  the  next  part  Is  based  on  a  prescribed  set 
of  eigenvalues  and  the  eigenvector  subspace  computed  aprlorl,  we  used  the 
simple  parameterization  of  the  eigenvectors  given  by  Eq.  (11),  to  find  the  h 
vectors  which  most  nearly  (least  square  sense)  yield  the  target  eigenvectors. 

Multiple  Objective  Optimizations 

As  described  above,  when  a  set  of  eigenvalues  are  prescribed,  the 
objective  functions  can  be  written  In  terms  of  the  parameters  H  as 

Ji  «  Jj(H),  1«s,u,e  (52) 


We  begin  by  designating  one  of  the  Indices  as  "primary".  For  the  present 
discussion,  we  adopt  the  robustness  Index  Je  as  primary.  The  set  a  of 
admissible  H  matrices  Is,  In  the  most  general  case,  CmxN  (all  mxN  complex 
matrices).  Oue  to  the  high  dimensionality  of  this  general  optimization 
problem,  some  Initial  attention  to  judicious  subproblems  Is  appropriate.  We 
first  address  minimizing  globally  a  primary  objective  (say  Je,  the  robustness 
Index),  using  any  available  nonlinear  programming  algorithm. 

We  denote  the  H  matrix  which  solves  the  primary  optimization  problem 

minimize  «L(H) 

H  c  Q  e  <53) 

as  H*. 

At  the  minimum  Jg  solution  point  H*,  we  evaluate  the  gradient  vectors  of  the 
secondary  performance  Indices  (for  simple  notations,  we  treat  the  H  matrix  as 
a  column  vector) 


(54) 


-aJs  , 

vs  2  co1^aH“*  ah”"*  ••••  aF-  )  I  * 
s  an,,  an2,  an^  «  H 

e 

aj  aJ  aJ 

vu  2  co^  (ah  •  TK — . atT")  I  *  * 

u  an,,  an2,  an^  «H  «  H 

e 


(55) 


To  obtain  the  steepest  descent  directions,  these  are  normalized  steepest  using 
their  vector  norm  values  as 


-v,  /  IVSI 

(56) 

/  l*ul 

(57) 

We  now  consider  the  following  parameterization  of  the  H  matrix  over  the 
* 

space  q  : 


H<V  °u)  *  'V  <  He/|He'  *  Vs  *  Vu)  (58) 

with  the  scalars  (®s»“u)  varied  over  a  specified  finite  range  of  real  values. 
Notice  that  sweeping  o$  and  generates  a  very  special  two-parameter  family 
of  H-varlatlons  (and  Implicitly,  gain  variations).  In  the  directions  of  the 
gradients  of  the  secondary  performance  Indices  (Js,  Ju),  evaluated  locally  at 
the  optimum  Je  solution.  While  these  gradients  are  locally  evaluated,  the 
a-varlatlons  are  finite,  and  thus  the  finite  gain  variational  behavior  of 
all  three  Indices  can  be  studied  In  o  . 

Notice,  the  multiple  objective  optimization  problem  Is  near-trivial.  If 
we  restrict  attention  to  the  gains  generated  by  the  set  o*  of  Eq.  (58). 

Tradeoff  surfaces  Je(«st  ®u).  Js(°s*  “iP*  *VV  °u^  and  1roP11c1tl>  VW 
are  determined  by  sweeping  a$and  «u  to  define  a  family  of  H  matrices  In  Eq. 
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(58),  then  simply  calculating  the  three  Indices  on  an  (o$,  <*u)  grid 
establishes  the  tradeoff.  Obviously  a  more  general  multiple  objective 
optimization  problems  results  If  we  adopt  a  higher  dimensional 
parameterization  of  H. 

The  general  multiple  objective  optimization  (HO)  problem  can  be  defined 

as 


minimize  J  ■  col(J-,  Ju,  )  (59) 
Hcfl 

This  problem  obviously  Involves  attempting  to  minimize  three  performance 
Indices;  It  can  be  approached  by  using  a  nonlinear  programing  method  based 
upon  minimum  norm  correction  strategy  in  conjunction  with  a  homotopy  technique 
(13,14].  The  essential  feature  of  the  algorithm  Is  to  solve  a  set  of  nonlinear 
equations 

J*  -  0,(H)  -  0,  1-s.u.e 
*  * 

where  Is  the  1th  desired  goal.  The  may  be  Interpreted  as  "the  best 
one  could  possibly  hope  for"  values  which  one  does  not  actually  expect  to 
achieve  due  to  competition  among  the  three  Indices.  Instead  of  attempting  to 
solve  these  equations  directly  (which  typically  do  not  have  an  exact  feasible 
solution),  the  first  step  Is  to  generate  a  homotopy  family  of  problems  with 
"portable"  goal  function  values  defined  by  the  linear  map: 


J?(y)  -  yO*  ♦  (1-y)  J,(HsUrt) 


(61) 


with  a  homotopy  parameter  y  satisfying  0  s  y  s  1.  Then,  sweeping  y  from 
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zero  to  one,  we  solve  Eq.  (60)  with  one  or  more  of  the  desired  goals 
replaced  by  Since  Eq.  (60)  Is  usually  an  underdetermlned  system,  we 

use  a  standard  minimum  norm  correction  technique.  The  minimum  norm  seeks  a 
minimum  modification  of  H  on  each  Iteration  to  satisfy  the  currently  specified 
"portable"  goals  J^(t)>  The  advantage  of  this  process  Is  due  to  Improved 
convergence,  since  each  local  Iteration  can  be  Initiated  with  a  close  estimate 
of  the  solution  at  each  homotopy  step.  Whenever  y  can't  be  advanced  further 
without  encountering  a  convergence  failure  (due  to  competition  among  Indices), 
then  the  process  Is  terminated. 

Utilizing  the  nonlinear  programming  technique  described  here,  we  solve  a 
set  of  the  problems  of  Eq.  (61)  with  different  combinations  of  objective 
values,  (Js*,  Ju*.  Je*).  The  points  In  the  objective  function  space  generated 
by  this  scheme  will  be  Interpolated  and  plotted  for  trade-off  surfaces.  The 
overall  procedure  can  be  summarized  as  follows: 

1.  Select  the  robustness  Index  Je  as  the  primary  objective  function  and 
optimize  It  over  a  predefined  domain  of  the  (JS,JU)  space  (with  Js  and 
Ju  constrained  only  by  upper  and  lower  bounds). 

2.  Starting  with  the  solution  found  In  Step  1, 

2.1  specify  values  for  Js*  and  Ju*  (from  a  grid  of  values  near  the  Step 
1  convergence). 

2.2  solve  the  equations 
Js*  -  0S(H)  «  0 

V  "  VH>  “  0 

2.3  optimize  Je  subject  to  the  above  two  equality  constraints. 

2.4  save  (Js*.  Ju*,  Je*)  and  If  the  grid  In  (J*,  J*)  Is  complete,  go 
to  Step  3 
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2.5  select  new  objective  values  of  J$*  and  Ju*,  and  go  to  Step  2.2 
3.  Interpolate  the  data  and  plot  trade-off  surface. 

* 

The  convergence  achieved  In  Step  1  Is  typically,  but  not  always,  on  the 
boundary  of  the  Js,  Ju  feasible  region.  Also,  due  to  nonlinearity, 
convergence  to  a  local  rather  than  the  global  extremum  sometimes  occurs.  This 
first  optimization  Is  obviously  critical,  so  some  variation  in  starting 
conditions  is  recommended.  In  order  to  define  the  trade-off  surface  uniquely, 
the  local  optimizations  of  Step  2.3  should  be  done  to  a  fairly  sharp 
tolerance.  All  the  points  on  the  generated  trade-off  surface  should  be 
interpreted  as  maximally  robust  designs  (minimum  Je)  for  given  expected  state 
error  and  control  energy.  Each  point  on  the  surface  corresponds  to  a  set  of 
feedback  gains.  Therefore,  this  surface  offers  an  Infinity  of  choices  for 
feedback  designs,  designs  for  Implementation  can  be  selected  with  good 
visibility  of  the  Implicit  compromises  being  made. 

Occasionally,  we  have  encountered  regions  of  (J$,  Ju)  space  In  which  the 
optimization  of  Je  does  not  converge  reliably.  Some  unresolved  and  difficult 
questions  associated  with  these  convergence  failures  are  the  following:  Under 
what  conditions  on  the  plant  matrices  A  and  B,  can  we  guarantee  that  the 
multi-criterion  surfaces  1)  exist  at  least  In  some  region  of  (J$,  Ju,  Je,  H), 
11)  are  unique,  and  111)  satisfy  the  practical  requirement  of  being  simply 
connected  over  the  region  of  Interest.  While  these  are  difficult  theoretical 
Issues,  It  Is  not  difficult  to  demonstrate  that  practical  application  of  the 
Idea  Is  possible  without  rigorously  resolving  these  Issues  (10). 


IV.  COMPUTATIONAL  STUDIES 


Robust  Elgenstructure  Assignment  * 

The  projection  algorithm  developed  In  Section  II  has  been  tested  for 
several  models  In  two  classes;  1)  sixth  order  mass-spring  systems  with  three 
actuators.  11)  a  24th  reduced  order  model  of  a  flexible  space  structure  with 
six  actuators. 

The  six  actuators  on  the  flexible  structure  are  assumed  to  Impart  three 
orthogonal  forces  and  three  orthogonal  moments  to  the  structure  at  a  single 
point.  Conceptually,  this  Is  an  Idealized  model  of  an  active  joint  between  a 
large  rigid  body  and  the  flexible  structure.  The  active  joint  has  small 
passive  spring  and  damping  constants  In  the  absence  of  an  active  command,  thus 
the  six  "rigid  body"  modes  frequencies  are  very  small,  but  non  zero  for  the 
open  loop  case  (Table  2.1).  The  travel  limits  of  the  active  joint  must  also 
be  considered  In  practical  applications.  In  all  of  the  examples  below,  we 
consider  the  full  state  feedback  case;  we  did  not  address  sensing  and 
estimation,  but  we  have  implicitly  assumed  that  the  six  across  the  joint 
displacements  and  the  first  six  modal  amplitudes  and  their  time  derivatives 
were  available  from  an  estimation  process. 

The  specifications  of  Model  1-3  with  various  mass  matrices  In  the  first 
class  are  given  In  Table  1.1.  For  the  second  class,  we  generated  four  models 
(Models  4-7)  by  varying  the  order  (twice  the  number  of  controlled  modes)  of 
the  flexible  system  from  12  to  24.  The  open-loop  and  desired  closed-loop 
frequencies  and  damping  factors  for  each  model  In  this  class  are  given  in 
Table  2.1. 

For  the  seven  structural  systems,  we  tested  the  projection  method  based 
upon  unitary  target  basis  vectors  (Algorithm  I)  and  the  projection  method 
based  upon  open-loop  target  eigenvectors  (Algorithm  II).  For  the  three  models 
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In  the  first  class*  we  tested  also  the  pole  placement  algorithm  by  IMSC 

x 

method  (Algorithm  III).  IMSC  could  not  be  tested  for  the  flexible  structure 
without  Introducing  additional  actuators  above  the  adapted  number  (m=6)  which 
was  held  fixed.  In  Tables  1.2  and  2.2*  we  report  condition  numbers  of  the 
closed-loop  eigenvectors  (generally,  not  the  open-loop  modal  matrix)  and 
Frobenlus  norms  of  the  gain  matrices  for  each  model. 

As  shown  in  Table  1.2.  the  same  results  were  obtained  by  Algorithms  II 
and  III  for  all  models.  For  models  with  the  same  number  of  controllers  as  the 
number  of  modes.  Algorithm  II  Is  obviously  equivalent  to  the  IMSC  method, 
since  the  open- loop  modal  matrix  are  preserved.  For  the  case  with  the  unitary 
open-loop  modal  matrix  (Model  1).  the  condition  number  obtained  by  all  three 
algorithms  Is  exactly  the  same.  For  this  case.  Algorithm  I.  however, 
generates  a  different  gain  matrix,  because  the  unitary  basis  employed  In  the 
projection  step  does  not  coincide  with  the  unitary  open-loop  modal  vectors. 
For  Model  3,  Algorithm  I  performs  superior  to  Algorithms  II  and  III.  The 
reason  Is  that  the  condition  of  open-loop  modal  matrices  depend  upon  the  mass 
and  stiffness  matrices.  It  Is  obvious  that  large  mass  variations  In  either  M 
or  K  serve  to  nearly  pin  or  release  one  or  two  of  the  three  masses,  and  of 
course,  the  physical  significance  of  this  simple  example  Is  dubious.  However, 
It  Is  not  uncommon  that  the  effective  "modal  mass”  or  "modal  stiffness" 
associated  with  various  degrees  of  freedom  (In  more  complicated  many-degree- 
of-freedom  examples)  varies  by  orders  of  magnitude.  In  fact,  the  eigenvalue 
spectrum  (of  the  free  vibration  eigenvalue  problem)  often  displays  several 
orders  of  magnitude  variation  and  therefore  presents  analogous  conditioning 
Issues  In  practical  applications.  From  these  observations  and  other  numerical 
studies,  we  conclude  that  the  open-loop  modal  matrix  Is  not  generally  the 
optimal  choice  of  closed-loop  modal  matrix,  vis-a-vis  conditioning  of  the 
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closed  loop  eigenvalue  problem,  for  systems  with  general  mass  and  stiffness 
matrices. 

Test  results  for  Models  4,5,6,  and  7  are  Interesting  since  these  are  more 
consistent  with  the  models  encountered  In  practical  applications  and  also 
reveal  the  usefulness  of  our  results  for  the  few  actuators,  many  modes  case 
(m<n).  As  an  Illustration,  we  seek  to  lopose  substantial  damping  (c«.7)  In 
all  modes.  In  practice,  for  flexible  structure  control,  we  would  probably 
settle  for  much  smaller  stability  margins  on  the  seventh  and  higher  modes 
(l.e.,  the  controlled  modes).  As  shown  In  Table  2.2,  Algorithm  I  performs 
better  than  Algorithm  II,  In  these  examples,  as  regards  conditioning 
(robustness)  of  closed-loop  eigenvectors. 
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Table  1.1  Test  Examples  (Mass-Spring  Systems) 


MASS  MATRIX 

DESIRED  EIGENVALUE 

Freq (rad/sec)  Damping  Factor 

i 

M  -  dlaglM.l) 

« j“  1.44 

«2-  4.47  c,  “  C2  •  t,  -  0.5 

*>]■  6.92 

2 

M  -  d1agll02(l.U 

u,«  0.89 

«.■  2.33  0.5 

6.76 

3 

M  -  d1agll03.102,l] 

«,■  0.09 

«2*  0.95  c i  *  c2  *  C j  *  0.5 

Uj*  4.70 

*  All  the  models  have  the  same  stiffness  matrix: 


'20 

-10 

0 

-10 

30 

-20 

.  0 

-20 

20. 

Table  1.2  Performance  of  Elgenstructure  Assignment  Algorithm 


m 

Algorithm  I* 

Algorithm  II* 

Algorithm  III* 

□ 

>•  ** 
k(«C) 

iGlf 

k(*C) 

'  iGl f 

k(.c) 

lGlf 

i 

6.9  2 

9.26 

50.91 

9.26 

19.83 

9.26 

19.83 

2 

7.10 

9.04 

68.39 

10.39 

45.08 

10.39 

45.08 

3 

20.79 

10.08 

121.79 

22.31 

128.96 

22.31 

128.96 

Algorithm  t  -  Pro 

Algorithm  II  -  Projection  method  using  open-loop  eigenvectors  as  targets 
Algorithm  III  -IMSC  method 

**The  superscript  o  and  c  denote  open-loop  and  closed-loop,  respectively. 
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Table  2.1  Test  Examples  (Flexible  Space  Structure) 


MODE 

NO. 

OPEN-LOOP  EIGENVALUE 

Freq(rad/sec)  Damp  Fac. 

DESIRED  CLOSED-LOOP 
*  EIGENVALUE 
Freq(rad/sec)  Damp  Fac. 

1 

4.90xl0"4 

.001 

6.78 

.70 

2 

4.46xl0‘4 

.001 

8.17 

.70 

3 

4.27xl0“4 

.001 

8.98 

.70 

4 

2.57xl0*4 

.001 

8.79 

.70 

5 

1.95xl0"4 

.001 

11.97 

.70 

6 

1.07xl0“4 

.001 

15.26 

.70 

7 

22.36 

.001 

16.46 

.70 

8 

20.49 

.001 

18.40 

.70 

9 

20.86 

.001 

20.10* 

.70 

10 

42.28 

.001 

21.86 

.70 

11 

42.28 

.001 

23.87 

.70 

12 

61.95 

.001 

67.23 

.70 

Table  2.2  Performance  of  Elgenstructure  Asslgraent  Algorithm 


Model 

No. 

No.  of  States 
and  No.  of  Controls 

n  m 

Algorithm  I* 

MO  »Glf 

Algorithm  II* 

MO  iGif 

4 

12 

6 

31. 

234,000 

32. 

208,000 

5 

16 

6 

347. 

786,749 

461. 

906,380 

6 

20 

6 

8,342. 

1,904,002 

14,753. 

7,913,951 

7 

24 

6 

11,406. 

5,920,422 

25,495. 

10,730,075 

♦Algorithm  I  -  Projection  method  using  unitary  vectors  as  targets 
Algorithm  II  -  Projection  method  using  open-loop  eigenvectors  as  targets 
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Applications  using  Multiple  optimization  criteria 

We  selected  Model  4  of  Tables  2.1  and  2.2  for  the  study  of  the 
variational  behavior  of  the  three  performance  Indices.  The  robustness  Index 
Je  Is  considered  as  a  primary  objective  and  Its  optimal  solution  Is  obtained 
by  the  projection  method.  Two  parameter  (0$and  au  of  Eq.  (58))  optimization 
In  the  direction  of  Js  and  Ju  gradients  is  employed  for  evaluation  of  the 
Initial  design  and  for  study  of  behavior  of  each  performance  Index  In  the 
region  defined  by  the  Inequalities  -10  <  o$  <  10,  -10  <  Oy  ^  10.  The 
three-dimensional  plots  of  each  performance  index  versus  («s,<»u)  are  given 
In  Fig. 1-3.  Notice  from  Eq.  (58)  that  a  positive  value  of 

°s  (°r  represents  decrease  of  the  state  energy  (or  control  energy). 

As  can  be  seen  in  Fig.  1,  the  Initial  design  (a$-au>0)  Is  obviously 
optimal  for  maximum  robustness  (minimum  condition  number).  This  three 
dimensional  plot  also  provides  Information  on  the  sensitivity  of  the 
robustness  Index  Je  with  respect  to  the  parameter  variations  (Implicitly,  gain 
variations).  The  design  points  In  the  region  defined  by  0  <  a  <  2.5  are 
attractive  since  the  surface  In  this  region  Is  near-planar.  Similar 
observations  can  be  made  from  Figs.  2  and  3  for  state  energy  and  control 
energy,  respectively.  From  these  three  performance  surfaces,  we  conclude  that 
the  design  points  In  the  region  of  0  <  o$<  2.5  and  -2.5  <  ou<  0  are 
attractive  candidates  for  a  feedback  design,  since  they  satisfy  eigenvalue 
placement  constraints  and  have  low  values  of  the  three  performance  Indices  and 
low  sensitivity  to  gain  variations.  It  should  be  stressed,  however,  that 
these  surfaces  apply  to  gain  variations  which  preserve  the  closed  loop 
eigenvalue  positions.  In  essence,  these  surfaces  display  the  additional 
performance  tradeoffs  available  after  one  has  prescribed  the  position  of  the 
closed  loop  eigenvalues.  Clearly  a  more  general  family  of  surfaces  (with 


160 


larger  performance  variations)  Is  obtained  If  we  admit  eigenvalue  placement 
variations  in  the  optimization  process.  In  summary,  from  simultaneous  study 
of  these  surfaces,  we  can  Inroedlately  Identify -the  region  of  low  sensitivity 
and  small  performance  Indlcles. 
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Figure  2. 


Behavior  of  State  Error  Ener 
of  Optimal  Robustness  Deslg 
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Figure  3. 


V.  CONCLUSIONS 


w 

V 


In  this  paper,  we  develop  a  new  Methodology  for  robust  elgenstructure 
assignment  and  multivariable  feedback  gain  design.  This  algorithm  Is  based 
upon  a  pole  placement  technique  which  employs  projections  onto  subspaces  of 
admissible  eigenvectors.  It  utilizes  a  new  scheme  to  generate  desired  target 
eigenvectors  and  determine  the  corresponding  admissible  eigenvectors  In  a 
least  square  sense.  Numerical  studies  demonstrate  that  the  proposed  algorithm 
Is  applicable  to  systems  of  at  least  moderate  dimensionality.  We  also 
establish  some  Interesting  special  case  (m«n)  connections  to  the  Independent 
modal  space  control  approach.  We  show,  via  counter  example,  that  using  open- 
loop  eigenvectors  as  the  target  closed-loop  eigenvectors  Is  generally  not 
optimal  vis-a-vis  conditioning  (robustness)  of  the.  closed-loop  eigenvectors, 
even  for  the  m=n  case. 

A  new  approach  Is  presented  for  evaluating  optimal  control  designs  by 
Introducing  judicious  gain  variations  In  the  gradient  directions  of  secondary 
performance  Indices.  This  approach  leads  to  multiple  criterion  performance 
tradeoff  surfaces  as  a  function  of  gain  variations.  Region  of  low  sensitivity 
and  small  values  of  secondary  Indices  can  be  Inmedlately  Identified  from 
simultaneous  study  of  these  surfaces.  This  approach  Is  especially  attractive 
for  computer  aided  design  of  control  systems. 
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ABSTRACT 

An  improved  method  is  developed  for  eigenvalues  and  eigenvectors  placement  of 
a  closed-loop  control  system  using  either  state  or  output  feedback.  The  method 
basically  consists  of  three  steps.  First,  the  singular  value  or  QR  decomposition 
is  used  to  generate  an  orthornormal  basis  that  spans  admissible  eigenvector  space 
corresponding  to  each  assigned  eigenvalue.  Secondly,  given  a  unitary  matrix,  the 
eigenvector  set  which  best  approximates  the  given  matrix  in  the  least-square  sense 
and  still  satisfy  eigenvalue  constraints  is  determined.  Thirdly,  a  unitary  matrix 
is  sought  to  minimize  the  error  between  the  unitary  matrix  and  the  assignable 
eigenvector  matrix.  For  use  as  the  desired  eigenvector  set,  two  matrices,  namely, 
the  open-loop  eigenvector  matrix  and  its  closest  unitary  matrix  are  proposed.  The 
latter  matrix  generally  encourages  both  minimum  conditioning  and  control  gains. 
In  addition,  the  algorithm  is  formulated  in  real  arithmetic  for  efficient 
implementation .  To :  illustrate  the  basic  concepts,  numerical  examples  are 
included. 


NOMENCLATURE 

A  open-loop  state  matrix  <2n  x  2n) 

B  control  input  matrix  (2n  x  m) 

CK  real  coefficients  corresponding  to  K-th  assignable  eigenvector  (v^  1) 

Cj (  )  condition  number  of  (  )  in  matrix  2-norm 

cK  optimal  real  coefficients  corresponding  to  K-th  assignable  eigenvector  (vKx 
1) 

G  feedback  gain  matrix  (m  x  y) 

H  measurement  matrix  (y  x  2n) 
m  number  of  inputs 

p  number  of  pairs  of  conjugate  eigenvalues  assigned 
Q  desired  set  of  orthogonal  eigenvectors  (2n  x  2p> 
vcK  orthogonal  basis  for  null  space  of  r*K 
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Vw  orthogonal  c  cwqplement  to  the  null  space  of  TK 

**»K  weighting  factor  corresponding  to  least-square  error  of  K-th  eigenvector 
t  number  of  outputs 

XrK  real  component  of  K-th  closed-loop  eigenvalue 
XiK  imaginary  component  of  K-th  closed-loop  eigenvalue 
VrK  real  component  of  K-th  closed-loop  eigenvector 

imaginary  component  of  K-th  closed-loop  eigenvector 
Tg  an  expanded  matrix  characterizing  the  closed-loop  system  (4n  x  ( 4n  ♦  2m) ) 
vK  dimension  of  the  null  space  of  I*K 

#rg  real  component  of  assigned  eigenvector  corresponding  to  cK 

♦rK  imaginary  component  of  assigned  eigenvector  corresponding  to  cK 

0  singular  values 
I  lF  Frobenius  norm 


1 .  INTRODUCTION 

It  is  known  that  eigensystem  assignment  using  linear,  constant  state  or 
output  feedback  for  multi-input  multi-output  (MIMO)  systems  plays  a  key  role  in 

shaping  transient  response.  Wonham1  first  related  controllability  and  eigenvalue 
assignability  for  state  feedback  of  MIMO  systems.  Issues  arising  from  the  non¬ 
uniqueness  of  control  gains  (or  eigenvectors)  for  placing  eigenvalues  were 

2 

investigated  by  many  researchers  after  Hoore  characterized  the  class  of  all 
closed-loop  eigenvector  sets  attainable  for  a  given  set  of  eigenvalues.  Along  the 
similar  line,  many  coinciding  results  and  extensions,  such  as  multiple  eigenvalues 

assignment  for  the  output  feedback,  have  been  published  as  exemplified  by.^-5 

The  problem  of  developing  reliable  algorithms  for  designing  controllers  that 
are  robust  in  addition  to  satisfying  eigenvalue  placement  constraints  has  recently 
been  an  area  of  active  research.  Robustness  herein  refers  to  the  property  whereby 
the  closed-loop  eigenvalues  are  insensitive  to  the  system  uncertainties  and/or 
perturbations.  The  class  of  perturbations  considered  here  includes  parameter 
perturbations  in  the  plant  or  gain  matrices  for  constant,  linear,  time  invariant 
dynamical  system.  A  recent  review  of  robustness  theory  and  analysis  considered 
here  is  given  in  Ref.  €.  Among  the  many  published  works  that  are  related  to 
robustness  theory  and  optimization,  there  appears  to  be  at  least  four  methods  that 
address  the  problem  of  robustness  or  sensitivity  optimization  subject  to 

7-B 

eigenvalue  placement  constraints.  The  first  class  of  methods  ,  involves  the 
selection  of  eigenvector  sets  that  satisfy  modal  insensitivity  and  eigenvalue 
placement  constraint  equations  simultaneously.  A  major  drawback  to  this  approach 
is  the  difficulty  in  satisfying  modal  insensitivity  and  eigenvalue  placement 
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constraint  aquations  simultaneously.  Special  easa*  an  proposed  that  somehow  ease 
tha  difficulty.  An  important  distinct  faatura  in  tha  first  mthod  is  tha  naad  for 
evaluating  derivatives  of  aystam  matrices  with  raspact  to  suspactad  uncertain 

9-10 

parameters.  Tha  sacond  class  of  methods  ,  involve  a  direct  optimization  of  a 
scalar  index  which* is  related  to  tha  condition  number  while  subject  to  eigenvalue 
placement  constraints  in  tha  form  of  Sylvester's  equations.  Similar  to  the  above 

approach*  the  third  class  of  methods6  consider  the  direct  minimization  of 
robustness  ms suras,  including  a  norm  of  eigenvalue  sensitivity  and  various  other 
robustness  measures*  subject  to  explicitly  ststed  equality  and  inequality 
constraints  on  eigenvalues.  The  second  and  third  methods  involve  iterative 
algorithms*  which  require  computation  of  various  sensitivities  and  may  be 
computationally  expensive  for  large  systems.  However,  the  use  of  sequential 

linear  programming  and  Homotopy  methods6'11  in  the  latter  approach,  makes  the 
algorithm  numerically  robust,  easy  to  implement,  and  perhaps  most  importantly, 

12 

informative  when  no  solution  exists  for  the  stated  problem.  A  fourth  method 
uses  the  concept  of  orthogonal  projection  into  linear  subspaces  of  eigenvectors  to 
iteratively  improve  various  equivalent  measures  of  conditioning.  This  method 
utilizes  an  orthonormal  basis  that  spans  the  subspaces  which  satisfy  eigenvalue 
placement  constraints.  This  method  is  based  on  QR  and  SVD  algorithms  and  is 
consequently  numerically  stable  in  addition  to  being  efficient  since  no  derivative 
calculations  are  required  as  in  the  previous  methods. 

In  this  paper,  a  design  algorithm  is  introduced  which  amounts  *o  an  extension 
of  the  fourth  method  in  at  least  three  ways*  namely,  (1)  non-iterative,  (2) 
extension  to  output  feedback,  and  {3}  use  of  design  freedom  to  encourage  minimum 
gain  configuration  when  the  number  of  eigenvalues  to  be  placed  is  less  than  the 
number  assignable.  Furthermore,  several  insights  pertaining  to  the  robust 
eigensystem  assignment  problem  is  presented.  First,  a  closed  form  expression  for 
the  set  of  eigenvectors  which  are  closest*  in  a  least-squares  sense,  to  an  apriori 
specified  matrix  and  still  assign  desired  eigenvalues  is  obtained.  The  remaining 
freedom  on  the  choice  of  apriori  matrix  is  discussed  in  detail.  Xn  particular, 
the  unitary  matrix  closest  to  the  open-loop  eigenvector  matrix  is  recommended. 
The  above  choice  is  believed  to  produce  both  well  conditioning  and  minimum  control 
effort.  Xn  addition,  this  paper  addresses  the  important  case  where  a  fewer  number 
of  eigenvalues  are  specified  than  is  possible,  Xt  is  shown  that  the  gain  matrix 
satisfies  an  underdetezmined  set  of  linear  equations  which  naturally  leads  to  a 
unique  minimum  norm  gain.  Furthermore,  the  need  for  minimum  gain  controllers 
motivates  us  to  introduce  a  correlation  criteria.  Xt  is  based  on  orthogonal 

projections1^*  for  identifying  the  best  desired  eigenvector  corresponding  to  each 
subspace  of  admissible  eigenvectors.  The  correlation  problem  is  clearly  more 
evident  in  the  direct  output  feedback  case.  The  correlation  procedure  also  takes 
into  consideration  the  weighting  of  eigenvectors  due  to  observability  in  addition 
to  projection  magnitudes.  Finally,  it  should  be  mentioned  that  all  formulations 
involve  real  arithmetic. 
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2.  STATS  rtSDSACK  FOM0ZATXOM 


In  tbs  analysis  and  design  of  tha  dynamics  and  vibration  control  of  flax ibis 
structures*  a  set  of  second  order  linear*  constant  coefficient*  ordinary 
differential  equations  are  frequently  used.  This  leads  to  an  even  dimensioned 
state  space.  Although  not  restricted  to  even  dimensions*  let  A  be  the  state 
matrix  of  order  2n  and  B  the  2n  x  m  influence  matrix  of  the  m  control  inputs  for  a 
linear*  time-invariant*  constant  gain  feedback  system.  Assume  that  full  state 
feedback  is  used  to  design  the  controller  with  gain  matrix  G  of  dimension  m  x  2n. 
For  computational  efficiency*  the  eigensolution  of  the  closed-loop  system  (A  ♦  BG] 
can  then  be  written  as 

(A  .  *G)T.  -  V.  ;  K  -  1,  .. .,  n  (1) 
where  -  (¥rK'  ¥^K)  Is  the  2n  x  2  real  eigenvector  matrix  corresponding  to  the 


2x2  real  block  eigenvalue  matrix  AK 


‘  l  11 

.  *ric  ™iK 
*ric. 


The  above  subscripts 


and  "i"  refer  to  the  real  and  imaginary  parts  of  the  assumed  self  conjugate  set  of 
eigenvectors  whereas  subscript  "K"  refers  to  the  mode  number.  Expanding  Eq. (1) 
yields  the  following  two  equations 

[A  +  BG]  -  X _ -  X.  jy.  „  (2) 


VrK  “  XrK^rK  *  XiK*LK 
[A  +  BG]  ¥iK  -  X.KVrK  +  XrKy.K 


(3) 


Rearranging  Eqs.(2)  and  (3)  in  a  compact  matrix  form  produces 


A  “  ^rK1 

: 


hx1 

A  -  XrKI 


B  0 
0  B 


TrK 

*iK 

®VrK 

.^iK 


Art  -  o 


(4) 


Note  that  Eq.  (4)  also  holds  for  the  case  of  repeated  complex  conjugate  pairs  of 


eigenvalues . 


For  the  case  of  real*  repeated  eigenvalues*  and  0^ 


in  Eq.  (4) 


m  « 

reduces  to  [A-Xxi  B]  and  t¥K* (Gy^)  1  respectively.  The  only  assumption  required 

in  the  above  formulation  is  that  the  system  be  nondefective*  i.e.*  a  full  set  of 
eigenvectors  corresponding  to  the  eigenvalues  to  be  assigned  exists.  Since  the 
above  generalizations  are  straightforward*  only  the  case  where  cooplex  conjugate 
pairs  of  eigenvalues  are  assigned  will  be  presented*  which  is  most  common  in  the 
vibration  control  of  flexible  structures. 


2.1  Eigenvalue  Assignment 

To  obtain  the  nontrivial  solution  space  of  the  homogeneous  equation  (4),  the 
singular  value  decomposition  (SVD)  is  applied  to  the  matrix  r*K  yielding 


r-  • «][£] 


It  follows  thst  the  matrix  VeK,  represents  a  set  of  orthogonal  basis  vectors 
spanning  the  null  space  of  the  matrix  r*K  so  that13 

”  r«VOKCK  0  ’ 

**ot*  that  if  rK  is  not  close  to  a  matrix  of  lesser  (or  higher)  rank  (which  is 

easily  found  from  the  singular  values;  hence  the  advantage  of  using  $v D),  the 
above  basis  for  null  space,  VOK,  can  be  computed  more  efficiently  by  taking  the  QR 

decomposition  of  r*. 

To  obtain  an  expression  for  gain  matrix,  choose  a  particular  set  of  vectors, 
♦K  (K»l,...,p)  satisfying  Eq.  (€),  corresponding  to  some  choice  cK,  and  partition 

the  vector  into  four  components  such  that 


A  rK  kc 


VoiK \CK  "  0  ; 


Observation  of  Eqs.  (4)  and  (7)  indicates  that 

G  ^rK  ♦it1  "  ^rK  ♦iK1  ;  K“1, — 'p 
Form  the  matrix  equation 


GO$  G[*rl,  ♦i,,  0r2,  *i2 . ♦«.'  ♦< 


rrp'  Tip' 


"  ^rl»  ♦il'  *z2'  ♦rp'  ♦ip1 


A  matrix  inversion  is  required  in  the  computation  of  the  gain  matrix  G.  However, 
if  the  number  of  eigenvalues  to  be  assigned,  p,  is  less  than  the  number 
assignable,  n,  Eq.  (9)  becomes  underdetermined  which  leads  naturally  to  a  minimum 
gain  solution.  In  order  to  assure  that  the  above  matrix  is  well  conditioned  for 
inversion,  the  condition  number  of  the  matrix,  #,  should  be  the  smallest  possible. 
Interestingly,  the  above  numerical  requirement  for  well  conditioning  of  the  matrix 
inversion  problem  corresponds  exactly  to  the  eigenvalue  conditioning  problem  since 
O  consists  of  eigenvectors.  In  general,  the  set  of  eigenvectors  in  the  matrix  $ 
generated  by  some  choice  of  eK  (see  Eq.  (6)), 

IVorl'  Voil' *  *  *'  Vorp'  VoipJ  «*iag [c1, cx, . . . , cp, epJ 

*  V0C  -  *  -  Ifrl,  ♦il .  ♦ip],  (10) 

will  not  be  perfectly  conditioned,  i.e.,  orthogonal. 
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From  Eq.  (10) »  the  achievable  (or  admissible)  eigenvectors  corresponding  to  a 
set  of  eigenvalues  can  be  re-written  as 


V  e 
OK  K 


“  *K 


K-l, 


#P 


(11) 


where  v 


OK 


^  [VorK]'  ^k  ^  f^rr] 
^  oiKj  L^iKJ 


-  4n  4  2m  -  rank  (f^) 


and  is  a  coefficient  vector  of  dimension 


(12) 


Except  for  a  small  class  of  degenerate  cases ,  I~K  will  usually  be  a  full  rank 


matrix  so  that  the  following  relation  holds: 

vK  ■  2m  S  4n  (13) 

Zt  is  clear  then  that  Eq.  (11)  represents  a  set  of  over determined  equations.  Thus 
eigenvectors  cannot  be  arbitrarily  assigned  due  to  the  insufficient  number  of 
independent  control  inputs.  The  number  of  control  inputs  consequently  affects  the 
degree  of  orthogonality  or  robustness  achievable  for  the  closed-loop  system.  The 
matrix  $  must  therefore  be  constructed  with  some  choices  of  cK  such  that  d>  is  the 

best  least-square  approximation  to  a  perfectly  conditioned  matrix. 

Based  on  the  above  observations,  suppose  that  a  unitary  matrix  Q  where 

Q-  lqrl#  *ii»*-*»  q^.  qipl 

is  given.  The  weighted  sum  error  in  the  approximation  of  the  unitary  matrix  by 
the  achievable  closed-loop  eigenvector  matrix  is 

J'Q,  vj^K  -  *okck'fwk;  V-[<W  ^*1 

where  wK  represents  the  weighting  factor  associated  with  the  error  in 

f 

approximating  the  K-th  desired  vector  qK.  Assuming  that  Q  is  fixed  in  Eq.  (14), 


the  least-squares  solution  for  each  mode 
matrix  Q  yields 


which  best 


approximates  the  unitary 

(15) 


«  [VT  V  +  VT.  V  .  l"*fVT  q  +  VT.  q.  1 
‘orK  orK  oiK  oiKJ  *  orK^rK  oiK^a.K-’ 

To  explore  the  possibility  of  improving  the  degree  of  orthogonality  further, 

substitute  Eq.  (IS)  into  Eq.  (14)  to  obtain  the  following  problem: 

Minimize  J(Q)  (16) 

Subject  to  Q*Q  ■  Z 

where 


J(O)  - 

Equation  (16)  shows  that  the  error  cost  function  depends  on  the  apriori  chosen 
unitary  matrix  Q.  There  must  exist  an  optimal  unitary  matrix  which  minimizes  this 
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error.  There  ir«  several  ways  to  solve  this  equation  numerically.  However,  a 
closed  form,  perhaps  approximate,  solution  ia  currently  being  sought. 

In  order  to  obtain  a  reasonably  good  solution,  the  unitary  matrix  closest  to 
the  open-loop  eigenvector  matrix  is  proposed,  as  the  desired  set.  Denoting  the 
open-loop  eigenvector  matrix  by  4^,  the  unitary  matrix,  0,  closest  to  the  matrix 

can  be  defined  as1^ 
o 

Minimize  |*F0  -  Q|p  (17) 

Subject  to  QTQ  ■  I. 

The  closest  unitary  matrix  Q  is  then 

Q  -  UVT  (18) 

where 

4*  -  UlVT . 
o 

The  reason  for  this  particular  choice  is  twofold.  First,  it  is  intuitively 
obvious  that  the  control  gains  will  be  close  to  zero  if  the  desired  eigenvector  is 
similar  to  the  open-loop  eigenvector  when  the  desired  eigenvalues  are  close  to  the 
open-loop  eigenvalues.  Secondly,  the  open-loop  eigenvector  may  not  be  unitary, 
i.e.  not  perfectly  conditioned,  so  that  the  closest  unitary  neighbor  would 
encourage  the  selection  of  a  well -conditioned  achievable  set. 

2.3  Discussion 


12 

A  comparison  with  results  due  to  Kautsky,  Nichols  and  Van  Dooren  is  made. 
They  pose  the  same  basic  problem,  namely,  find  an  orthonormal  set  of  vectors  that 
minimizes  (maximizes)  some  weighted  measure  of  subspace  angles  between  the 
orthogonal  set  and  the  corresponding  achievable  (complementary  to  achievable) 
apace.  They  propose  an  iterative  algorithm  involving  plane  rotations,  to  preserve 
orthogonality  of  a  starting  set,  until  acceptable  values  for  various  measures  of 
conditioning  are  achieved.  The  difference  between  the  method  in  Ref.  12  and  the 
method  presented  in  this  paper  is  in  the  definition  of  the  cost  function  for 
measuring  nearness  to  orthogonality  and  the  order  of  computations. 

The  choice  of  open-loop  eigenvector  and  its  closest  unitary  matrix,  as 
proposed,  is  believed  to  be  suitable  for  the  purpose  of  generating  well- 
conditioned  eigensystem  with  small  control  gains.  The  implication  is  that  the 
element  of  iterative  search  (as  suggested  in  Ref.  12)  for  the  "optimal"  unitary 
(or  orthogonal)  matrix  appears  unnecessary  in  practice  for  many  test  problems  as 
indicated  in  Ref.  16. 


3.  DIRECT  OUTPUT  FEEDBACK  FORMULATION 

It  is  generally  agreed  that  full  states  are  not  usually  available  in  practice 
without  estimators  or  observers.  In  this  section,  the  previous  derivations  for 
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state  faadback  are  generalized  to  design  output  feedback.  The  main 
characteristics  of  output  feedback  is  its  simplicity  in  generating  control 
commands  directly  by  a  linear  combination  of  the  available  outputs. 

The  eigenvalue  problem  can  be  written  as 

(A  +  BGH]'FJC  •  (19) 

where  A,  B,  *FK,  and  ^  are  as  previously  defined  in  Eq.  (1)  .  Matrices  G  and  H 

represent  the  output  feedback  gain  and  the  measurement  matrices  of  dimensions  m  x 
J  and  y  x  2n  respectively.  The  corresponding  eigenvalue  equations  in  real  form 

are 

rA  “  0 

where 


GH  V 


LGH  ^  kj 

and  rK  is  defined  in  Eq.  (4) .  Since  the  TK  matrices  are  identical  to  the  case  for 

full  state  feedback,  the  corresponding  admissible  eigenvector  spaces  are 
identical.  However,  the  procedures  for  computing  the  gain  matrices  differ.  Note 
that  the  number  of  pairs  of  conjugate  eigenvalues,  p,  that  can  be  placed  using 
output  feedback  is  limited  as  shown  in  Ref.  4  by 

2p  S  max  (m, y)  (20) 

The  equation  for  computing  the  output  feedback  gain  matrix  for  placing  p  pairs  of 
conjugate  modes  can  be  written  as 


GH 


rp  ip 


1  "  !♦ 


rl'*il 


'•••'*rp'*ip] 


GHO  -  <£>  (21) 

From  Eq.  (21),  ob sex /e  that  the  uniqueness  of  gain  matrix  depends  on  the  number  of 
conjugate  pairs  of  eigenvalues  to  be  placed,  i.e., 

2p  <  y  underdetermined  (22a) 

2p  -  y  unique  (22b) 

2p  >  y  over determined  (22c) 

The  previous  conditions  assume  that  the  eigenvectors  selected,  <b,  are  completely 


observable.  Equation  (22a)  is  the  most  practical  case  where  the  number  of 
eigenvalue  pairs  to  be  placed  is  expected  to  be  less  than  the  number  of 
independent  measurements.  The  least-squares,  minimum  norm  solution  or  the  unique 

inverse  solution  can  be  expressed  in  terms  of  the  Moore-Penrose  pseudo-inverse13, 

G  -  4>{Wt>)+  (23) 

where 

(Hd»4  -  Vju l 
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H*  -  [U0IUe] 


rSi 

0  |v*| 

0  . 

2*  -  diag  ll/Oy  . .  . ,  1/0^) 

The  use  of  SVD  provides  reliable  numerical  results  for  the  Moore-Penrose  pseudo- 
14 

inverse  in  Eq. (23)  For  the  typical  underdetermined  case,  Eq.  (23)  represents 
the  minimum  gain  solution,  which  is  highly  desirable  in  practice.  Indeed,  the 
motivation  for  the  work  reported  herein  is  to  develop  reliable  algorithms  for 
designing  well-conditioned  controllers  with  minimum  gains. 

Finally,  for  the  case  where  the  number  of  actuators  exceeds  the  number  of 
measurements  (which  is  uncommon  in  practice) ,  the  same  analysis  as  described 
previously  leads  to  similar  equations  by  simply  taking  the  transpose  of  Eq.  (19) 
and  it  will  not  be  elaborated. 

4.  MAXIMUM  PROJECTION  CORRELATION  CRITERION 

The  freedom  in  selecting  a  particular  unitary  matrix  to  generate  a 
corresponding  set  of  admissible  eigenvectors  is  further  investigated  in  this 
section.  In  addition  to  robustness  in  the  eigenvalue  conditioning  sense,  physical 
limitations  on  controller  magnitudes  suggest,  if  possible,  a  minimum  feedback  gain 
configuration. 

For  a  given  set  of  orthogonal  column  vectors,  the  resulting  condition  number 
and  the  norm  of  gain  matrix  depend  on  the  choice  of  the  vector  to  be  used  for  each 
mode.  For  problems  with  closely  spaced  modes,  as  is  common  in  flexible  space 

structures15,  the  correlation  between  open-loop  modes  and  subspaces  of  admissible 
eigenvectors  may  not  be  obvious.  This  is  also  evident  for  unitary  matrices  which 
do  not  have  direct  physical  meaning.  The  approach  taken  here  to  resolve  the  above 
correlation  problem  is  to  search  for  the  mode  with  the  maximum  orthogonal 
projection  among  the  given  set  of  desired  eigenvectors  into  each  admissible 
eigenvector  subspace.  Let 

Vrj  ’  HVorKV=r,'»rj  -  pJj  ‘  "WLAj 

and  Q  ^  [qrl,  q^,...,  qrn,  qinJ.  Now  compute 
Pf  (K)  "  Maximum  Ip^l  +  Ip*.  I  ; 

for  j»l,...,n  ,  j*f(y)  and  y«l,...,K-l  (24) 

The  integer  f(K)  (K-l,...,p)  is  the  desired  eigenvector  number  having  the  maximum 
projection  onto  K-th  subspace  of  admissible  eigenvectors  and  represents  the 

maximum  projection  sum  of  real  and  imaginary  components .  The  observability  plays 
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Table  1 

Frequency  and  Damping  Ratio  for 
the  Mass-Spring  Example 

OPEN-LOOP 

CLOSED-LOOP 

Mode  t 

a>°  C° 

CD 

C 

1 

1.0344  0 

1.0482 

.5765 

2 

3.2934  0 

3.2691 

.2959 

3 

€.5636  0 

6.4857 

.0651 
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where  the  eigenvalue,  X^  -  ±  j  (1— C2> -  The  condition  number  of  the 

corresponding  undamped  open-loop  modal  matrix  is  unity  since  the  eigenvectors  are 
orthogonal.  The  norm  of  gains  and  condition  numbers  corresponding  to  four  sets  of 
desired  eigenvectors  are  as  follows, 


Table  2  Condition  Number  and  Norm  of  Gain 


Case 

Q  Maximum 
Projection 

Correlation 

1 IGI  lF 

c2  CV) 

1 

I  No 

38.23 

11.24 

2 

I  Yes 

21.81 

9.05 

3 

No 

2.85 

3.17 

4 

2.85 

3.17 

5 

(Direct  Velocity 
Feedback) 

2.82 

6.96 

Case  5  in  Table  2  represents  the  directly  collocated  velocity  feedback 
configuration  of  the  form 

Uj  -  -2  Xj  and  u3  -  -2  x3 

From  Table  2,  it  is  seen  that  the  use  of  open-loop  eigenvectors  as  desired  closed- 

loop  eigenvectors  gives  the  smallest  condition  numbers  and  small  gains.  The 

correlation  of  a  desired  set  of  eigenvectors  with  respect  to  the  assignable 

eigenvector  subspaces  improved  the  gain  norm  and  condition  number  for  the  identity 

matrix.  However,  for  the  open-loop  eigenvector  case,  the  average  correlation 

using  eigenvalue  magnitudes  is  sufficiently  good  (.9486  out  of  a  perfect 

correlation  of  1)  such  that  the  eigenvector  correlation  is  not  needed. 

The  gain  matrices  for  cases  3  and  4  are  as  follows, 

r  -  f  ” •  0057  -.1199  .1124  -1.8815  .1687  .0299  *1 

u  L  -.1985  .1200  -.0126  .1340  -.1001  -2.1185  J 

The  above  gain  matrix  is  close  to  the  "physically  robust"  directly  collocated 

velocity  feedback  configuration  as  mentioned  earlier.  It  is  interesting  to  note 

that  the  open-loop  eigenvector  case  gives  more  robust  (in  the  eigenvalue 

conditioning  sense)  closed-loop  configuration  than  the  collocated  velocity 

feedback  configuration  for  this  example.  Of  course,  the  eigenvalue/eigenvector 

assignment  algorithm  is  an  "inverse"  design  algorithm  while  the  direct  velocity 

feedback  case  is  obtained  by  a  "forward"  design  process  where  eigenvalues  cannot 

be  assigned  conveniently. 

Example  1.2:  Full  state  feedback  with  damping 

The  damping  coefficient  used  were  c^»2,  c2“.5,  and  c3«2.  The  frequency  and 

damping  ratios  are  given  in  Table  3.  It  is  seen  that  the  open-loop  eigenvalues 
and  closed-loop  eigenvalues  are  not  well  correlated. 
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Sabi*  3  Frequency  and  Damping  Ratio  for 
tha  Maaa-Spring-Dashpot  Example 


OPEN -LOOP 

CLOSED-LOOP 

Mod* 

•  <0° 

;° 

0) 

c 

1 

1.0481 

.1442 

3.1622 

.3162 

2 

3.2517 

.3647 

3.8078 

.3939 

3 

6.5606 

.3296 

4.4384 

.3830 

The  condition  number  of  the  open-loop  modal  matrix  is  6.524:*  and  not  unity  since 
tha  eigenvectors  are  not  orthogonal.  The  norm  of  gains  and  condition  numbers 
corresponding  to  various  sets  of  desired  eigenvectors  are  shown  in  Table  4. 


Sable  4  Condition  Number  and  Norm  of  Gain 


Case 

Q 

Maximum 

Projection 

Correlation 

1 IGI lF 

c  2C?) 

1 

I 

No 

29.76 

28.72 

2 

1 

Yes 

27.62 

22.97 

3 

*0 

No 

26.96 

26.20 

4 

*0 

Yes 

26.77 

22.41 

5 

UVT 

No 

26.88 

23.11 

6 

uvT 

Yes 

26.81 

21.72 

From  the  norm  of  gain  matrices,  it  is  seen  that  the  choice  of  closed-loop 
eigenvectors  closest  to  identity  matrix  {case  1)  requires  a  large  control  effort 
with  the  worst  conditioning.  With  projection  correlation,  the  gains  and  condition 
number  are  improved  (case  2) .  The  use  of  open-loop  eigenvectors  as  desired 
closed-loop  eigenvectors  without  (case  3)  and  with  (case  4)  projection  correlation 
gives  improved  results  over  the  ease  of  identity  matrices,  with  the  use  of  the 
closest  unitary  matrix  to  the  open-loop  eigenvector  matrix  (cases  5  and  6),  a 
slight  further  improvement  results.  The  closest  unitary  matrix,  as  expected, 
gives  smaller  condition  number  than  the  corresponding  non-orthogonal  open-loop 
eigenvector  matrix. 

Although  no  theoretical  basis  exists  at  present,  numerical  results  reported 
in  Ref.  16  showed  that,  among  a  large  set  of  test  unitary  matrices  generated  at 
random,  the  case  closest  to  the  open-loop  eigenvector  matrix  produced  norm  of  gain 
matrix  and  condition  number  close  to  the  optimum  values  of  this  set.  Further  work 
is  needed  to  find  the  global  optimum  non-iteratively  if  possible  for  Eq.  (16) . 


4fl 
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2:  Direct  Output  Fee dback 


The  system  investigated  is  s  reduced  order  finite  element  model  of  the  MUST 
truss  beam  structure  es  shown  in  Figure  2  (see  Refs.  17  and  18  for  detailed 
description) .  The  model  includes  the  deployer  retractor  assembly.  Shuttle  inertia 
properties,  and  rigid  platforms  for  sensors  and  actuators  allocation.  There  are 
three  secondary  actuator  locations  distributed  along  the  beam  and  one  primary  at 
the  tip.  Each  of  the  secondary  actuator  stations  contains  two  actuators  acting  in 
the  same  plane.  The  primary  station  has  four  actuators  to  impart  torques  as  well 
as  in-plane  forces.  Also  included  are  displacement  and  velocity  sensors 
collocated  with  the  actuators  for  a  total  of  20  measurements. 

The  reduced  order  model  consists  of  92  first  order  equations  and  it  includes 
actuator/sensor  dynamics  and  six  rigid  body  degrees  of  freedom  in  addition  to 
elastic  deformation.  A  total  of  ten  actuators  using  twenty  output  measurements 
(out  of  which  19  was  found  to  be  linearly  independent)  are  used  to  increase  the 
damping  ratio  of  a  selected  set  of  elastic  modes  to  5%.  Although  nineteen 
eigenvalues  are  assignable,  only  nine  pairs  of  complex  eigenvalues  (corresponding 
to  elastic  modes)  are  assigned.  The  corresponding  frequencies  and  damping  values 
are  shown  in  Table  5: 


Table 

5  Frequency 

and  Damping 

Ratio  for 

MAST  Structure 

OPEN-LOOP 

CLOSED-LOOP 

Mode 

t  <D°(Hz) 

C° 

(0  (Hz) 

1 

.1833 

.0044 

.1833 

.0500 

2 

.2411 

.0049 

.2411 

.0500 

3 

1.3308 

.0232 

1.3308 

.0500 

4 

1.3876 

.  0223 

1.3876 

.0500 

5 

1.5541 

.0211 

1.5541 

.0500 

6 

3.7919 

.0063 

3.7919 

.0500 

-  7 

3.9698 

.0061 

3.9698 

.0500 

'  8 

5.3483 

.0051 

5.3483 

.0500 

9 

6.6509 

.0054 

6.6509 

.0500 

Since  not  all  eigenvalues  can  be  assigned,  due  to  the  limitation  of  the 
number  of  measurements  or  the  actuator,  the  remaining  eigenvalues  are  not 
guaranteed  to  remain  stable.  For  this  example,  two  residual  modes  became 
unstable.  Further  research  is  needed  to  alleviate  the  stability  problem  for 
direct  output  feedback. 

€.  Concluding  Remarks 

Zn  this  paper,  a  novel  algorithm  using  real  arithmetic  is  presented  for 
eigenvalue  placement  using  Singular  Value  Decomposition  (SVD)  for  state  or  output 
feedback.  By  using  the  orthogonal  basis  generated  by  SVD,  to  span  the  subspace  of 
eigenvectors  satisfying  desired  eigenvalue,  the  optimal  set  of  eigenvectors  can  be 


written  down  easily  provided  the  optimum  unitary  matrix  is  known  apriori.  For 
eases  where  the  number  of  eigenvalues  to  be  assigned  is  less  than  the  order  of  the 
system,  low  eigenvalue  sensitivity  and  small  control  gains  can  be  obtained  by 
carefully  selecting  the  desired  eigenvector  set  via  the  orthogonal  projection 
correlation  criteria.  Numerical  examples  provide  some  indication  of  the 
simplicity  and  usefulness  of  the  approach  and  in  particular,  the  advantage  of 
using  the  open-loop  eigenvector  matrix  or  its  closest  unitary  matrix  as  the 
desired  eigenvector  statrix.  However,  it  is  clear  that  the  results  outlined  here 
is  by  no  means  complete  and  in  particular,  further  work  is  needed  to  address  the 
stability  problem  related  to  the  unassigned  eigenvalues  for  the  direct  output 
feedback. 
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Aaahtkal  ttpcMOK  lor  ritrotrCMr  Iniialivn  lor  Rcorral  MM»-xcU-«4joini  svstcwtx  using  I  mmdtf  rtfMi>io« 
■ffnorli  hate  aoi  kwn  convclh  dnhtrf  in  artcral  papers  and  books  that  address  Ibis  probit  as  A  common 
mistake  in  srtrral  drvrlopmrnls  on  derising  eigentector  deriialites  (or  its  perturbation  lorms)  bas  been  to  ignore 
(hr  etgratertor  in  guest  ion.  in  thr  rs  pension  o I  its  drrisalitr,  ahhotigh  the  remaining  esgenrectors  (arming  Ike 
basis  are  general!)  non-anhugonal  This  assumption  is  based  upon  explicit  or  implicit  heuristic  arguments  that 
onls  directional  changes  contribute  to  eigentector  sensititlt) .  It  k  sbonn  in  this  paper  that  thr  above  assumption 
and  thr  resulting  etpialions  are  incorrect,  except  lor  the  classical  and  most  cummoal)  encountered  case  oi  a 
selt-ad joint  problem  hating  orthogonal  rtgentcclorv  For  the  non  sell -adjoint  case,  certain  basis  coefficients  in  the 
eigentector  deriialite  expansion  bate  not  been  resolted  correct))  in  the  literature.  A  careful  reexamination  of  the 
eigrmahu-  problem  reteals  that  the  tan  independent  sets  of  nomialiralions  (repaired  lor  unipufl)  tprctfeiag  the 
right  and  Irll  rigenteclors)  can  hr  used  to  unipuelt  determine  thr  basis  coefficients.  Thr  solution  dented  herein 
lor  thr  eigentector  drritalitrs  is  sbonn  to  hate  general!)  noa/rro  projections  onto  all  rigenteclors.  It  is  also 
shonn  that  basis  coefficients  lor  Ml  and  right  eigentector  drritatitrs  are  feinted  bt  a  simple  expression.  A 
numerical  example  is  included  to  demonstrate  thr  present  formulation  lor  eigentector  drritalitrs  with  respect  to  a 
scalar  parameter.  We  also  extend  Nelson's  algebraic  approach  (liar  sell-adjoint  eigenvalue  problems)  to  the 
general  non- srtl-ad joint  problem  and  the  modal  truncation  approach  to  approximate  eigentector  derivatives  lor 
thr  non- veil -adjoint  case. 


Introduction 

THE  usefulness  of  modal  sensitivities  for  analysis  and 
design  of  engineering  systems  is  well  known  Some  specific 
applications  include  identification  of  dynamical  systems,1 
redesign  of  vibratory  systems.*'  '  and  design  of  control  sys¬ 
tems  by  pole  placement  *"  *  In  the  above  algorithms,  eigen¬ 
value  and  eigenvector  derivatives  with  respect  to  design 
parameters  are  often  required.  We  present  here  a  brief  litera¬ 
ture  survey  on  the  development  of  derivative  formulations 
using  modal  expansion  or  algebraic  approaches.  Wilkinson" 
and  Mciroviich"'  present  dear  derivations  of  first-order  per¬ 
turbation  equations  for  a  general  real  matrix.  Wittrick"  de¬ 
rived  the  first  derivatives  of  eigenvalues,  while  Fox  and 
Kapoor1'  extended  these  results  to  include  the  first  derivatives 
of  eigenvectors  for  real  symmetric  systems.  Although  the  first 
general  expressions  for  eigenvalue  and  eigenvector  derivatives 
for  non-self-adjoint  systems  via  modal  expansion  appears  to 
be  given  by  Plaut  and  Husevin.*'  it  is  dear  that  the  work  by 
Rogers14  precedes  the  former  work.  In  particular,  it  appears 
that  Rogers  was  the  first  to  recognize  the  need  for  two  sets  of 
normalization  conditions  for  nonsymmctric  cigensystems;  this 
truth  has  been  largely  ignored  in  subsequent  work,  leading  to 
some  confusion  in  the  literature  on  eigenvector  derivatives.  In 
fairness  lo  t1  ?sc  authors.1'14  their  formulations  are  correct 
but  incomplete.  In  essence,  the  present  paper  provides  the 
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completion  of  their  developments.  Additionally,  wc  present  a 
new  relationship  between  left  and  right  eigenvector  deriva¬ 
tives. 

The  above-mentioned  methods  all  utilize  the  modal  ap¬ 
proach  for  computing  eigenvector  derivatives  For  extremely 
large  systems,  these  approaches  may  not  be  very  desirable 
Dvring  the  last  decade,  several  “algebraic"  methods1'1*'  have 
emerged  for  computing  eigenvector  derivatives:  these  require 
only  the  knowledge  of  the  eigenvector  being  differentiated 
However,  these  algebraic  methods  require  the  solution  of 
auxiliary  sets  of  linear  equations  that  may  be  ill-coMdiuoncd. 
thus  requiring  careful  attention  from  the  user.  An  improved 
modal  mcihrd11  has  also  been  developed  for  the  self-adjoint 
generalized  cigcnproblcm  in  structural  dynamics.  Several 
methods  of  computing  eigenvector  derivatives  base  also  been 
reported  recently  by  Sutters  ct  al.1*  They  conclude  that  the 
improved  modal  method11  is  competitive  with  Nelson's  alge¬ 
braic  method1'  vis-a-vis  efficiency  for  many  applications.  A 
recent  paper  by  Adclman  and  Haftka1*  discusses  additional 
literature  on  eigenvector  derivatives.  .  _  _  ,  . 

_ _ _ _ _ TVi't^'ro'tvd  t  C  - 

Hove  “ 
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Numerical  Example  ’  TJ  T  cent? 
We  demonstrate  here,  using  a  (5  X  5)  real  matrix,  the  calcu¬ 
lation  of  right  and  left  eigenvector  derivatives  with  respect  to 
a  single  parameter.  The  randomly  chosen  matrix  is 


I  om 

liwoJi 


V 


*(P)“ 


1.7 

3.2 

4. 

2. 

“1. 

3.6 

J 

(2  +  P) 

-.9 

.1 

1.7 

0 

“3.5 

9.4 

2.9 

-.6 

2. 

5. 

0 

-.3 

0 

-3.9 

12 

-4.5 

1.1. 

where  p  is  the  scalar  parameter  appearing  linearly  only  in 
location  (2.3)  of  matrix  A.  The  nominal  matrix  was  chosen  as 
the  above  matrix  A  when  p  -  0.  It  follows  that  the  partial 
derivative  of  A  with  respect  lo  p  is  zero  except  at  location 
(2. 3)  where  it  equals  unity. 
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.  The  toniail  right  and  left  eigenvalue  problems  of  Eqs.  (1) 
and  (2)  were  solved  and  the  eigenvectors  normalized  by  Eqs. 
(12)  aad  (13)  to  unity.  By  using  the  above  normalized  nominal 
eigenvectors,  the  right  eigenvector  derivatives  were  computed 
using  Eqs.  (16-18)  and  the'  left  eigenvector  derivatives  using 
Eqs.  (19),  (20),  and  (22).  Furthermore,  the  right  and  left 
eigenvector  derivatives  were  computed  for  two  cases,  namely. 

“with"  {«„d0. T„*0, r-1 . S)  and  “without" 

0.  Y„  “ 0, i 1 . 5)  the  diagonal  terms  in  the  eigenvector 

expansion  equations  (16)  and  (19). 

To  provide  a  bans  for  comparison,  the  above-computed 
eigenvector  derivatives  are  compared  to  each  other  and  to 
eigenvector  derivatives  computed  using  finite  differences.  The 
ilh  finite-difference  eigenvector  derivatives  arc  computed  as 


*,(»)-*,  (ft.) 


where  Ap  -  p  -  ft,. 

Since  the  accuracy  of  the  above  approximation  depends  on 
the  choice  of  the  finite  step  size  Ap,  a  graph  of  normalized 
error  (10'”  corresponds  approximately  to  n-digil  accuracy) 
inclined  in  eigenvector  derivatives  computed  by  finite  differ¬ 
encing  was  plotted  with  respect  to  step  size  as  shown  in  Fig.  1. 
It  can  be  seen  from  the  figure  that  the  “optimum"  step  size  for 
computing  the  finite-difference  derivative  is  about  Ap  ■  0.3  x 
10  5  and  the  finite-difference  derivative  and  the  derivative 
computed  by  the  formula  “with"  diagonal  terms  conelate  to 
within  six  decimal  places.  The  finite-difference  derivatives  can 
be  calculated  to  five  or  better  digits  for  Ap  in  the  interval 
10  1  <  Ap  <  10'4.  From  the  other  experiments,  depending 
upon  the  local  behavior  of  the  eigenvectors  and  machine  word 
length,  we  can  usually  use  this  experimental  approach  to  find 
a  Ap  range  giving  five-to-six  digit  confirmation  of  Eqs. 
(16-22).  Of  course,  the  importance  of  the  analytical  partial 
derivatives  lies  in  the  fact  that  we  do  not  require  the  finite- 


difference  approximation  and  its  associated  numerical  pitfalls 
and  experimentation. 

Table  1  shows  the  right  and  left  eigenvector  derivatives 
computed  in  three  different  ways,  namely,  “without"  diagonal 
terms,  “with"  diagonal  terms,  and  by  finite  difference  with 
step  size  0.3  x  10  .  ft  can  be  concluded  that  the  eigenvector 
derivatives  computed  using  the  formula  “with"  diagonal  terms 
shows  very  accurate  agreement  (identical,  to  within  small 
errors  in  the  sixth  digit)  with  the  optimized  finite-difference 
approximations.  The  errors  between  the  finite-difference  re¬ 
sults  and  the  “without"  results  are  essentially  the  missing 
diagonal  terms;  these  frequently  occur  in  the  second  and  third 
digits.  Furthermore,  neglecting  the  diagonal  terms  in  the  ei¬ 
genvector  derivative  calculation  often  leads  to  serious  errors, 
as  is  evident  in  Table  1.  In  summary,  the  first-order  change  in 
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Right 
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0.0000 
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0.0000 
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0.0271 

-0.0221  -0.0271 
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0.0000 
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0.0000 
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00000 
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00000 
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00000 
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-0  0639 

0.0000 
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00000 
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00000 
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0.0000 
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0.0037  0  0944 
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0.0000 
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0.0000 
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0.0000 
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0  0000 

0.0(X 

00000 
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00000 
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tan  eigenvector  hat  a  nonzero  projection  onto  the  eigenvector, 

_ for  non-sclf-adioint  systems  . 

The  pretent  paper  it  most  concerned  with  the  correction  of 
an  assumption  made  in  several  completed  derivations  ot  equa¬ 
tions  for  the  eigenvector  derivatives  (e.g,  at  found  in  Reft.  9, 
10.  and  30)  and  resolving  an  indcterminancy  remaining  in 
Ref.  13.  A  careful  re-examination  of  the  role  played  by  the 
normalizations  and  biorthogonality  conditions  for  a  general 
ntm-teU- adjoint  eigenvalue  problem  leads  to  a  unique  gener¬ 
alization  and  correction  of  equations  for  eigenvector  deriva¬ 
tives  derived  in  the  previous  papers  and  books  cited. 

Additionally.  Nelson's  algebraic  method15  it  extended  for 
computing  both  the  right  and  left  eigenvector  derivatives 
Finally,  the  improved  modal  method1*  is  extended  to  the 
general  (non-self-adjoint)  eigenvalue  problem. 

The  Eigenvalue  Problem 

We  begin  by  reviewing  familiar  results  for  the  non-sclf- 
adjoint  eigenvalue  problem.  Let  us  write  the  right  and  left 
eigenvalue  problems  as 

Right:  AXj-A,*,,  7-1 . n  (1) 

Left:  y.’d  -  A,,’.  /-I . n  (2) 

where  A  is  a  nondcfcctivc  ax  a  real  matrix,  a,  and  t;  the 
7th  nxl  complex-valued  eigenvectors,  and  A,  a  generally 
complex  eigenvalue  of  A. 

Premultiplying  Eq.  (I)  by  yj  and  postmulliplying  Eq  (2)  by 
x,.  we  gel 


*7  Ax,  -  A,  t.'x, 

(3) 

i,t4a(  -  A ,vjx, 

(<) 

By  subtracting  Eq  (4)  from  Eq  (3).  wc  get 

0 

(5) 

Restricting  ourselves  to  the  class  of  problems  where  the  eigen¬ 
values  arc  distinct,  Eq  (3)  leads  to  the  biorthogonality  prop¬ 
erty 

yjxt  -  0.  i+j 

(6) 

For  i  -  j.  the  left  and  right  eigenvectors  can  be  normalized 
such  that 

(7) 

From  the  above  equations,  it  it  apparent  that  after  solving  the 
right  eigenvalue  problem  and  imposing  arbitrary  normaliza¬ 
tions  on  the  columns  x)  of  X,  we  still  need  to  choose  S  (i.e., 
the  second  set  of  a  normalization  constants)  to  solve  for  Y 
from  Eq  (10)  uniquely.  (Incidentally,  we  note  that  Eq.  (11)  of 
Ref.  14,  supposedly  providing  an  expression  for  an  incomplete 
set  of  left  eigenvectors  from  a  corresponding  aet  of  right 
eigenvectors,  requires  the  inversion  of  a  singular  matrix’  It  is 
clear  that  the  solution  in  Ref.  14.  for  the  incomplete  set  case, 
is  nonunique.]  Similarly,  if  the  left  eigenvalue  problem  were 
solved  instead,  then  X  is  computed  from  Eq.  (11).  In  other 
words,  the  two  sets  of  eigenvectors,  X  and  V,  require  two 
independent,  arbitrary  sets  of  normalizations  for  their  unique 
representations.  We  stress  here  the  fact  thai  simply  requiring 
that  S  -  /,  as  is  common  practice,  does  not  uniquely  scale  X 
and  V  for  non-self-adjoint  systems.  Henceforth,  we  let  the  two 
sets  of  normalizations  be  represented  by 


r  —  l,...,n 

(12) 

1—1 . s 

(»> 

where  /,  and  (-1 . a,  are  fixed  normalization  con¬ 

stants  Wc  note  above  that  Eq  (12)  amounts  to  a  generaliza¬ 
tion  of  the  normalization  approach  of  Ref.  14  where  the 
element  corresponding  to  a  displacement  coordinate  with  the 
largest  modulus  is  set  to  unity. 


Eigenvalue  Derivatives 

For  completeness,  wc  rederive  the  eigenvalue  derivatives 
with  respect  to  a  scalar  parameter  p.  First,  we  take  partial 
derivatives  of  Eq.  (1)  to  get 


BA  9x,  3X.  dx. 


Wc  then  premultiply  the  above  equation  by  yj  to  obtain 


.  BA  .  dx,  9 A,  , 

y>  \  4 >7( A~\t)~sim  s^yJxi 


so  that  by  Eq.  (2),  the  eigenvalue  derivative  expression  takes 
the  form 


(15) 


where  r,  represents  chosen  normalization  constants,  com¬ 
monly  set  to  unity.  At  this  point,  we  note  the  fact  that 
biorthogonality  of  Eq  (6)  is  a  property  of  the  eigensystem  and 
is  independent  of  whatever  a  priori  normalizations  (of  x,  or 
yt)  have  been  imposed,  which  are  also  arbitrary. 

In  matrix  notation.  Eqs.  (4),  (6).  and  (7)  can  be  written  as 
the  pair  of  matrix  equations 

YrAX-SA  (*) 

YrX-S  (9) 

where  5-diag(s, . s„).  A-diag(A, . A.),  and  X.  Y 

are  n  X  n  right  and  left  modal  matrices  (containing  xy  and  i,. 

respectively,  as  columns).  Note  that  from  Eq.  (9).  we  could 
solve  for  X  ot  Y  since 

y-(jr')r$  (io) 

*-(r')Ts  (ii) 


where  r,  is  the  jth  normalization  constant  chosen  in  Eq.  (13). 

Eigenvector  Derivatives 

Here,  we  derive  an  expression  for  eigenvector  derivatives 
along  the  lines  of  Ref.  13  by  using  {xt,. as  basis 
vectors, 

JT  m  L  •„*,  (16) 

P  7-t 

Since  the  eigenvalues  were  assumed  distinct,  this  always  leads 
to  a  set  of  n  eigenvectors  that  are  linearly  independent  and 
that  may  be  used  as  a  set  of  basis  vectors  for  spanning  the 
complex  "-dimensional  space.  To  obtain  expansion  coeffi¬ 
cients  «  ,  1,7-1 . a,  we  begin  by  substituting  Eq.  (16) 

into  Eq.  (14)  and  premultiply  by  yj  to  get 

y!%*. 4  L-.AA  -  4  KL  *„>!*, 
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and  by  uaing  bionhogonality  conditions,  we  obtain  Eq  (13).  we  get 


..  .  .  f  f  fdA 

(K  -  K) i  -  -j^x, 


9yJ  ,  T  9x, 


IF3 


-o 
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Since  A  was  assumed  to  have  distinct  eigenvalues,  we  can 
solve  for  as 

l*'  (,7) 


We  note  (bat,  for  computational  efficiency,  the  matrix-vector 
multiplication  required  in  Eq  (IS)  could  be  stored  for  use  in 
Eq.  (17).  For  the  case  of  i»l,  o„  can  be  computed  from  the 
normalization  condition  of  Eq  (12).  By  taking  its  partial 
derivatives  and  using  Eq.  (16).  we  find 


and  by  using  the  expansions  of  Eqs.  (16)  and  (19) 

m  m 

I  v»>.+xT  L 

>-l  y-l 

x,yj*. +  m  o 

r„-  (22) 

From  Eqs  (21)  and  (22).  we  observe  the  nice  relationship 
between  the  left  and  right  eigenvector  derivative  expansion 
coefficients. 


0 


SI 


*„*?*.+  I! 


j- 1 


Q  r^jf  »  A 


which  leads  to  the  expression 


frl — I-]r  (23) 

provided,  of  course,  that  the  normalization  constants  sk  are 
chosen  to  have  the  same  values.  The  significance  of  Eq.  (23)  is 
clear:  the  left  and  right  eigenvector  derivatives  map  into  each 
other  uniquely. 

The  above  procedure  can  be  extended  to  the  generalized 
eigenvalue  problem  of  the  form 


1  f  , 

-  T  L  *,j*,*, 


(18) 


j •• 


Ax,  -  k,Bx, 

Ary,  -  k,BJy,  I  “  1 . n 


where  /,  is  the  ith  normalization  constant  chosen  in  Eq  (12). 
It  can  be  deduced  from  Eq.  (18)  that  the  diagonal  terms  <■„ 
become  identically  zero  if:  1 )  matrix  A  has  orthogonal  eigen¬ 
vectors  (for  example,  A  is  real  and  symmetric)  or  2)  the  ith 
eigenvector  is  insensitive  with  respect  to  a  particular  parame¬ 
ter  except  in  the  /  th  eigenvector  direction.  We  also  observe 
from  Eqs.  (17)  and  (18)  that  the  off-diagonal  and  diagonal 
coefficients  o,,  and  a„  depend  on  the  normalization  con¬ 
stants  rt  and  /,  respectively. 

To  obtain  left  eigenvector  derivatives,  we  similarly  let 


By  taking  partial  derivatives  of  Eq.  (2).  substituting  Eq.  (19), 
and  postmultiplying  by  xt ,  we  obtain 


r'  7. .  r  9  A  9k,  j-  .  n  f 

L  y.,y;A*i+y;-s:*r  -  ttA  +  KL  v>)  ** 

t-i  F  p  /-i 


By  using  Eqs.  (1)  and  (6),  we  get 


dA  9k 

-  r,iKyI*i  *yJ- -  -gjy?x » +  \ur!xi 

(K  -  k,)y,ly[xl  -  -yj^g~*i 


(20) 


By  comparing  Eqs.  (17)  and  (20),  we  observe  the  antisymmet¬ 
ric  property 

T,c*-«c,.  (21) 

For  k  -  i,  y„  and  a„  are  related  through  the  normalization 
relation  of  Eq  (13).  Thus,  by  taking  the  partial  derivative  of 


with  hiorthogonality  and  normalizations 

ylB  x,  -  l,t .  /  .  A  —  1 . « 

x?Bx,~  1.  i-1 . n 

After  some  algebra  analogous  to  the  above  developments,  it 
can  be  shown  that  the  eigenvalue  and  eigenvector  derivatives 
lake  the  form 


,  T I  9A  .  9B\ 


dk 

9x,  i  9y,  f 

•  Tir  *  2_  Tin 

K  1-)  H  i-I 


where 


r(a/<  9k,  B  9B\ 

r‘[-K-SFB'X'-St)x-  ... 

(A,-AJ  •  •** 


1 


T(  9 A  9k  9B\ 

>'[s;--sfb'x‘-k)x' 

* - 

t9B  .  , 


(25) 


It  is  interesting  to  note  that  for  the  special  case  where  A 
and  B  are  real  and  symmetric,  the  eigenvector  derivative 
coefficients  reduce,  as  a  consequence  of  orthogonality,  to  the 
forms  originally  derived  in  Ref.  12.  Furthermore,  if  B  is  in 
addition  constant  (with  respect  to  p's  variation)— for  exam- 
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pk,  the  standard  symmetric  eigenvalue  problem  where  B-/ 
— then  the  diagonal  coefficients  vanish  and  this  conforms  to 
the  standard  symmetric  case  found  in  Refs.  9  and  10.  How¬ 
ever,  if  A  is  nonsymmetric,  the  eigenvectors  are  not  generally 
orthogonal  and  the  diagonal  coefficients  from  Eqs.  (34)  and 
(25)  arc  dearly  nonzero,  even  when  B  is  a  constant.  This 
crucial  result  directly  contradicts  the  reasoning  in  Ref.  20 
where  the  diagonal  coefficients  are  noted  to  be  “arbitrary” 
and  hence  the  “most  convenient”  choice  is  zero,  which  is 
dearly  in  error!  This  result  is  also  interesting  in  the  context  of 
a  first-order  eigenvector  perturbation  analysts  since  it  implies 
that,  in  the  modal  expansion  of  a  particular  eigenvector,  the 
contribution  of  the  change  in  the  eigenvector  in  the  same 
direction  cannot  be  assumed  zero  in  general  for  non- self- 
adjoint  problems,  as  dooe  commonly,  for  example  in  Ref.  10, 
but  subsequently  corrected  in  Ref.  22. 

An  Improved  Modal  Method 

Equation  (16)  for  eigenvector  derivatives  requires  the 
knowledge  of  all  a  eigenvectors.  For  large  systems,  only  the 
lowest  L  pairs  of  cigensolutions  may  be  computed  accurately, 
where  L««.ls  this  case,  an  improved  modal  method,  analo¬ 
gous  to  the  modal  truncation  method  reported  in  Ref.  17,  can 
be  derived,  provided  matrix  [A]  is  nonsingular. 

Rewrite  Eq.  (16)  as 

4jr  -  •<<*< + *.  (26) 

where 

(27) 

i- 1 

Using  Eq.  (24).  Eq.  (27)  can  be  written  as 


and  we  have  assumed  that  i  s  L.  If  the  eigenvalues  are  num¬ 
bered  according  to  their  magnitude  in  ascending  order,  then 
for  the  class  of  problems  with  a  large  frequency  gap  is 

fo rj>L 

It  is  dear  that  the  above  approximation  is  very  accurate  lor 
j»  l~  Thus,  Eq.  (28)  can  be  written,  letting  z,  be  approxi¬ 
mated  by  I,,  as 


which  can  be  rewritten  as 


The  biorthogonality  conditions  can  be  written  in  matrix 
form  as 

mrMl*l-lAj  (32) 

or 

m-w-anT'-iA]- 

Thus, 

Mr-miArirr  (33) 

or 

(34) 

y-l  > 

Using  the  spectral  decomposition  of  Eq.  (34),  the  second 
summation  on  the  right-hand  side  of  Eq.  (31)  becomes  ~A~'F, 
and  Eq.  (31)  can  be  written  as 


We  note  that  the  A~lF,  term  in  Eq.  (35)  approximates  the 
effect  of  higher-order  modal  components  on  eigenvector  de¬ 
rivatives  of  lower-order  modes.  Presumably,  for  many  cases, 
this  approximation  is  more  accurate  than  an  initial  expansion 
involving  only  the  first  L  inodes.  Now  the  modal  representa¬ 
tion  of  eigenvector  derivative  can  be  approximated  as 

(36) 

where  fi„  can  be  computed  by  requiring 


which  leads  to 

•«-“?(  *T  if  *. +  J  (37) 

For  the  class  of  problems  that  satisfy  the  previously  men¬ 
tioned  frequency  conditions,  the  modal  approximation  of  Eq. 
(36)  may  represent  a  significant  improvement  over  Eq.  (16). 
vis-a-vis  computation,  and  often  provides  acceptable  preci¬ 
sion.  For  problems  without  well-separated  eigenvalues,  similar 
approximations  can  be  developed  with  the  summation  of  Eq. 
(16)  truncated  after  a  few  terms. 

For  self-adjoint  eigenvalue  problems  in  structural  dynamics, 
this  improved  modal  approximation  approach  has  been  dem¬ 
onstrated  to  be  efficient  and  accurate.11  Similarly,  the  deriva¬ 
tives  of  the  left  eigenvectors  can  be  computed  using  the 
following  improved  modal  approximation: 

+  *.  (3®) 


where 


/•> 
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m 


9a  n, 


am 

r„  “  -yj  tt  *,  -  *„  -  57**,  -  j7*s, 


and  x,  u  liven  b>  Eq  (25). 


(40) 

(41) 


Algebraic  Method  for  Computing 
Eigenvector  Derivatives 

Nelson”  has  proposed  an  algebraic  method  for  computing 
eigenvector  derivatives.  In  this  formulation,  the  only  informa¬ 
tion  needed  is  the  eigenvector  being  differrntiaicd  Following 
the  approach  used  in  Ref.  IS.  we  summarize  equations  for 
computing  Bx,/Bp  and  By, /ip. 

Right  eigenvector: 


(42) 

where  1 ",  is  the  solution  of 

(45) 

and  where  2  is  matrix  2  with  the  rth  column  and  rth  row 
replaced  by  t,  and  ef.  respectively;  r ,  is  a  vector  containing 
one  in  element  r  and  zeroes  elsew  here.  7.-  A  -1,1.  f,  is 
vector  F,  with  the  rth  row  replaced  bv  0.  F,  is  given  hv  Eq. 
I2»l.  and 

~?[x*l/pXi*  V'B*‘ 4  x'Bl- 

)  (44) 

Left  eigenvector: 

fr, 

-T..V.4  I*. 

(45) 

where  1'  is  the  solution  of 

Nt 

1 

1 

CH 

(4fi) 

2T  -  matrix  2r,  with  rth  column  and  rthrow  replaced  by  e, 
and  r,T.  respectively;  G,-(B/Bp)(2T)y„  G,  is  vector  G,  with 
the  rth  row  replaced  by  a  row  of  zeros,  and 


x  -  -yJji*'  **••-  KBx<~y?By*  (4i) 

In  the  above  formulation,  the  value  r  is  chosen  to  corre¬ 
spond  to  the  maximum  component  of  x,  (or  j,)  in  order  to 
achieve  computational  robustness. 

Using  the  above  formulations,  the  eigenvector  derivatives 
can  be  computed  using  only  the  eigenvector  of  interest  to¬ 
gether  with  some  algebraic  manipulations.  The  success  of  this 
method  hinges  on  the  existence  of  a  well-conditioned  noosin- 
gular  2.  A  more  general  algebraic  method,  which  eliminates 
this  restriction,  has  been  reported  by  Chen  and  Wei.1*  Their 
formulation  is  based  upon  the  matrix  decomposition  and 
generalized  inverse  techniques. 

The  present  approach  can  be  extended  to  the  case  of 
repeated  eigenvalues.  This  has  already  been  done  for  self- 
adjoint  systems  by  Ojalvo.11  In  the  next  section,  we  present  a 
numerical  example  to  demonstrate  the  errors  incurred  in 
neglecting  the  diagonal  terms  in  the  evaluation  of  eigen¬ 
vector  derivatives  via  modal  expansion  for  a  non-self-adjoint 
problem. 
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^  ^  ***«■ 

Umdmiom  ro*g,.&a^ 

We  have  highlighted  the  need  for  two  independent  sets  of 
normalizations  to  uniquely  define  the  right  and  left  eigenvec¬ 
tor  sets.  This  is  crucial  in  the  complete  formulation  of  eigen¬ 
vector  derivatives  via  modal  expansion  In  addition,  a  «««» 
equation  relating  left  and  right  eigenvector  derivative  expan¬ 
sion  coefficients  is  given.  We  have  also  demonstrated  beyond 
any  doubt  that  the  first-order  change  in  an  eigenvector  has  a 
generally  nonzero  projection  onto  the  eigenvector,  for  non- 
self-adjoint  systems. 

For  many  nan-self-adjoint  systems  (encountered  commonly, 
for  example,  in  linear  control  theory),  the  matrices  are  fully 
populated.  The  consequence  is  that  algebraic  methods  that 
take  advantage  of  the  handedness  patterns  of  the. matrices 
become  leu  attractive  than  modal  expansion  methods,  where 
solutions  of  auxiliary  linear  equations  are  not  needed  other 
than  solution  of  the  eigenvalue  problem  itself.  Additionally, 
since  no  auxiliary  linear  equations  need  10  he  solved,  the 
associated  possibility  of  rank  deficiency  is  avoided.  On  the 
other  hand,  the  theoretical  problem  of  requiring  "air*  eigen¬ 
vectors  in  modal  expansion  methods  may  turn  out  in  many 
applications  not  to  pose  a  practical  difficulty 

These  latter  issues  cannot  be  resolved  completely  on  the 
basis  of  analytical  arguments.  Their  resolution  requires 
numerical  analysis  in  the  context  of  particular  applications. 
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Probability  of  Stability:  New 
Measures  of  Stability  Robustness 
for  Linear  Dynamical  Systems 


K.  B.  Lim1  and  J.  L.  Junkins2 


Abstract 

The  problem  of  quantifying  stability  robustness  due  to  parameter  perturbations  is  addressed. 
A  judiciously  weighted  eigenvalue  sensitivity  index  is  proposed  for  use  in  stability  robustness 
optimization  problems.  A  new  stochastic  measure  of  stability  robustness  suitable  for  structured 
perturbations  is  proposed.  As  a  special  case  of  this  new  measure,  a  set  of  weights  reflecting 
stability  margins  of  individual  modes  and  probability  distributions  of  uncertain  parameters  arc 
obtained.  In  addition,  matrix  theory  is  used  to  establish  some  connections  between  the  eigen¬ 
value  sensitivity  matrix,  eigenvalue  perturbations,  and  associated  cost  functions  of  the  system 
sensitivity. 

Introduction 

This  paper  is  motivated  by  our  desire  to  explore  the  significance  of  the  eigenvalue 
sensitivity  measures  and  their  associated  weights  with  respect  to  stability  robustness 
under  parameter  perturbations.  Robustness  measures  are  important  in  many  engineer¬ 
ing  design  problems  wherein  an  uncertain  mathematical  model  is  used  and  a  design 
goal  is  to  minimize  the  .sensitivity  of  some  a  priori  specified  performance  measure 
with  respect  to  a  selected  set  of  uncertain  parameters.  In  particular,  we  consider  here 
the  sensitivity  and  stability  margins  of  closed  loop  eigenvalues  which  have  been  rec¬ 
ognized  as  important  elements  in  the  design  of  a  class  of  linear  feedback  control  sys¬ 
tems  (1-3].  In  this  paper,  the  word  “robustness”  is  used  in  the  broad  sense  of 
susceptibility  of  a  defined  property  of  a  mathematical  model  with  respect  to  igno¬ 
rance  of  the  actual  system  represented  by  our  model. 

For  the  purpose  of  discussion  in  this  paper,  we  define  two  types  of  uncertainties. 
“Structured”  uncertainty  includes  those  variations  in  a  model  of  correct  mathematical 
form  which  are  a  consequence  of  uncertainty  of  the  numerical  values  assigned  to  the 
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physical  parameters  (e.g.,  those  specifying  geometry,  mass,  stiffness,  damping,  etc.). 
Structured  variations  preserve  many  features  of  a  mathematical  model  (e.g.,  sparsity 
patterns  of  system  model  matrices)  and  distribute  a  given  parametric  uncertainty  con¬ 
sistent  with  the  local  sensitivity  of  the  mathematical  model  to  that  uncertain 
parameter.  “Unstructured"  certainty,  on  die  other  hand,  essentially  discards  the  physi¬ 
cal  modeling  process  and  adopts  the  elements  of  the  differential  equation  or  transfer 
function  system's  matrices  as  the  fundamental  mathematical  model.  This  approach 
considers  independent  unconstrained  variations  of  these  matrix  elements  instead  of 
die  more  fundamental  and  usually  fewer  parameters  in  a  well  conceived  mathematical 
model.  Because  the  unstructured  uncertainty  variations  do  not  enforce  physical 
modelling  assumptions,  this  approach  usually  gives  rise  to  heavily  redundant  and 
physically  impossible  variations.  In  the  sense  that  the  unstructured  variations  do  not 
generally  correspond  to  unique  physical  parameters  for  the  plant,  the  variations  may 
not  be  physically  possible.  On  the  other  hand,  if  “the  physics"  are  very  poorly  under¬ 
stood,  the  unstructured  approach  may  prove  appropriate.  With  the  possible  exception 
of  errors  incurred  by  finite  word  length  of  a  digital  computer,  most  perturbations  that 
are  of  practical  interest  in  the  design  of  control  systems  for  flexible  structures  are 
usually  highly  structured.  As  a  consequence,  the  need  for  robustness  measures  spe¬ 
cially  tailored  for  structured  perturbations  is  apparent.  In  this  context,  the  present 
paper  addresses  the  structured  perturbation  case  by  analyzing  a  weighted  and  normal¬ 
ized  eigenvalue  sensitivity  matrix  as  a  robustness  index  along  with  a  physically 
meaningful  set  of  weights. 

^Although  both  eigenvalues  and  eigenvectors  determine  the  total  transient  response 
of  linear  systems,  eigenvalue  location  completely  determines  the  absolute  and  relative 
stability  of  a  system.  Hence,  only  eigenvalue  sensitivity  will  be  considered  in  the  fol¬ 
lowing  discussions.  However,  the  two  are  closely  related  because  the  eigenvector  set 
collectively  dictates  eigenvalue  sensitivity  as  clearly  evident  from  13). 

The  main  result  of  this  paper  is  the  development  of  a  new  measure  for  stability  ro¬ 
bustness  under  structured  perturbations.  The  structured  perturbations  are  modelled 
from  a  probabilistic  perspective  and  the  condition  of  asymptotic  stability  is  taken  as  a 
well  defined  event.  This  approach  leads  to  a  probabilistic  measure  of  stability  robust¬ 
ness  (“probability  of  stability”),  defined  herein  as  the  probability  of  all  eigenvalues 
remaining  on  the  left  hand  side  of  the  imaginary  axis  in  eigenspace.  It  is  an  obvious 
qualitative  truth  that  we  should  seek  designs  which  have  a  high  “probability  of  stabil¬ 
ity”  in  the  presence  of  structured  plant  variations.  It  is  seen  that  under  certain  physi¬ 
cally  reasonable  assumptions,  the  probability  of  stability  expression  reduces  to  a 
simple  form.  Interestingly,  the  idealized  form  is  shown  equivalent  to  a  heuristically 
motivated  quadratic  measure  of  eigenvalue  sensitivity  and  in  addition,  a  particular  set 
of  weights  results  which  physically  reflects  the  uncertainty  structure  and  the  relative 
stability  margins  of  individual  modes. 

The  outline  of  this  paper  is  as  follows:  The  next  section  motivates  and  discusses 
the  minimization  of  a  direct  measure  of  weighted  eigenvalue  sensitivity  with  respect 
to  uncertain  parameters.  An  intuitively  attractive  set  of  weights  are  suggested  for  use 
in  eigenvalue  sensitivity  optimization  applications.  The  most  direct  measure  of  a 
weighted  sum  square  of  eigenvalue  sensitivity  introduced  in  the  earlier  section  is  re¬ 
examined  in  the  third  section  from  the  perspective  of  matrix  operator  norm  theory. 
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wherein  the  sensitivity  matrix  is  considered  as  a  typical  linear  transformation  matrix 
which  maps  a  vector  of  parameter  perturbations  into  eigenvalue  perturbations.  As  a 
result,  a  matrix  norm  of  a  weighted  eigenvalue  sensitivity  matrix  is  suggested  for  use 
as  an  index  of  overall  sensitivity.  The  third  section  also  provides  some  connection 
between  the  sensitivity  measures  introduced  in  the  second  and  third  sections.  The 
main  result  of  this  paper  is  then  presented  in  the  fourth  section.  A  new  probabilistic 
definition  of  stability  robustness  is  introduced  and  under  reasonable  assumptions  the 
new  robustness  measure  is  shown  to  be  closely  related  to  the  measure  of  eigenvalue 
sensitivity  introduced  earlier. 


Eigenvalue  Sensitivity  Optimization 

For  a  general  nth  order  linear  time  invariant  system  with  l  parameters  considered 
uncertain,  we  assume  that  we  have  available  a  matrix  of  (n  x  t)  partial  derivatives 
representing  the  sensitivities  of  every  computed  eigenvalue  with  respect  to  a  set  of  l 
uncertain  parameters  |4].  For  the  present  discussion,  ignore  model  truncation  issues 
wherein  the  higher  frequency  computed  eigenvalues  and  eigenvectors  arc  poor  ap¬ 
proximations  of  the  physical  system.  Consider  the  minimization  of  a  weighted  norm 
of  the  eigenvalue  sensitivity  matrix  with  respect  to  a  set  of  design  variables.  For  the 
purpose  of  formulating  a  mathematical  programming  problem,  a  scalar  index  which 
captures  the  overall  sensitivity  is  desirable.  One  such  direct  measure  of  eigenvalue 
sensitivity  is 


where  is  a  nonnegative  weighting  factor  associated  with  the  sensitivity  of  the  /th 
eigenvalue,  A,,  with  respect  to  the  yth  parameter,  pr  By  definition,  the  minimum  / 
could  take  is  zero.  For  purposes  of  establishing  algorithms  for  direct  minimization, 
equation  (1)  can  be  linearized  about  a  nominal  design  point.  p\  to  obtain 

Ap)  *  Apr )  +  2'ZSJ(pr)ApJ  +  0(Ap*)  (2) 


where  the  sensitivity  is 


m-i  | -[«.{(§)'  (&)}  -  du  ISHtj]  <» 


with  p  -  pr  +  Ap  and  represents  complex  conjugate.  We  recommend,  as  one 
good  choice  for  weights,  the  following  ratio: 


where  <r*4  is  an  estimate  of  the  variance  of  pk.  This  choice  is  implicit  in  equation  (3). 
In  an  optimization  setting  we  have  the  choice  of  using  some  nominal  A’s  to  compute 
constant  weights,  or  allowing  the  >v4  to  vary  as  the  A,  change.  The  latter  (locally  vari¬ 
able)  weighting  procedure  is  more  general  and  is  recommended.  Notice  this  weight 
choice  emphasizes  sensitivity  of  the  least  stable  eigenvalues  with  respect  to  the  most 
uncertain  parameters.  In  the  next  section,  an  alternative  probabilistic  justification  for 
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*  equations  (1)  and  (4)  is  given.  Reference  [5]  demonstrates  the  feasibility  of  using  the 
above  linearized  index  of  sensitivity  to  attain  a  local  minimum  sensitivity  configura¬ 
tion  while  simultaneously  placing  eigenvalues,  for  a  numerical  example  involving  a 
significant  dimension  model  (twentieth  order  with  fifty-five  design  variables). 

The  measure  of  eigenvalue  sensitivity  as  given  in  equation  (1)  is  limited  from  both 
application  and  theoretical  viewpoints.  First,  there  is  the  possibility  of  uncertain 
parameters  that  differ  vastly  in  terms  of  units  or  orders  of  magnitudes.  This  leads  to 
some  difficulty  in  the  selection  of  weights  to  capture  the  overall  sensitivity;  hence  the 
recommendation  of  a  set  of  weights  as  given  in  equation  (4).  We  note  the  nontrivial 
requirement  for  (n  x  ()  weights.  Although  a  good  knowledge  of  the  relative  weights 
for  the  eigenvalue  set  and  the  parameters  set  independently  can  be  expected,  their 
coupling  effects  are  sometimes  difficult  to  anticipate.  A  second  possible  limitation  of 
equation  (1)  is  the  lack  of  a  directly  quantifiable  interpretation  of  the  numerical  value 
of  the  cost  function.  This  observation  follows  from  the  fact  that  the  eigenvalue  sensi¬ 
tivity  matrix  can  be  viewed  as  a  typical  linear  transformation  matrix  whose  properties 
include  a  limit  on  the  size  of  the  output  corresponding  to  a  bounded  input,  i.e.,  an 
operator  norm  of  the  eigenvalue  sensitivity  matrix.  The  next  section  exploits  this  idea 
to  address  the  above  mentioned  limitations. 


Eigenvalue  Perturbations  and  the  Sensitivity  Matrix 

We  examine  closely  the  significance  of  a  matrix  of  eigenvalue  sensitivities  using 
concepts  from  matrix  operator  norm  theory.  We  begin  by  writing  the  linearly  pre¬ 
dicted  changes  in  n-eigenvalues  due  to  small  changes  in  (-parameters  as 

axfl 

’  #  '  dP<\ 


dp, 


C  bp  (6) 

where  C  represents  the  (/?  x  C)  matrix  Jacobian  of  eigenvalue  sensitivities.  Refer¬ 
ence  [41  provides  an  excellent  survey  of  various  techniques  to  compute  eigenvalue 
sensitivity.  Let  us  next  define  a  weighted  vector  norm  of  eigenvalue  change  as 

llAXll"  =  (AXwWAX)'-  (7) 

where  the  weight  matrix  W  can  be  taken  as  a  designer  specified  positive  definite  sym¬ 
metric  matrix  which  weighs  the  sensitivity  of  individual  modes.  As  in  the  previous 
discussion,  we  would  almost  certainly  penalize  heavily  the  marginally  stable  eigen¬ 
values.  Here,  superscript  "H"  represents  Hermitian  transpose.  A  qualitatively  reason¬ 
able  set  of  matrix  elements  to  reflect  stability  margins  in  equation  (7)  is 


ax, 

dp, 

• 

ax. 

dp, 

or 

AX  = 


W„ 


1 


Re(X()  Re(Xy) 


(i.j  =  1 . n) 


(8) 
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We  also  choose  to  normalize  (nondimensionaiize  or  weight)  our  parameter  changes  by 

8,=^  (i-  1 . t)  (9) 

O'. 

n 

where  <rri  represents  the  assumed  standard  deviation  of  the  rth  uncertain  parameter,  or 
in  general,  some  other  appropriate  nondimensionalization  constant,  and  rewrite  equa¬ 
tion  (9)  as  a  linear  transformation 

bp  «  08  (10) 

where 

0  =  diag  {a, . c r„)  (11) 

We  note  that  8  represents  an  C-vector  of  nondimensionalized  (normalized)  parameter 
change.  It  is  clear  from  equation  (9)  that  a  more  uncertain  parameter  corresponds  to  a 
larger  standard  deviation  and  this  in  turn  admits  a  larger  parameter  perturbation,  for 
6T8  =  1. 

By  using  equations  (10)  and  (6),  we  obtain  from  equation  (7)  the  following: 

(||AA|rr  =  bkHWbk 

=  8tQS  (12) 

where 

Q  =  eTCHWCd  (13) 

Since  W  is  assumed  symmetric,  Q  is  hermitian  and  by  Rayleigh's  principle  |6J.  an 
upper  bound  for  the  weighted  eigenvalue  change  from  equation  (12)  is 

dAAff  as  KJQm  (14) 

By  induction,  k^Q)  represents  an  upper  bound  on  the  square  of  weighted  eigen¬ 
value  error  norms,  ||AX|fM,  for  all  normalized  perturbations  8  satisfying 

6t8  <1  (15) 

Investigating  further,  we  note  that  since  W  is  a  symmetric  and  positive  definite  ma¬ 
trix,  it  can  be  decomposed  by  Cholesky  factorization  [6]  to 

W  =  LLt  (16) 

where  L  is  a  lower  triangular  matrix.  As  a  result  of  equation  (16),  Q  of  equation  (12) 
can  be  rewritten  as 

Q  =  (LTCe)H(LTC6)  se  0  (17) 

so  that 

88  a(LTCe )  (18) 

where  cr  represents  the  maximum  singular  value.  In  words,  equation  (18)  represents  a 
convenient  scalar  index  for  a  weighted  and  normalized  measure  of  eigenvalue  sensi¬ 
tivity.  For  a  typical  application,  L  and  6  may  be  specified  by  the  designer  while  the 
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elements  of  G  may  be  iteratively  adjusted  to  minimize  the  overall  sensitivity  measure 
in  equation  (18).  Note  the  physical  significance  of  the  L  and  6  terms. 

For  the  special  case  where  W  and  6  are  identity  matrices,  the  above  sensitivity 
measure  reduces  to  the  simple  form 

k^iQ)  =  v(G)  =  ||G||;  (19) 

where  Q .  ||2  denotes  the  matrix  two-norm.  It  should  be  emphasized  here  that  although 
both  equations  (1)  and  (18)  represent  sensitivity  indices,  only  equation  (18)  is  directly 
related  to  a  linearly  predicted  bound  on  weighted  and  normalized  eigenvalue  pertur¬ 
bation.  Note  that  the  above  derivations  are  analogous  to  the  concept  of  matrix  opera¬ 
tor  norms  |6]. 

Next,  we  develop  a  relationship  between  the  cost  functions  in  equations  (1)  and 
(7).  In  the  process  a  connection  between  the  set  of  weights  in  equation  (I)  and  equa¬ 
tion  (12)  is  established. 

We  begin  by  rewriting  equation  (6)  in  the  form 

Ak  =  D  vec (G )  (20) 

where 


By  substituting  equation  (20)  into  equation  (7)  we  obtain 
Ak"WAk  =  {vec(G  )HDTWD  {vec(G )} 

=  {vec(G  )}w[W  <8>  { Ap}  {Ap J7]  {vec(G )}  (24) 

where  the  symbol  denotes  a  Kronecker  product  |7J. 

Since  Ap  ~  p  -  p  where  p  represents  nominal  (expected)  parameter  vector  and  p 
can  be  considered  a  vector  of  random  variables  (assumed  distributed  about  a  mean  of 
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p),  we  can  take  the  expectation  of  equation  (24)  to  obtain  the  relation 

£[AAwWAA3  =  {vec(C)}w[W  ®  ^]{vec(G)}  (25) 

where  fi„  denotes  the  covariance  matrix  of  parameter  errors  (8],  i.e., 

=  £[{Ap}{Apn  (26) 


In  general,  W  ®  is  a  fully  populated  matrix  of  dimension  (n  x  £)  by  (n  x  €). 
For  the  special  case  where  the  weight  matrix,  W,  is  diagonal  (i.e.  no  penalty  for 
products  of  eigenvalue  perturbations),  and  the  parameter  errors  are  uncorrelated,  it 
can  be  shown  that  equation  (25)  reduces  to  the  form 
£[AAwdiag{n- . m;}AA] 


=  {vec(G)}" 


0 


K<rri 


0 


{vec(G )}  (27) 


=  22  \K (28) 

j-i  »-i 

where  <rr  represents  the  standard  deviation  of  the  /th  parameter  error  distribution.  It 
is  clear  tliat  the  above  special  case  of  minimizing  equation  (25)  is  identical  to  mini¬ 
mizing  the  heuristic  measure  of  equation  (1).  Since  equation  (27)  is  a  special  case  of 
equation  (7)  and  in  addition,  equation  (18)  is  a  bound  on  equation  (7),  it  can  be  con¬ 
cluded  that  the  general  measure  of  equation  (I)  can  be  considered  a  special  case  of 
the  measure  given  by  equation  (18),  i.e.  when  the  Kronecker  product  in  equation  (24) 
is  diagonal,  as  in  equation  (27).  In  other  words,  equation  (18)  is  a  more  general  ex¬ 
pression  for  eigenvalue  sensitivity  of  a  system  than  equation  (1),  a  measure  which  in¬ 
cludes  a  penalty  on  the  coupling  of  eigenvalue  sensitivities  and  permits  correlated 
parameter  errors. 

Probability  of  Stability 

The  earlier  sections  involved  a  deterministic  approach  to  eigenvalue  sensitivity  in 
which  two  sets  of  weights  were  intuitively  suggested  to  reflect  the  statistics  of 
parameter  uncertainties  and  stability  margins  of  individual  modes.  Also  in  the  last 
section,  we  developed  a  justification  for  the  set  of  weights  associated  with  parameter 
uncertainty.  Although  the  statistics  of  eigenvalue  sensitivity  have  been  considered  by 
taking  the  expectation  of  some  a  priori  defined  sensitivity  measure,  the  statistics  of 
stability  and  a  probabilistic  justification  for  the  eigenvalue  weights  (1/ReA,  )  to  reflect 
relative  stability  margins  has  not  been  discussed.  In  this  section,  we  introduce  a  gen- 
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era!  statistical  measure  of  stability  robustness  due  to  parameter  uncertainty.  We  then 
obtain  as  a  special  case,  a  more  rigorous  justification  of  the  results  in  earlier  sections. 

Definitions 

We  begin  by  assuming  that  the  probability  density  function  of  eigenvalues  about  a 
nominal  (or  mean)  point  in  eigenspace  is  available,  either  by  an  analytical  or  numeri¬ 
cal  mapping  from  (the  system  model)  parameter  space.  Of  course,  generally,  this 
mapping  is  nontrivia'  and  may  require  approximate  numerical  methods.  The 
“probability  of  stability,”  P„  is  defined  as 

Ps  =  P[X,  6  4>;i  6  N]  (N  =  {1 . /»}) 

=  [  p x(A, . K)d\l...dK„  (29) 

where  pK  represents  the  probability  density  function  of  eigenvalues,  X.  The  domain  of 
integration,  in  equation  (29)  consists  of  the  entire  left  half  of  the  hyperplane  (cor¬ 
responding  to  the  space  where  all  eigenvalues  have  negative  real  components)  which 
has  a  dimension  of  order  In.  The  above  probability  distribution  is  geometrically  clear 
for  the  case  of  a  single  complex  random  variable  (single  random  eigenvalue  in  this 
case),  unlike  its  generalization  to  a  function  of  n  complex  random  variables.  The  do¬ 
main  of  integration  can  be  simplified  by  rewriting  the  density  function  in  terms  of  a 
new  set  of  real  nondimensionalized  random  variables  detined  here  as 


j  Re{AX,} 

~  -Re{X,} 

AX,  =  X,  -  £(X,) 


</  E  N) 


(30) 

(31) 


where  £(X,)  =  X,  denotes  the  expected  (or  mean)  eigenvalues  corresponding  to  the 
expected  (or  mean)  values  of  those  physical  parameters  which  are  considered  random 
variables.  We  note  from  equation  (30)  that  at  =  1 ,  the  perturbed  ith  eigenvalue 
will  be  on  the  imaginary  axis.  Clearly,  a  necessary  and  sufficient  condition  which 
guarantees  the  system  will  remain  asymptotically  stable  is  all  normalized  eigenvalue 
perturbation  must  satisfy 


&  <1  (i  e  n) 


(32) 


More  specifically,  equation  (32)  can  be  used  as  the  definition  of  the  stability  event. 
By  using  the  condition  of  equation  (32),  we  now  rewrite  the  probability  of  stability, 
defined  earlier  in  equation  (29),  in  terms  of  the  nondimensionalized  real  part  of  ei¬ 
genvalue  perturbation  as 

p,  -  <  l;i  s  N] 

=  1  f . (33) 

We  mention  here  that  in  applying  equation  (33)  to  real  systems,  the  density  function, 
p(,  will  be  negligible  for  £  <  —  1  if  we  restrict  ourselves  to  problems  where  the  phys¬ 
ical  parameter  perturbations,  along  with  the  corresponding  perturbation  in  the  eigen- 
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values,  are  reasonably  bounded  about  its  nominal  point.  In  other  words,  for  virtually 
all  systems  of  practical  interest,  pt—*  (T  as  — ►  —  *  for  all  /,  i  6  N.  The  above 
physical  property  motivates  further  simplifying  assumptions  in  the  sequel.  We  obtain 
a  convenient  lower  bound  for  equation  (33)  provided  a  few  reasonable  conditions  are 
met.  It  should  also  be  pointed  out  that  for  eigenvalue  placement  problems,  the 
remaining  freedom  in  the  gain  matrix  after  imposing  the  desired  closed  loop  eigen¬ 
values.  {A},  (see  for  example  (3 j)  may  be  used  to  optimize  the  stability  robustness 
measure  in  equation  (33).  It  is  clear  that  this  optimization  will  necessarily  involve  a 
reconfiguration  of  the  probability  density  function,  p(.  such  as  to  maximize  the  prob¬ 
ability  of  stability  functional  of  equation  (33). 

Probability  of  Stability  for  Linearized ,  Gaussian  System 

To  obtain  further  insight  into  the  nature  of  the  above  robustness  measure,  let  us 
consider  the  linearized  behavior  of  the  eigenvalues  as  given  in  equation  (6)  and  take 
the  real  part  of  the  equation 

Rc(AA}  =  Re{G}A/>  (34) 

By  rewriting  equation  (30)  in  vector  form,  we  get 

£  =  V  Re{AA}  (35) 

where 

v . niki)  ,36) 

In  terms  of  parameter  perturbations,  the  normalized  eigenvalue  perturbation  can  be 
approximated  from  equation  (34)  and  (35)  as 

£  =  V  R e{G}Ap  (37) 

It  follows  that  the  covariance  of  the  parameter  uncertainty,  A,,,,.  can  be  mapped 
linearly  into  the  covariance  of  eigenvalue  perturbations,  Af<.  through  (see  for 
example.  |8J) 

A„  =  £[«r] 

=  V  Re(C)A„  Re(G)V  (38) 

and  if  the  random  vector  of  parameter  perturbations  are  assumed  to  have  a  joint 
Gaussian  distribution,  then  the  probability  distribution  of  normalized  eigenvalue  per¬ 
turbation  will  also  be  Gaussian.  Thus,  the  probability  density  function  of  £  can  be 
written  as 

p‘ =  (2^HA(r  <*p(-7f'A«*)  (39) 

Bounds  on  Probability  of  Stability  for  Gaussian  Systems 

To  obtain  a  lower  bound  on  the  robustness  measure  given  in  equation  (33),  let  us 
consider  integrating  over  a  unit  volume  of  an  n-dimensional  hypersphere,  B,  as 
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shown  in  Fig.  1.  We  see  that  a  sufficient  condition  for  satisfying  equation  (32),  i.e., 
asymptotic  stability  is 

ft  =  fi  <  1  (40) 

It  follows  that 

Pit  EB]m  p[(l  <  l] 

=  (4D 

Jb 

The  lower  bound  on  the  probability  of  stability  as  given  by  equation  (41)  can  in  turn 
be  bounded  by  very  simple  expressions  for  Gaussian  systems  if  we  consider  the  prob¬ 
ability  functions  in  spherical  coordinates  in  n  dimensions.  Through  the  above  trans¬ 
formation  of  coordinates,  it  can  be  shown  (see  for  example  [8])  that  the  probability  of 
t  lying  inside  the  quadratic  hyperellipsoid, 

tT*«t  =  R2  (42) 

is  given  by 

<*=]  =  {  'xpK*'A«lf)  d('  -  dL 

where  /(r)  is  the  n-dimensional  spherically  symmetric  volume  element  (eg;  #1*1. 
f(r)dr  =  2 dr\  n  —  2 ,f(r)dr  =  lirrdr,  n  =  3 .f(r)dr  —  4irr: dr).  We  note  that  the 
domain  of  integration,  I\  is  over  the  hyperellipsoid  whose  surface  is  defined  by 
equation  (42).  This  domain  over  the  hypercllipsoid  is  obviously  different  from  the 
domain  enclosed  by  hypersphere,  B ,  which  is  required  in  equation  (41).  From  Fig.  2. 
it  is  clear  that  the  required  integral  over  the  hypersphere,  B,  can  be  bounded  by  the 
integrals  over  two  corresponding  hyperellipsoids,  T,,  I\.  i.e. 

p[t  e  r,]  Pit  e  b]  *  Pit  e  i\]  (44) 


$3 


FIG.  1.  n-dimensional  Sphere. 
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FIG.  2.  Hypcrcllipsoid  Bounds  for  the  Unit  Hypcrsphcrc. 


where  the  two  hypcrellipsoids  arc  given  as 

r,:  (45) 

r,:  s  x^a;/]  (46) 

It  follows  that 

f^Ptdi . L)d£ .  -  |  exp^--^r:j/(r)r/r  (47) 

where 

/?■  =  VxnjA;;]  (48) 

The  right  hand  side  of  equation  (47)  represents  a  convenient  lower  bound  on  the 
probability  of  stability  within  linearity  assumptions  for  Gaussian  parameter  uncertain¬ 
ties.  From  a  geometrical  perspective  (see  Fig.  2),  it  is  clear  that  the  “tightness"  of  the 
above  lower  and  upper  bounds  in  equation  (44)  can  be  quantified  by  the  ratio 

HHj  *  1  <«> 

with  the  ratio  of  unity  corresponding  to  the  equality  condition  in  equation  (47) 


Probability  of  Stability  and  Weights  for  Eigenvalue  Sensitivity 

The  integrand  appearing  in  the  right  hand  side  of  equation  (47)  is  always  positive 
and  therefore  its  integral  is  a  monotonically  increasing  function  of  the  upper  limit  of 
integration,  R..  This  means  that  (since  the  integrand  has  a  fixed  form)  R.  must  be  di¬ 
rectly  related  to  a  measure  of  probabilistic  stability  robustness  to  within  linearity  and 
Gaussian  assumptions.  For  stability  robustness  optimization,  the  above  observation 
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suggests  the  maximization  of  the  scalar  index,  R.  or 

R»  =  ^mrntA#1] 


where  the  weighted  covariance  of  eigenvalue  perturbation  matrix,  Aff,  is  given  by 
equation  (38).  It  is  easily  seen  from  equation  (50)  that  the  covariance  of  the  normal¬ 
ized  eigenvalue  vector  is  inversely  proportional  to  the  above  measure  of  robustness, 
which  seems  intuitively  correct. 

It  is  interesting  to  note  that  the  scalar  index  in  equation  (50)  is  closely  related  to 
the  scalar  index  suggested  in  equation  (18).  Firstly,  we  note  that  maximizing  the  ro¬ 
bustness  index  in  equation  (50)  is  equivalent  to  minimizing  its  reciprocal  A^fA^]. 
Next,  by  rewriting  the  covariance  matrix  in  equation  (38)  as 


where 


we  see  that 


\H  =  SSr 
S  =  V  Re{G  }A  ’  ’ 


A„JA«]  =  a[S)  (52 

By  comparing  equations  (18)  and  (53),  the  following  set  of  weights  are  suggested, 
6  =  A -  (E[(p  -p)(p-  p)7])'*  (5 A 


L  V  diag(  Rc(Xi) .  Re(I.,) 


The  above  relationships  on  the  weights  derived  from  a  probabilistic  standpoint  pro¬ 
vides  an  alternative  justification  for  the  heuristically  motivated  weights  in  equations  (4) 
and  (18). 

Example 

In  order  to  illustrate  the  physical  significance  of  the  probability  of  stability 
concept,  let  us  consider  the  stability  robustness  of  the  familiar  single  degree  of  free¬ 
dom  oscillator 

nix  +  c(pup2)x  +  kx  =  0  (56) 

The  effective  damping,  c,  is  assumed  to  be  a  function  of  two  random  parameters,  p, 
and  p2  having  joint  Gaussian  distribution.  The  corresponding  eigenvalues  can  be  ex¬ 
pressed  as 

— c  ±  Vc:  —  Amk 

X'=  “ - 2^ -  <57) 

For  the  underdamped  case,  which  is  typical  for  structural  vibration  problems, 

Re(A,)  =  Re(A>)  =  Re(A)  =  (58) 


of  Stability  Robuatnaaa  tor  Lfnaar  Dynamical  Systems 


W 


Since  the  real  components  of  the  two  eigenvalues  are  identical,  we  need  to  consider 
only  one  of  the  eigenvalues,  X,  and  its  perturbation.  AX.  Assuming  m  and  k  fixed  and 


the  mean  values  of  px  and  p2  given  such  that  the  system  is  nominally  stable,  i.e., 
Re(X)  <  0,  the  likelihood  of  the  stability  event  or  probability  of  stability  depends  on 
the  distribution  of  p,  and  p2.  For  illustration  purposes  we  assume  the  ad  hoc  nonlinear 
dependence 

i 

c(p„p2)  “Pt 0  +  Pi) 

(59) 

From  equations  (58)  and  (59),  linearization  leads  to 

Re(AX) 

_  _±[i£  :  Ol]  (^'1 

2m  \_dpi  '  cip:J  [ApJ 

(60) 

=  Re(G )  Ap 

where 

Re(G)  = 

(61) 

Ap  =  | 

\±p\ 

M 

(62) 

The  nondimensionalized  real  eigenvalue  perturbation  of  equation  (30)  becomes 

a  Re(AX) 

*  — Re(X) 

(63) 

or 

£  =  V  Re(G )  Ap 

(64) 

where 

V  ~ - - — 

-Re(X) 

(65) 

The  parameter  covariance  locally  maps,  using  equation  (38),  to  the  eigenvalue  co- 
variance  through 

=  V  Re(G)Aw, 

Re(G)rV 

(66) 

=  ~[i  +  p l  ! 

c 

(67) 

=  "l{0  +  pl)(Tu  +  (3p,p2)Joi2  +  2(1  +  p2)(3p,p  l)pi2 

(68) 

where 
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The  probability  of  stability  as  given  in  equation  (33)  can  be  written  as  |9] 


p.  - 


where 


erf(z)  =  —7=  f  c“"dr 
Vtt  Jo 


(70) 

(71) 

(72) 


(73) 


Observe  that  as  A„,  approaches  zero  (i.e.  parameters,  p,  and  p;  become  increasingly 
more  certain),  the  probability  of  stability  P,  in  equation  (72)  approaches  unity  as  one 
would  expect.  A  lower  bound  in  equation  (47)  of  the  probability  of  stability  given  in 
equation  (72)  can  be  written  as. 


where 


so  that 


(74) 


(75) 


(76) 


The  probability  of  stability  and  its  lower  bound  for  the  SDOF  example  is  illustrated 
in  Fig.  3  by  the  shaded  areas.  Note  that  for  this  SDOF  case,  the  lower  and  upper 
bounds  given  in  equation  (44)  are  the  same. 


FIG,  3.  Probability  of  Stability  and  its  Lower  Bound  Eigenvalue  Perturbation  for  the  SDOF  Example. 
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Concluding  Remarks 

In  summary,  we  have  presented  a  new  scalar  index  that  is  suitable  for  use  as  a  cost 
function  in  the  problem  of  eigenvalue  sensitivity/stability  robustness  optimization. 
The  significance  of  the  eigenvalue  sensitivity  matrix  is  also  established  in  a  system¬ 
atic  manner.  The  cost  function  allows  the  user  to  easily  input  weights  that  specify  the 
relative  importance  among  a  critical  subset  of  modes  and/or  uncertain  parameters 
independently.  A  locally  variable  weight  matrix  is  introduced  which  penalizes  least 
stable  eigenvalues  more  heavily  and  emphasizes  sensitivity  with  respect  to  poorly 
known  parameters  as  compared  to  well  known  parameters.  The  numerical  value  of 
the  cost  function  itself  is  directly  related  to  a  linearized  upper  bound  on  a  weighted 
eigenvalue  error  measure  due  to  a  bounded  set  of  normalized  perturbations  of  uncer¬ 
tain  parameters  of  unit  magnitude.  We  have  seen  that  the  simplifying  assumptions  of 
eigenvalue  linearizations  and  Gaussian  statistics  reduces  the  probability  of  stability 
expression  to  a  simple  form.  Clearly,  this  is  not  possible  in  all  cases,  and  in  general, 
the  probability  density  function  for  eigenvalues  has  to  be  generated  numerically.  Fur¬ 
ther  research  is  therefore  recommended  to  determine  the  applicability  of  the  simplify¬ 
ing  assumptions  and  the  level  of  difficulty  or  the  feasibility  in  generating  the  density 
function  for  the  class  of  problems  of  interest. 

Perhaps  the  main  practical  significance  of  the  probability  of  stability  approach  is 
the  justification  of  a  set  of  weights  for  use  in  stability  robustness  analysis  or  opti¬ 
mizations.  However,  the  above  concept  is  intuitively  attractive  and  holds  promise  for 
further  extensions. 
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of  Structures  and  Controllers 

J.  L.  Junkins  and  D.  W.  Rew 
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Introduction 

Given  a  differential  equation  model  for  a  dynamical  system,  representing  for  example,  a 
flexible  structure,  associated  sensors  and  actuators,  and  a  nominally  stabilizing  (optimal 
in  some  sense)  feedback  control  law,  a  fundamental  question  is  the  following:  will  the 
feedback  control  law  stabilize  and  near -optimally  control  the  actual  system?  Of 
course,  there  are  many  interesting  and  significant  issues  raised  by  this  question.  The 
modeling  process  is  always  imperfect,  among  the  several  important  sources  of  error  are 
the  following:  (i)  ignorance  of  the  actual  mass,  stiffness,  and  energy  dissipation  proper¬ 
ties,  as  well  as  boundary  conditions  and  geometric  parameters,  (ii)  discretization  and 
truncation  errors  associated  with  representing  a  continuous  system  in  terms  of  a  finite 
number  of  degrees  of  freedom,  (iii)  neglect  of  nonlinearities,  (iv)  ignorance  of  external 
disturbances,  and  (v)  poorly  modeled  sensors  and  actuators. 

Indeed,  even  if  one  restricts  the  discussion  to  systems  adequately  modeled  by  a 
finite  set  of  linear  ordinary  differential  equations,  the  effects  of  uncertain  parameters  and 
disturbances  results  in  analytical  and  practical  implementation  difficulties.  The  addi¬ 
tional  issues  raised  by  the  possibility  that  the  structure  can  be  re-designed  to  enhance 
controlled  performance  increase  the  dimensionality  and  difficulty  of  dealing  comprehen¬ 
sively  with  the  above  issues.  Improved  methodology  for  solving  the  high  dimensioned 
structural  control  problem  is  of  central  importance  for  the  coming  generation  of  large 
flexible  space  structures.  In  the  present  discussion,  we  emphasize  development  of  robust 
eigenstructure  assignment  methods,  and  summarize  some  optimization  methods  in  which 
both  the  controller  and  selected  structural  parameters  are  re-designed  to  improve  robust¬ 
ness.  A  multi-criterion  approach  is  presented  by  which  one  can  study  the  tradeoff  be¬ 
tween  robustness  and  competing  performance  measures  (such  as  average  control  energy, 
average  state  errors,  sensitivity  measures,  and  structural  mass). 

Preliminaries 

Consider  a  finite  order  discrete  model  of  a  linear  structure  of  the  form 

Mz  +  Ct  +  Kz-Du  (1) 

where  the  nxn  symmetric  mass,  damping  and  stiffness  matrices  satisfy  the  definiteness 
properties  M>0,  CzO,  KzO;  z(t)  is  an  nxl  configuration  vector,  «(t)  is  an  mxl  control 
vector;  and  D  is  an  nxm  control  influence  matrix.  All  quantities  are  considered  real  in  Eq. 

(1).  The  structural  eigenvalue  problem  associated  with  the  z-fye^  solutions  for  the 
undamped  free  vibration  special  case  of  Eq.  (1) 
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Mi+Kz.  =  0  (2) 

is  det[\fk  +K\=0,  =*  eigenvalues:  {XJ  =  -  £0,-  ,  **»  7,2, . . .  n}  (3) 

— ^  eigenvectors.  t  l >2, •  • .  nj  (4) 

For  this  case,  all  eigenvalues^.  =  ±  ia-,  i2  =  -1)  are  purely  imaginary  and  eigenvectors  are 

real.  It  is  well  known  that  the  eigenvectors  are  orthogonal  with  respect  to  M  and  K;  we 
normalize  these  orthogonality  conditions  in  the  usual  way[l]  as  follows 

-  8,y  and  (frfAfy  =  8^-tof ,  i.j  «  7,2, . . . ,  n.  (5) 

In  matrix  notation,  the  orthonormality  conditions  assume  the  familiar  forms 

[ofMlO]  -  [/],  and  [<D]r^I<D]  -  [w2]  (6) 


where  the  modal  matrix  [O]  contains  the  eigenvectors  (normal  mode  shapes)  as  columns, 
[/]  is  the  identity  matrix,  and  [to2]  =  diagfo],  co2  }  is  the  matrix  of  natural  frequen¬ 
cies  squared,  ordered  so  that  mul  t  co,..  It  is  evident  from  Eq.  (6)  that  [<X>]J=  [<t>]TM. 

For  many  purposes,  it  is  convenient  to  introduce  a  transformation  of  Eq.  (1)  into  the 
modal  state  space  associated  with  Eq.  (2)  as  follows: 

z=[<D]ti,  rj  =  [<D]rA/z  (7) 

Use  of  Eqs.  (6, 7)  in  Eq.  (1)  yields  the  modal  space  equation  of  motion 

n + [®]rc  [<i>m + = mTDu  (8) 

We  now  define  the  2nxl  modal  state  vector  as  X  *  col  (T|,  q},  so  that  the  n  second  order 
system  of  equations,  Eq.  (8),  can  be  written  as  a  system  of  2n  first  order  equations  in  the 
standard  form 


"  0 

/ 

”  0  “ 

i=Ax  +  Bu,  with  A  = 

T*  ^ 

B  = 

LV] 

-tore  m  J 

moj 

We  note  that  Eq.  (9)  is  normally  preferred,  for  problems  in  structural  dynamics  espe¬ 
cially,  to  the  common  alternative  (configuration)  state  vector  s  =  col  (z,  t},  with  the 
corresponding  differential  equation 

S=As+Bu ,  with  A=\  j,  7?  =  |  J  (10) 

L-a/  a:  La/"  x>J 

One  issue  should  be  obvious,  but  nonetheless  is  not  universally  appreciated,  it  is  material 
to  address  which  of  Eqs.  (1),  (8),  (9),  or  (10)  is  used  to  design  feedback  control  laws. 
The  algebraic  equivalence  of  these  equations  is  clear,  but  the  modal  space  differential 
equations  are  more  amenable  to  qualitative  analysis  and,  as  a  consequence,  it  is  easier  to 
address  such  issues  as  order  reduction,  truncation,  spillover,  robustness  etc.,  than  is  the 
case  if  one  pursues  control  designs  based  upon  configuration  space  equations.  This  is 
because  the  lower  frequency  modes  are  generally  more  accurately  converged  (when 
using,  for  example,  a  finite  element  discretization  process  to  arrive  at  Eq.  (1))  and  are 
typically  more  important  physically.  Of  course,  generic  developments  addressed  to  Eqs. 
(1, 10)  include  Eqs.  (8, 9)  for  appropriate  specialization  of  the  coefficient  matrices. 
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In  this  chapter,  we  are  primarily  concerned  with  design  of  the  constant  mxr  gain 
matrix  G  for  a  linear  feedback  control  law  of  the  form  u  *  Gy.  We  assume  that  sensors 
are  available  to  measure  the  rxi  output  vector  y  which  is  linearly  related  to  the  modal 
state  vector  x  according  to 

y  =  Sx  =  Slr\  +  S2A  (11) 

We  address  the  general  case  in  which  there  are  fewer  actuators  than  the  number  of  modes 
we  wish  to  control  (m<n).  It  is  important  to  note  that  introduction  of  real  actuator  hard¬ 
ware  generally  changes  the  mass  and  stiffness  characteristics  of  die  system,  and  also 
increases  the  order  of  the  dynamical  system(since  the  controller  seldom  directly  com¬ 
mands  force  or  moment,  but,  for  example,  voltage,  in  the  case  of  a  control  moment  gyro 
electric  motor).  Therefore,  we  note  that  having  the  number  of  actuators  equal  to  the  order 
of  the  controlled  system  can  be  assumed  for  the  sake  of  idealized  analysis,  but  cannot 
usually  be  realized,  since  the  actuators  themselves  are  dynamical  systems.  Obviously,  the 
path  to  determine  Eqs.  (1)  or  an  augmentation  thereof,  should  include  accounting  for 
finite  contributions  of  the  apriori  modeled  actuators  and  sensors  to  M  and  K,  and,  at  least 
in  the  "end  game"  of  a  controller  optimization  study,  should  account  for  the  dynamics  of 
the  sensors  and  actuators. .  Furthermore,  we  feel  that  we  must  include  the  case  of  a  rela¬ 
tively  small  number  of  actuators  to  control  at  least  a  moderately  high-dimensioned  sys¬ 
tem,  because  this  pattern  is  present  in  many  problems  of  current  practical  interest  The 
m-n  case  will  remain,  of  course,  a  special  case  of  the  more  general  developments. 

Substituting  the  feedback  law  us  Gy  into  Eq.  (9),  and  using  Eq.  (11),  the  closed 
loop  system  becomes 

Jfc=*[A  +BGS]x  (12) 

The  closed  loop  eigenvalue  problem  (associated  with  x  -  ye^  solutions  of  Eq.  (12) )  is 
det[[A+BGS]  -  A/]  =  0  =*  eigenvalues :  {XIf  X^, . . .  X^}  (13) 

[[A+UGS]  -  =  0  =*  right  eigenvectors:  {\j/;,  \|/2.  •  •  •  V2*}  (14) 

where  advantage  can  be  taken  of  the  fact  that  eigensolutions  (X,  y)  occur  in  complex 
conjugate  pairs,  for  the  A,  B  matrices  of  Eq.  (9),  and  that  the  2nxl  eigenvectors  \]/{-  have 
the  following  structure: 

V  =  col  {y,- ,  XjAj/;},  where  y,-  is  an  nxl  complex  vector.  (15) 

Consider  the  situation  wherein  a  subset  of  the  structural  parameters  are  available 
for  re-design.  Let  the  structural  design  parameter  vector  be  denoted  p,  the  system  matri¬ 
ces  typically  have  an  algebraic  functional  dependence  upon p:  Ms  M(p ),  C  =  C(p), K = 
K(p),  D  s  D(p ),  S  s  S(p),  and  as  a  consequence,  the  eigenvalues  and  eigenvectors  de¬ 
pend  upon  p.  Using  methods  of  [2],  it  is  straight-forward  to  determine  the  partial  deriva¬ 
tives  of  the  open  loop,  undamped  eigensolution  pairs  (to- ,  $.)  with  respect  to  p,  through 

differentiation  of  Eqs.  (4,  5).  These  sensitivities  can  be  propagated,  by  the  chain  rule, 
through  differentiation  of  Eqs.  (13,  14)  to  the  analogous  partial  derivatives  of  the  closed 
loop  eigensolution  pairs  (X- ,  y,).  Except  for  isolated  events  of  repeated  eigenvalues,  the 
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eigenvalues  and  eigenvectors  usually  behave  continuously,  albeit  nonlinearly,  as  a  func¬ 
tion  of  p.  The  vector  p  can,  in  principle,  contain  any  combination  of  the  system’s  mass, 
stiffness,  damping,  geometric  parameters,  actuator  locations,  etc.,  but  we  consider  p  to  be 
the  subset  of  those  parameters  actually  available  for  re-design.  Also,  depending  upon  the 
design  methodology  being  used,  it  is  possible  [3,23,46]  to  include  the  elements  of  the 
gain  matrix  G  in  the  design  vector  p.  Several  nonlinear  optimization  methods  have  been 
developed  [3,23,46]  and  used  successfully  to  optimize  controlled  closed  loop  perform¬ 
ance  by  simultaneously  or  sequentially  re-designing  selected  structural,  sensor,  and 
actuator  parameters. 

For  generality  of  the  developments  below,  we  will  only  selectively  specialize  our 
results  to  reflect  the  structure  of  A ,  B,  e.  g.,  Eqs.  (9),  to  accommodate,  for  example  addi¬ 
tional  equations  to  model  actuator  dynamics.  Therefore,  we  assume  that  the  dimension  of 
our  state  space  is  n  £  2n.  Due  to  the  complexity  and  nonlinearity  of  the  simultaneous 
structure/controller  design  process,  we  first  address  the  design  of  a  linear  state  feedback 
controller,  via  minimization  of  quadratic  criteria  and  via  a  recently  developed  class  of 
robust  eigenstructure  assignment  methods,  for  the  case  of  a  specified  structure.  Since  the 
stability  and  response  characteristics  of  a  given  structure  are  fully  dictated  by  the  closed 
loop  eigenvalues  and  eigenvectors,  we  can  cast  the  control  design  problem  as  a  quest  for 
some  optimal  gain  matrix  (G)  which  generates  a  desirable  set  of  eigenvalues  and  eigen¬ 
vectors.  In  the  case  that  we  seek  to  impose  a  set  of  equality  constraints  upon  the  eigen¬ 
values  and  eigenvectors  (i.,  e.,  eigenstructure  assignment ),  there  is  a  recently  developed 
theoretical  foundation  which  underlies  existence,  uniqueness  and  computation  of  G.  Hie 
principle  existence  issues  are  captured  in  a  theorem  due  to  Srinathkumar[4,47]:  - 

Eigenstructure  Assignment  Theorem.  Given  a  controllable  and  observable  dynamical 
system  described  by  Jc=Ax  +Bu,y  =  Sx,  u  =  Gy,  (having  n  states,  r  sensors,  and  m 
actuators,  with  matrices  B  and  S  of  full  rank},  then  through  choosing  appropriate  values 
for  the  elements  of  G,  maxfmj )  closed-loop  eigenvalues  (of  A  +  BGS)  can  be  assigned, 
max(mjr)  eigenvectors  can  be  partially  assigned,  and  min(m,r)  entries  in  each  eigen¬ 
vector  can  be  arbitrarily  assigned. 

Typically,  for  a  controllable  system,  a  given  set  of  eigenvalues  can  be  assigned  by 
an  infinity  of  G  matrices,  the  remaining  freedom  in  selecting  G  can  be  used  to  optimize 
the  eigenvectors  to  achieve  robustness  or  some  other  objectives.  During  the  past  decade, 
a  number  of  eigenstructure  assignment  (or  "pole  placement")  formulations  and  algorithms 
have  been  developed  and  demonstrated  [5-12].  The  algorithms  available,  up  until  very 
recently,  have  been  restricted  to  application  to  very  low  order  systems,  due  to  various 
computational  difficulties.  The  most  recent  literature  emphasizes  gain  determination 
which  imposes  eigenvalue  placement  constraints  and  result  in  control  robustness  (low 
sensitivity  of  stability  and/or  performance  measures  with  respect  to  modeling  errors  and 
disturbances),  it  is  fortuitous  that  well-conceived  concepts  which  seek  out  robust  controls 
often  leads  to  algorithms  for  gain  computation  which  are  numerically  robust,  as  well. 

’  The  reason  for  this  good  fortune  lies  in  the  fact  that  good  conditioning  of  the  modal 

4  matrix  of  closed  loop  eigenvectors  has  been  found  to  be  the  crucial  necessary  condition 
for  robustness  of  the  numerical  processes  to  determine  the  control  gains  as  well  as  low 
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sensitivity  of  the  resulting  closed  loop  performance  and  stability  indices.  In  the  present 
chapter,  we  present  several  attractive  concepts  and  associated  algorithms  for  efficient 
determination  of  judicious  gain  matrices  (G),  which  are  "good"  from  one  of  the  three 
viewpoints: 

(i)  guarantees  stability  of  the  nominal  unperturbed  plant,  and  maximizes  a 

measure  of  controlled  system  robustness  (equivalently,  minimizes  an 
appropriately  defined  sensitivity  measure). 

(ii)  satisfies  property  (i),  and  also  satisfies  prescribed  constraints  on 
placement  of  the  closed  loop  eigenvalues  and  eigenvectors. 

(iii)  satisfies  conditions  (ii),  subject  to  constraints  on  average  control 
energy  and  average  state  error  energy. 

For  perspective  and  contrast,  we  first  review  briefly,  in  the  following  section,  more 
familiar  optimal  control  methodology  (based  upon  minimizing  a  quadratic  performance 
measure  in  the  time  domain).  We  also  present  a  generalization  of  the  classical  develop¬ 
ments  which  are  more  attractive  computationally.  Several  of  the  results  developed  are 
subsequently  used  in  the  multi-criterion  optimization  discussions.  From  one  viewpoint, 
the  commonly  applied  steady  state(i.,  e.,  constant  gain)  optimal  linear-quadratic  regulator 
is  just  one  (of  many)  ways  to  parameterize  a  family  of  stable  feedback  controllers.  We 
believe  that  the  indirect  connection(i.e.  through  the  Riccatti  equation  and  solution  of  the 
closed  loop  eigenvalue  problem)  of  the  weight  matrices  in  a  performance  index,  to  the 
robustness  properties  and  eigenvalue  placement  are  significant  practical  disadvantages  of 
the  conventional  quadratic  regulator  in  comparison  to  the  robust  eigenstructure  assign¬ 
ment  methods  we  discuss  below.  We  develop  eigenstructure  assignment  methods  which, 
in  essence,  exchange  the  solution  of  the  algebraic  nonlinear  Riccati  equation  for  solution 
of  strictly  linear  algebraic  equations.  Judicious  use  of  numerically  stable  singular  value 
decomposition  methods  lead  to  reliable  algorithms.  The  implications  for  control  of  high 
order  systems  are  most  significant. 


Generalized  Quadratic  Regulators 
The  cornerstone  of  modem  control  theory,  judging  from  the  frequency  of  application,  are 
linear,  constant  gain  feedback  controls  determined  by  minimizing  the  index 

J=  J  (xtQx  +  uTRu)dt,  with  weight  matrices  Q  =  QTZ  0 ,  R=  RT>  0  (16) 

subject  to  satisfying  k  =  Ax  +  Bu.  This  is  widely  known  as  the  linear-quadratic  regulator 
(LQR)  problem.  The  solution  is  determined  from  Pontryagin’s  Principle[13];  it  requires 
computing  the  positive-definite  P  matrix  which  satisfies  die  algebraic  Riccati  equation 

PA  +  ATP  -  PBRmlBTP  +  Q  =  0  (17) 

The  associated  optimal  control  gain  matrix  is  then 

G  =  -  R~JBTP  (18) 
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The  existence  of  the  solution  for  P  -  Pr>  0  is  theoretically  guaranteed  for  controllable 
systems,  but  existing  algorithms  [14,15]  and  computer  implementations  limit  practical 
applications  to  systems  of  moderate  order  (<-100),  and  of  course,  numerical  difficulties 
may  be  encountered  for  even  low  dimensioned  systems,  depending  upon  the  conditioning 
of  the  so lution( which  measures  how  controllable  the  system  is,  in  a  numerical  sense). 
We  now  consider  two  recently  developed  generalizations  of  the  quadratic  regulator. 


Generalized  LOR  -  Forml: 

Recently!  16],  the  following  generalized  quadratic  index  was  introduced 


-j  {'H3*,rthW{: 


Q+ffRN  f/R  T  . 

>0,Q  =  QT20,  R=Rt>0  (19) 

RN  R 


The  Pontryagin  necessary  conditions(minimizing  Eq.  (19),  subject  to  i~Ax  +  Bu)  lead 
to  the  generalized  Riccati  equation 


PA  +  ATP  -  PBR']BTP  +Q  =  0,  where  A  =  A-  BN 


(20) 


and  the  optimal  gain  matrix 

G  =  -R~IBTP-N  (21) 

Reference  [16]  shows  that  an  arbitrary  real  mx vt  cross  coupling  weight  matrix  (N)  can  be 
chosen  without  de-stabilizing  the  closed  loop  system.  Notice  that  N  is  essentially  a 
pre-feedback  gain,  so  it  is  evident  that  some  redundancy  must  exist.  In  particular,  [16] 
investigated  N  =  [UDT<t>  VD7®],  with  U,  V  positive  semi-definite  mxm  matrices;  this 
choice  has  been  found  attractive.  We  present  results  which  demonstrate  significant 
advantages  can  be  realized  in  comparison  to  using  the  classical  LQR  developments. 


Generalized  LQR  -  Form  2: 

The  second  modification  of  the  LQR  problem,  introduced  in  [16],  is  obtained  by  mini¬ 
mizing  the  quadratic  index 

r°°fx]T  fx]  r  f Q^NrRN^PBR~1BTP  ArV] 

-JtHH'1’  L  ™  *J>0’  <22) 

subject  to  Jc=Ax  +  Bu.  The  motivation  for  the  final  term  {PBR'1BTP)  in  the  1,1  partition 
of  W  is  that  it  results  in  an  important  simplification  of  the  necessary  conditions.  In  fact 
the  the  P  matrix  satisfies  the  (much  simpler)  linear  algebraic  Lyapunov  equation 

PA  +  Arp+  Q-0,  where,  as  before  A  =  A-  BN ,  (23) 

instead  of  the  nonlinear  algebraic  Riccati  Eq.  (20).  The  optimal  gain  matrix  is  still  given 
by  Eq.  (21).  Notice  that  we  choose  the  weights  Q,  R,  N,  and  solve  for  P  from  Eq.  (23), 
only  then  can  we  fully  specify  W  in  Eq.  (22),  since  it  depends  upon  P. 

The  weight  matrices  Q,  R,  and  N  should  be  parameterized  in  such  a  way  as  to 
guarantee  their  definiteness  properties  and  the  controllability  of  A,  this  insures  the  exis¬ 
tence  of  a  solution  for  a  positive-definite  P  satisfying  Eq.  (23).  This  problem  is 
solved[16]  by  the  Choleski  factorizations 
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Q=LjL*,  R1  =  L2L2,  U=L3LT3t  V=LjJ4,  N=[UDT<t>  VDTH>]  (24) 


with 
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The  high  dimensionality  of  the  parameter  space  consisting  of  the  above,  or  any 
complete,  weight  matrix  parameterization  has  proven  a  significant  obstacle  to  numerical 
implementations  with  fully  populated  weight  matrices.  In  [16],  we  introduced  a  minimum 
modification  homotopy  strategy  for  tuning  the  above  matrices  and  demonstrated  success¬ 
ful  implementations.  This  method  is  employed  where  appropriate  in  die  numerical  stud¬ 
ies  reported  below.  While  the  high  dimensionality  of  the  weight  matrices  creates  difficult 
problems,  the  assignment  of  these  matrices  is  essentially  the  same  hurdle  which  faces 
users  of  the  classical  LQR  developments.  However,  the  overwhelming  majority  of  the 
historical  numerical  implementations  have  been  accomplished  with  diagonal  weight 
matrices  (often,  simply  using  a  scalar  multiple  of  an  identity  matrix),  due  the  expense  of 
ad  hoc  searches  in  the  weight  matrix  space.  However,  faced  with  actuator  saturation 
constraints,  eigenvalue  placement  constraints,  and  other  practical  issues,  constrained 
searches  for  "judicious  weights"  are  often  necessary  and  have  been  widely  used.  While 
any  positive-definite  choices  for  the  weight  matrices  satisfy  (for  controllable  systems)  the 
most  important  necessary  condition  of  placing  all  closed-loop  eigenvalues  in  the  stable 
left-half  plane,  finding  the  optimal  optimal  regulator  (vis-a-vis  robustness,  stability 
margins,  etc.)  generally  forces  one  to  deal  with  the  perhaps  uncomfortable  truth  that  the 
LQR  weight  matrices  are  simply  one  elegant,  and  not  especially  convenient, 
parameterization  of  stable  controllers.  On  the  other  hand,  numerical  experience  suggests 
that  there  are  typically  broad  regions  in  the  weight  space  which  give  good  control  laws  of 
moderate  sensitivity. 

While  the  above  modification  (Form  2)  of  the  LQR  does  not  eliminate  the  neces¬ 
sity  to  find  judicious  weight  matrices,  it  evident  that  eliminating  the  Riccati  equation  in 
favor  of  the  simpler  Lyapunov  equation  is  extremely  useful,  especially  for  high  dimen¬ 
sioned  applications,  since  the  Riccati  equation  solution  is  by  far  the  most  computationally 
challenging  part  of  the  LQR  design  process.  Thus  the  LQR  approach  can  be  pursued 
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without  having  to  solve  the  Riccati  equation,  while  at  the  same  time  retaining  a  more 
general  family  of  weight  matrices  than  the  classical  formulation.  Numerical  studies 
reported  below  and  in  [19]  indicate  that  optimized,  fully  populated  weight  matrices  lead 
to  more  flexible  eigenvalue  placement  and  robustness  optimization  than  the  classical 
LQR  formulation.  In  [3,23],  analytical  methods  are  presented  for  computation  of  partial 
derivatives  of  the  closed  loop  eigenvalues  and  eigenvectors  with  respect  to  structural 
parameters  and  weight  matrix  parameters,  consistent  with  the  above  developments. 

For  controller  design  problems  more  naturally  posed  in  the  space  of  eigenvalues 
and  eigenvectors  of  the  closed  loop  system,  the  LQR  approach  is  cumbersome,  since  the 
choice  of  weight  matrices  dictates  "everything”,  and  substantial  computation  lies  between 
specification  of  these  matrices  and  evaluation  of  the  corresponding  eigenvalues,  eigen¬ 
vectors,  and  robustness  properties.  Thus  attempts  to  impose  eigenspace  or  robustness 
constraints  involves  expensive  nonlinear  iterations  in  a  high-dimensioned  parameter 
space.  While  successful  algorithms  have  been  demonstrated,  all  known  algorithms  suffer 
from  local  versus  global  convergence  and  related  difficulties.  In  view  of  these  truths,  it  is 
natural  to  ask  the  question:  "Is  there  a  more  direct  way  to  parameterize  a  family  of  stable 
controllers,  defining  both  the  gain  matrix  and  closed  loop  robustness  characteristics  of  the 
system  as  explicit  functions  of  the  closed-loop  eigenvalues  and  eigenvectors?"  The 
affirmative  answer  to  this  question  leads  to  eigenstructure  assignment  concepts  [5-12], 
and  in  particular  the  methodology  in  the  following  section. 

Robust  Eigenstructure  Assignment 

In  this  section,  an  approach  is  developed  for  defining  judicious  sets  of  objective 
closed-loop  eigenvectors,  consistent  with  the  system  dynamics  and  prescribed  placement 
of  the  corresponding  closed  loop  eigenvalues.  These  objective  eigenvectors  are  usually 
not  exactly  achievable,  so  we  make  use  of  orthogonal  projection  and  least  square  methods 
to  find  admissible  eigenvectors  near  the  desired  eigenvectors.  The  most  general  develop¬ 
ments  apply  to  systems  having  arbitrary  structure  in  the  first  order  system  matrices(4,  B), 
however,  we  develop  specialized  versions  of  the  methods  to  take  advantage  of  the  struc¬ 
ture  introduced  when  we  begin  with  a  system  of  second  order  differential  equations  of 
the  form  of  Eqs.  (1)  or  (8). 

Sylvester’s  Equation 

For  the  standard  first  order  state  space  system  ( X = Ax  +  Bu,  with  u  =  Gx),  the  right 
eigenvalue  problem,  for  the  special  case  that  S  =  I  can  be  rearranged  from  Eq.  (14)  as 


[A-XfiVi  .BGyi  (26) 

or,  defining  the  mxl  vector  h- as 

(27) 

then  Eq.  (26)  is  put  in  the  form  of  Sylvester’s  equation 

[A  -  -  Bhi  (28) 

The  matrix  equivalents  of  Eqs.  (27)  and  (28)  are 

H  =  G'F  (29) 
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and 


AY- YA  =  BH,  with  A  s  diag  { Xj ...  X^}.  (30) 

We  can  assign  eigenvalues  and  eigenvectors  using  Eqs.  (29)  and  (30)  by  first  choos¬ 
ing  the  desired  closed-loop  eigenvalue  matrix  A,  then  selecting  the  parameter  matrix  H. 
Eq.  (30)  can  then  be  solved  for  the  corresponding  eigenvector  matrix  Y.  Finally  the 
corresponding  gain  matrix  G  is  obtained  through  solution  of  Eq.  (29).  Unfortunately,  an 
arbitrary  choice  for  the  H  matrix  does  not  usually  generate  an  attractive  set  of  closed  loop 
eigenvectors;  occasionally  the  eigenvectors  are  so  poorly  conditioned  that  computing  an 
accurate  G  from  Eq.  (29)  is  not  possible. 

Projection  Concepts 

Since  an  arbitrary  selection  of  H  is  not  appropriate,  we  consider  here  choices  which 
have  a  high  probability  of  generating  attractive  gain  matrices.  It  is  well-known[17]  that 
the  condition  number  of  the  closed  loop  modal  matrix  left)  =  |  Y  J  |  'F"1|  is  a  measure  of 

robustness(sensitivity)  of  the  placement  of  the  closed  loop  eigenvalues.  Recent  research 
[41,46],  proves  that  the  stable  system  x=Ax  remains  stable  in  the  presence  of  an  arbitrary 

model  error  E{t)  in  x  =  (A  +  E)x,  if  E  satisfies  the  inequality 

\E\<,max  [-Real(UA))  /  kQ¥)  *  p.  (31) 

Thus  for  fixed  eigenvalue  positions,  minimizing  k(Y)  is  equivalent  to  maximizing  the 
system  robustness.  More  generally,  we  use  }i  in  Eq.  (31)  as  the  robustness  measure.  This 
motivates  our  search  for  an  H  matrix  to  give  as-small-as  possible  condition  number  k(Y). 
An  attractive  algorithm  results  if  we  seek  the  H  matrix  which  makes  the  Y  matrix  of 
closed  loop  eigenvectors  lie  as  close  as  possible  to  a  prescribed,  well-conditioned  matrix. 
Notice,  if  we  select  some  target  set  of  well-conditioned  closed  loop  eigenvectors 

Y  =  ["%.. .  VN],  then  we  can  use  Eq.  (28),  or  equivalently  Eq.  (30)  to  solve  for  the  H 
which  most  nearly  ( in  the  least  squares  sense,  for  example)  produces  the  desired  eigen¬ 
vectors  Y .  Upon  substituting  this  solution  for  the  H  matrix  and  re-solving  Eq.  (30)  for 
Y,  we  will  find  Y  *  Y,  exactly,  with  the  degree  of  approximation  being  problem  depend¬ 
ent.  However,  the  Y  matrix  lies  as  near  Y  as  possible(in  the  least  square  sense),  and  is 
typically  well-conditioned.  The  gain  matrix  G  calculated  from  solution  of  Eq.  (29)  with 

Y  and  H  will,  however,  place  the  eigenvalues  exactly,  to  within  arithmetic  errors.  We 
now  address  the  crucial  issue  of  how  to  select  the  target  vectors  Y. 

From  Eq.  (28),  it  is  evident  that  the  admissible  eigenvectors  are  mapped  from  the 
m  dimensioned  column  space  of  (A-A./)';B.  This  space  can  be  spanned  by  a  unitary 
matrix  V-,  so  through  appropriate  choice  of  h-,  we  can  generate  all  admissible  eigen¬ 
vectors  from  the  projection 

\j fi-Vihi  (32) 

A 

Assuming  the  target  eigenvectors  are  denoted  then  the  h  which  minimizes  the  resid- 

A 

ual  I  \]/j-  -  Vh  1  is  given  by 

(33) 
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and  so  the  feasible  eigenvectors  nearest  \j{-  are  obtained  by  substituting  Eq.  (33)  into  Eq. 
(32),  which  gives 

Vi-^V  04) 

with  the  corresponding  residual  vector 

4  -  V  -  Vi  -  <*  -  V,  if! )Vi  <35> 


There  are  several  computationally  stable  algorithms  available  for  calculation  of  the 
unitary  basis  matrices  U-,  three  being: 

(i)  construct  the  singular  value  decomposition  (SVD[18}>  of  the  matrix 

-v?r 


■i  rzi  <n 

(A-Xfl  ‘b  -  TVU  V2i\ 

L  j  L  o 


(ii)  construct  the  QR  decomposition  [19]  of 


V2i 


and  define  U~Un , 


pn 

(A-Xf)  JB=  [Qn  e2l]  and  define  UrQje 


or 


(iii)  construct  the  SVD  of  the  matrix 


<n 

B*<A-\fl=[uu  o  o 


L<J 


and  define 


where  B*  is  the  orthogonal  complement  of  B(i.e.f  B*B-0). 


For  the  calculations  of  the  present  discussion,  we  follow  [16]  and  adopt  the  third  ap¬ 
proach,  since  it  does  not  require  inversion  of  {A-X-J). 


The  above  developments  still  do  not  tell  us  how  to  choose  the  \ji[  judiciously. 
Following  [12,19],  we  state  the  following  optimization  problem: 

Find  ,  i  - 12, . . .  n},  to  minimize  /  -  2  (36) 


subject  to 

¥i  Vy  *  5|/ (37) 

Unfortunately,  solutions  of  this  problem  requires  iterative  numerical  optimization;  it  can 
be  attacked  by  nonlinear  programming.  To  avoid  this  iteration  (or  to  initiate  it  with  an 
excellent  starting  solution),  we  seek  to  directly  specify  near-feasible  and  well-conditioned 
target  eigenvectors  We  begin  by  arranging  the  n  sets  of  unitary  basis  matrices  into  a 


global  matrix  S  as 

(38) 

and  take  the  singular  vaiue  decomposition  of  S  to  obtain  the  SVD  factorization 

S  »  U  ZV"  (39) 

where  U  ,  V  are  the  left  and  right  matrices  of  singular  vectors  and  2  is  the  diagonal 
matrix  of  singular  values.  We  hypothesize  that  the  left  unitary  vectors  of  S  provides  an 
attractive  set  of  target  eigenvectors,  it  remains  to  determine  which  of  the  column  vectors 
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A  A 

of  U  should  be  assigned  as  \|/J ,  to  each  of  the  n  least  squares  problems  of  Eqs.  (33)  -  (35). 
We  summarize  the  algorithm  as  follows: 

Step  1 .  For  i  -  1,2,...,  n,  compute  a  unitary  basis  matrices  U-  which  span  the 
column  space  of  (A  -  V)‘;B. 

Step  2.  Find  the  left  singular  vectors  U=[uj, . . . ,  uN]  of  S,  and  define  these  as  the 

A  ^ 

set  of  target  vectors:  {  »  uit  for  i  =  12,. . . ,  n). 

A 

Step  3.  For  *  - 12,. . . ,  n,  determine  the  index  k  for  the  i  th  target  eigenvector^  to 
minimize  |  A,  (=|  (/- U(  f/f)\j/y ,  store  this  index  in  an  array  index(i)=k,  and 

A 

remove  \|4  from  the  set  of  target  vectors. 

Step  4.  Calculate  the  admissible  eigenvectors  as  the  least  square  projection 

V/ -  ViV?  k‘ index(0  (4°) 

Step  5.  Determine  the  H  matrix  and  the  gain  matrix  G  by  solving  Eqs.  (30, 29). 

Specializations  for  Second  Order  Equations 

One  conceptually  attractive  modification  of  the  above  for  the  case  of  mechanical 
systems  described  by  Eq.  (1),  with  N  «  2n,  is  to  select  the  open-loop  eigenvectors  as  the 
target  eigenvector  set  ^  X^}.  For  a  general  mass  matrix  and  for  general 

prescription  of  the  closed  loop  eigenvalues,  these  target  eigenvectors  do  not  constitute  a 
unitary  set  and  are  not  guaranteed  to  be  well-conditioned.  However,  numerical  experi¬ 
ence  reveals  that  the  associated  gain  matrices  usually  have  a  relatively  small  (but  not 
generally  a  minimum)  norm,  and  also  the  condition  number  of  the  closed  loop  modal 
matrix  is  relatively  small  (but  again,  not  generally  a  minimum).  The  algorithm  for  this 
case  is  obtained  by  replacing  Steps  1  and  2  by  calculation  of  the  open  loop  eigenvectors 

A 

and  the  target  vectors  \J^-  *  col{$.,  X^}. 


More  generally,  we  wish  to  take  full  advantage  of  the  structure  of  the  eigenspace 
for  the  case  of  full  state  feedback  and  a  mechanical  vibrating  system  of  the  form  of  Eq. 
(1),  it  is  not  necessary  to  limit  attention  to  selection  of  the  open  loop  eigenvectors  as  the 
target  vectors;  there  are  obviously  an  infinity  of  other  possibilities.  We  can  specialize  the 
above  developments  into  a  n  *  2n  dimensional  state  space,  but  can  also  work  exclusively 
with  nxn  modal  matrices  for  the  original  second  derivative  system.  Let  the  feedback 
matrix  be  partitioned  into  position  and  velocity  gains  as  G  =  [Gj  G2],  so  the  control  is 


given  by 

u  =  GjZ  +  G2t 
Equation  (1)  becomes 

Mi  +  Ct  +  Kz  —  D[Gj 


(41) 

(42) 
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(43) 


and  the  associated  eigenvalue  problem  has  die  form 

f  y.  ' 

[x?M  +  X,C  +  K]Vi=D[G;  G,JJ  ' 

*>Vi 

Analogous  to  the  development  of  Sylvester’s  equation  for  first  order  systems,  we  define 


hi=[Gj  ► 


(44) 


For  eigenvalues  assigned  to  positions  other  than  their  open  loop  locations,  die  inverse  of 
Eq.  (43)  exists  and  we  can  determine  the  admissible  eigenvectors  generated  by  the  infin¬ 
ity  of  possible  assigned  eigenvalues  and  h i .  parameter  vectors  as 

Vi  =  [*?Af + + K^Dhi  (45) 

Notice  that  enforcing  the  structure  of  the  modal  eigenvectors  results  in  only  an  nxl  vector 
Yj  being  parameterized  by  h-  instead  of  a  2nxJ  vector  \j/4-  for  the  equivalent  first  order 

development.  Upon  calculating  well-conditioned  admissible  vectors  [y]  =  [\j/y  . . .  yn], 

i.  e.,  those  nearest  a  target  unitary  set  [ty]  (we  have  used  as  targets  the  open  loop  eigen¬ 
vectors  and  also,  the  left  singular  vectors  from  singular  value  decomposition  of  S  from 

Eq.  (38)  with  the  new  definition  U-  =  [x^Af  +  + If]  ^D),  we  can  determine  the  least 

square  solutions  for  h-  and  the  closest  admissible  [y].  We  can  then  form  the  2n  x  2n 

modal  matrix 


(HO  " 

ma 


A  =  diag(Xl 


(46) 


where  (“)  denotes  the  complex  conjugate  of  (  );  the  control  gain  matrix  G  is  then  ob¬ 
tained  by  solving  the  linear  system  if  =  G¥,  where  the  m  x  2n  H  matrix  is  constructed 
from  the  h  parameter  vectors  as 

*-[*»  *2  •••  "n  **  *2  -  »„]  <47> 

For  the  special  case  that  the  number  of  actuators  are  assumed  equal  to  the  number  of 
controlled  modes  (m-/i),  and  for  the  special  case  that  the  target  eigenvectors  arc  taken  to 
be  the  open  loop  undamped  eigenvectors,  we  have  established!  19]  analytical  and  numeri¬ 
cal  equivalence  of  the  above  to  eigenvalue  assignment  by  independent  modal  space 
control  (IMSC[20]).  We  demonstrate  in  subsequent  numerical  results  of  the  present 
chapter  that  selecting  the  open  loop  eigenvectors  as  the  target  set,  while  atttractive  in 
many  cases,  does  not  generally  lead  to  the  smallest  gain  norm  or  the  optimally  condi¬ 
tioned  closed  loop  eigenvalue  problem,  even  for  the  m*n  case. 


The  above  developments  can  be  generalized  and  extended,  as  in  [12],  to  apply  in 
principle  to  the  case  of  output  feedback.  While  output  feedback  algorithms  via  direct 
eigenstructure  assignment  have  been  developed  and  successfully  tested,  the  existence  of 
solutions  is  not  generally  guaranteed.  The  design  of  gain  matrices  for  the  general  output 
feedback  problem  remains  an  area  of  ongoing  research,  iterations  are  usually  required  to 
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converge  upon  practical  designs,  and  convergence  is  not  guaranteed,  even  if  the  formal 
theoretical  conditions  for  assignability  are  satisfied.  Convergence  of  virtually  all  non¬ 
linear  programming  algorithms  can  be  greatly  enhanced  by  use  of  homotopy  algorithms 
[21];  these  approaches  are  also  attractive,  because  they  have  been  successfully  demon¬ 
strated  for  simultaneous  structure  and  controller  design  optimization.  In  optimization  of 
regulator  designs  (for  a  specified  structure),  and  especially  in  simultaneous  structure 
/controller  optimization  problems,  we  must  face  the  truth  that  there  are  typically  several 
competing  definitions  or  measures  of  optimality,  and  that  a  systematic  methodology  is 
needed  to  study  the  design  tradeoffs  between  competing  measures  of  optimality.  This 
family  of  problems  and  recently  developed  approaches  are  reviewed  in  the  following 
section. 


Multiple  Criterion  Optimization 
As  developed  above,  the  closed  loop  eigenvalues  and  eigenvectors  can  be  assigned 
to  achieve  direct  control  over  the  controlled  systems  time  constants  and  robustness  prop¬ 
erties.  It  is  evident  that  the  H  matrix  is  usually  redundant,  vis-a-vis  imposing  eigenvalue 
constraints,  and  therefore  we  were  free  to  seek  small  condition  numbers  of  the  closed 
loop  modal  matrix  to  enhance  robustness  properties. 

More  generally,  there  are  often  many  competing  performance  issues  which  play  a 
significant  role  in  practical  applications.  We  seek  a  graphical  method  for  displaying 
tradeoff  surfaces  to  allow  the  control  designer  visual  evaluation  of  the  nature  of  multiple 
performance  compromises  implicit  in  a  given  controller  design  problem.  We  develop 
below  a  method  for  constructing  such  surfaces;  each  point  on  the  surface  corresponds  to  a 
numerical  setting  on  the  feedback  gains.  It  evident  that  implicitly  we  are  seeking  to 
determine  and  display  families  of  optimal  solutions  (instead  of  optimizing  a  single  point 
design),  so  that  particular  implementations  can  be  selected  with  as  much  visibility  of  the 
macroscopic  and  microscopic  performance  tradeoffs  as  is  possible.  FolIowing[45,16], 
the  tradeoff:  robustness  versus  average  control  energy  versus  average  state  error  energy 
is  judged  to  be  of  fundamental  significance,  therefore  we  concentrate  upon  developing 
methods  to  determine  and  display  this  multiple  criterion  tradeoff  surface.  In  this  develop¬ 
ment,  average  is  taken  to  mean  the  expected  value  of  a  quantity,  for  a  distribution  of 
initial  conditions  having  a  specified  covariance. 

Objective  Functions  and  .Their  Deriv-aliyes 

Consider  a  closed  loop  system  described  by  Eq.  (12)  with  S=I.  Assume  that  the 
initial  conditions  are  distributed  with  prescribed  covariance  E[x^0]  =X0.  We  define  time 
expected  error  energy  (Js )  and  the  expected  error  energy  (J u  )  as 

*Qs  x  <*},  and  =  f{  J"  uQu  u  d/},  with  Q=QT^0 ,  Qu~QTu^0  (48) 

The  Q  matrices  should  be  selected  to  make  the  integrands  correspond  to  physical  energy 
measures.  These  two  integrals  can  be  evaluated  as  shown  below  by  solution  of  Lyapunov 
equations.  Letting  *¥  denoting  the  matrix  of  closed  loop  eigenvectors,  then  the  corre¬ 
sponding  modal  state  vector  \  is  related  to  x  and  u  by  x  =  and  u-H\.  The  modal 
space  closed  loop  system  is 
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(49) 


%  =A|.  with  5,  =  rt„fiI5((5;]  =  4'  X** 

Equations  (48)  become 

J,  =  4J  W'c.H'S*}  and  Ju  =  e[J  (50) 

As  is  developed  in  [19,45],  these  integrals  are  evaluated  as  follows 

J,  =  trace{QV-MP,'V,yXJ  and  Ju  =  traa[QV'HPu'¥  ,)X^  (51) 

where  Pg ,  Pu  arc  solutions  of  the  Lyapunov  equations 

Ps\  +  AHPt  +  '¥HQs'¥  =  0  and  P^A*  AfiPu+H*iQuH  =  0  (52) 

The  solutions  are  written  in  index  form  as 

lyy) =-(*?+ V VfiiVy  “4  (53) 

The  partial  derivatives  of  the  expected  state  and  control  energy  indices  with  respect 
to  the  parameter  vectors  h-  are  obtained  by  direct  differcntiation[19].  Denoting  the 

derivative  with  respect  to  a  parameter  by  A^,  the  eigenvector  derivatives  are 

A*Y| h  =  U£khi  (54) 

Clearly  if  we  take  an  an  element  of  h-,  then  Akhi  is  a  column  of  zeros  and  ones.  The 

derivative  of  the  inverse  of  the  modal  matrix,  where  needed,  is  obtained  as 

A^1  -  -  'F'VjW7  (55) 

As  a  third  performance  measure  (robustness),  we  adopt  the  condition  number  Jr  of  the 

closed  loop  eigenvectors.  The  condition  number  is  easily  computed  and  has  been  found 
to  be  a  good  measure  of  closed  loop  robustness.  We  use  methods  of  [22]  to  compute  the 
partial  derivatives  of  the  condition  number  with  respect  to  h  Additional  indices,  such  as 

structural  mass,  stiffness,  and  loading  measures,  can  be  introduced  to  accomplish 
structure/controller  optimization  tradeoffs  [23].  In  the  numerical  studies  below,  we 
report  some  of  these  tradeoffs  for  an  example  problem. 


Multiple  Objective  Optimization 


*  *  * 


As  developed  above,  we  have  two  or  more  performance  indices  ( e.g .,  JS,JU,  Jr)  all 
of  which  we  would  like  to  minimize.  Recognizing  from  the  onset  that  these  minimiza¬ 
tions  are  almost  certainly  in  competition,  we  approach  the  problem  from  a  different 
perspective  [19,45].  Suppose  that  we  are  following  the  eigenstructurc  assignment  ap¬ 
proach  as  developed  above;  we  seek  to  optimize,  in  some  sense,  over  all  H  matrices  for  a 
given  set  of  closed  loop  eigenvalue  locations.  In  lieu  of  optimization,  we  first  direct 
attention  to  the  problem  of  finding  H  to  impose  the  equality  constraints 


/*  -  JS(H)=  0,  s—>u,r 


(56) 


The  values  (J*,J*u,J*r)  are  interpreted  as  "the  best  one  could  possibly  hope  for",  or  as 
design  goals  to  be  achieved  as  nearly  as  possible.  Since  an  exact  feasible  solution  of  the 
problem  likely  won’t  exist,  especially  when  aggressive,  demanding  goals  are  assigned, 
we  begin  by  defining  a  homotopy  family  of  neighboring  problems  with  "portable"  goals. 


Specifically,  we  replace  the  (J*.  J*,  J*)  goals  by  a  one  parameter  (y)  family  of  goals  as 

{tf*  +  (l-yV/Hart)}  -  JJH)~  0,  S-+U7, ,  0<y<U  (57) 

Sweeping  the  homotopy  parameter  (y)  from  zero  to  unity  gradually  drives  the  portable 
goals  from  their  values  on  the  starting  iteration  toward  the  specified  goals.  Notice  Httart 
is  some  arbitrary  starting  matrix,  but  most  usually  it  is  determined  from  an  eigenstructure 
assignment  procedure  similar  to  that  described  above.  Since  there  are  typically  more 
elements  in  H  than  the  number  of  portable  goal  constraints,  the  corrections  to  H  are 
underdetermined.  For  most  of  our  implementations  to  date  [3,6,9,23],  we  have  used  the 
minimum  correction  norm  algorithm.  This  algorithm  is  a  generalized  Newton  method 
which  finds  the  minimum  sum  square  modification  of  H  on  each  iteration  to  satisfy  the 

currently  specified  goals  {y Js  +  (l-y)J/Huart)}.  This  process  has  the  advantage  that  each 

iteration,  for  fixed  y,  seeks  a  minimum  change  of  the  current  design  and  thereby  increase 
the  likelihood  of  achieving  convergence  to  solutions  for  the  sequence  of  neighboring 
problems.  Notice  that  the  current  portable  goals  can  be  assigned  arbitrarily  near  a  neigh¬ 
boring  converged  design  by  increasing  y  adaptively  based  upon  convergence  progress. 
As  y  is  increased  toward  unity,  it  is  evident  that  successful  convergences  mean  that  the 
design  goals  are  being  approached.  In  the  event  that  y  cannot  be  advanced  some  small 
assign  tolerance  with  a  convergence  failure  due  to  competition  between  the  goal  con¬ 
straints,  the  process  is  terminated.  Of  course  in  the  event  that  y  can  be  increased  to  unity 
without  a  convergence  failure,  the  design  goals  have  been  achieved;  this  unusual  event 

usually  motivates  one  to  be  more  aggressive  in  assigning  at  least  one  of  die  goals 

*  *  * 

(JS,JU,  Jr)  to  a  smaller  value.  The  homotopy  can  be  applied  to  sweep  all  goals  simulta¬ 
neously,  or  to  one  goal  at  a  time  (while  treating  the  remaining  goals  as  fixed  equality 
constraints). 

Utilizing  these  ideas,  we  have  developed  a  nonlinear  programming  algorithm  [19] 
to  generate  the  family  of  solutions  which  can  be  interpolated  to  form  multiple  objective 

performance  tradeoff  surfaces.  We  seek  to  establish  a  surface  in  (Js,Ju,Jr,H)  space, 
each  point  of  which  corresponds  to  the  H  (or,  implicitly,  the  G )  which  optimizes 

robustness  (e.  g.,  minimizes  the  condition  number  Jr)  for  fixed  values  of  the  expected 

*  * 

state  error  energy  and  control  energy  The  overall  process  is  outlined  as  follows: 

Step  1.  Select  the  robustness  index  as  the  primary  objective  function,  optimize  it 

over  a  prescribed  region  of  (JS,JU)  space  with  (J, ,  Ju)  constrained  only  by 
upper  and  lower  bounds. 

*  ...  *  * 

Step  2.  Initiating  with  the  minimum  Jr  solution,  define  a  neighboring  grid  of  (JS,JJ 

values;  the  grid  values  are  treated  as  a  sequence  of  equality  constraints, 
while  Jr  is  minimized  for  each  pair  of  fixed  (Jx ,  Ju)  points  on  the  grid, 
specifically 

2. 1 .  Set  values  for  the  goals  (Js ,  JJ  to  a  point  on  the  selected  grid. 
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* 

2.2.  Determine  minimum  norm  corrections  to  H  and  sweep  y  to  drive  Jr  (y) 
as  small  as  possible,  subject  to  the  equality  constraints 
J*s-Js(HhO,  J*  -  JJH)=  0 

Save  the  resulting  family  of  converged  solutions  (Js,  Ju,  J*,  H),  if  the 
*  * 

(Jt ,  JJ  grid  is  complete,  then  go  to  step  3,  otherwise,  move  to  the 
next  point  on  the  grid  and  return  to  step  2.1. 

•  *  * 

Step  3.  Interpolate  the  converged  (J s ,Ju,Jr,H)  data  to  establish  the  multiple  crite¬ 

rion  tradeoff  surface. 

The  convergence  achieved  in  Step  1  is  typically,  but  not  always,  on  the  boundary 
of  the  admissible  (Js ,  JJ  region.  Also,  convergence  to  local  extrema  sometimes  occurs. 
Since  the  first  optimization  is  used  to  establish  the  departure  point  for  the  construction  of 
the  performance  tradeoff,  it  is  obvious  that  this  solution  is  crucial.  Therefore,  it  is  impor¬ 
tant  to  vary  the  starting  H  and  take  all  obvious  steps  to  increase  confidence  that  the  global 
optimum  has  been  achieved.  The  family  of  local  constrained  optimizations  at  Step  2.2 
should  be  done  with  small  convergence  tolerances  to  make  die  surface  numerically 

uniquely  defined.  The  density  of  points  in  the  (Js,  Ju,  Jr,H)  space  required  for  accurate 
interpolation  of  the  performance  surfaces  is  problem-dependent  and  is  obviously  con¬ 
trolled  directly  by  the  user-selected  (Jx ,  JJ  grid.  We  suggest  cubic  spline  interpolation 
;  between  the  converged  points  to  approximate  the  surface.  Prudent  verifications  should 
be  done  in  which  interpolated  designs  for  H  or  G  (e.  g.,  midway  between  the  points  on 
the  grid)  are  computed  and  used  to  verify  that  the  closed  loop  system’s  actual  stability 
.  and  performance  properties  are  interpolated  with  sufficient  precision.  We  illustrate  these 
ideas  in  the  numerical  studies  discussed  below. 

Numerical  Examples  of  Robust  Controller  Design 
and  Multiple  Objective  Optimization 


*i^fiilfui]iK0*>x7-i(-inlvi  P? lH k! tO  J  jjEfi lu) flEjCfT El  1 1 


In  order  to  illustrate  several  issues  associated  with  controller  design  via  the  LQR 
based  formulations  and  the  robust  eigenstructure  assignment  algorithm,  we  present  nu¬ 
merical  results  for  two  sets  of  models:  i)  Set  I  (various  parameter  values  for  a  6th  order 
mass-spring  system,  Table  1)  and  ii)  Set  II  (various  reduced  order  models  for  a  flexible 
space  structure).  The  mass  and  stiffness  matrices  for  the  first  set  of  examples  are  chosen 
as 

“2  -1  0“ 

M  ~  diag[m  j  j,  mi2<  K*k  -1  3  -2 

_0  -2  2  _ 

and  the  open-loop  eigenvalues  for  the  second  example  are  given  in  Table  2. 
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Efgenstructure  Assignment 

To  study  the  performance  of  the  robust  eigens tincture  assignment  algorithm,  sev¬ 
eral  models  are  selected  from  Set  I,  in  particular,  we  choose  four  variations  of  the  sys¬ 
tem’s  mass  matrix.  For  these  Set  I  cases,  the  number  of  control  inputs  are  chosen  equal 
to  the  number  of  modes  (i.e.,  D=I).  From  the  second  set  of  examples,  several  reduced 
order  (modal  space)  models  are  obtained  by  truncating  at  different  mode  numbers  of 
increasing  frequency.  The  specifications  of  all  eight  models  and  the  desired  eigenvalues 
for  each  model  are  given  in  Tables  1  and  2. 


For  these  structural  systems,  we  tested  the  projection  method  (See  associated 
discussion  Eqs.  (32)-(47))  using  as  target  vectors  a  unitary  basis  (Algorithm  I)  and  using 
as  target  vectors  the  open-loop  eigenvectors  (Algorithm  II),  and  finally,  using  the  IMSC 
pole  placement  technique  (Algorithm  III  [20]).  We  summarize  the  condition  number  of 
the  eigenvector  matrix  and  Frobenuis  norm  of  the  gain  matrix  obtained  by  using  each 
model  in  Tables  3  and  4.  For  the  flexible  structure,  the  result  of  the  IMSC  method  is  not 
reported  since  we  elect  to  hold  the  number  of  controllers  fixed  (m«6)  and  thus  IMSC  can 
not  be  rigorously  applied  to  control  >  6  modes  without  introducing  additional  actuators. 

As  shown  in  Table  3,  the  identical  results  were  obtained  by  Algorithms  II  and  III 
for  Models  1-4.  For  systems  with  same  number  of  controllers  as  number  of  modes. 
Algorithm  II  is  equivalent  to  the  IMSC  method,  since  the  open-loop  modal  matrix  (Model 
1),  the  condition  numbers  obtained  by  all  the  three  algorithms  were  exactly  the  same.  For 
this  case.  Algorithm  I,  however,  generated  a  different  gain  matrix  and  since  the  unitary 
basis  vectors  employed  as  target  vectors  in  the  projection  step  did  not  coincide  with  the 
unitary  open-loop  modal  vectors.  For  Model  4,  we  summarize  the  two  gain  matrices  as 
follows: 


■  mi 

■5E31 

G  - 

-16.664 

36.517 

S 13591 

■  of*  \:.vi 

6.934 

5.189  J 

Algorithms 

[Land  ingrain  Matrix 

fusing  onen  loop  eigenvectors  as  target 

set): 

6.666 

-3.333 

0.000 

396.842 

-32.917 

-0.305 

G  - 

-3.333 

10.000 

-6.666 

-32.901 

-41.009 

-4.803 

.0.000 

-6.666 

6.666 

-0.305 

-4.803 

5.142. 

For  all  models  of  the  first  example  set.  Algorithm  I  performed  superior  or  equal  to 
the  others  in  the  sense  that  the  resulting  feedback  system  is  less  sensitive.  The  reason  is 
that  the  conditioning  of  the  open-loop  modal  matrices  depend  on  the  mass  matrices. 
From  these  observations,  we  conclude  that  the  open-loop  modal  matrix  is  not  generally 
the  optimal  choice  for  target  eigenvectors,  vis-a-vis  minimizing  the  gain  norm  or  the 
robustness  index,  for  systems  with  an  arbitrary  mass  and  stiffness  matrices. 

Test  results  for  Models  5-8  are  interesting  since  these  are  consistent  with  many 
practical  systems  which  have  a  smaller  number  of  actuators  than  the  number  of  modes  we 
wish  to  control.  As  shown  in  Table  4,  Algorithm  I  performs  better  than  Algorithm  II  as 
regards  conditioning  (robustness)  of  closed-loop  eigenvectors. 
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Table  1.  Test  Example  Set  J  (Spring  Mass  Systems) 


MODEL* 

NO. 

MASS  MATRIX  , 

DESIRED  EIGENVALUES 

Freq  (to)  Damping  (?) 

1 

M-diag(l,l,l] 

Mj-  1.44 
032"  4.47 
03-  6.92 

;i-?2<3-o-5 

2 

M  -diag[100,l,l] 

0.69 

cog-  2.33 
OO3-  6.76 

Ci-;2-C3-o*5 

3 

M-diag{1000, 100,1] 

0.09 

(Bg-  0.95 
(1)3*  4.70 

Cl-?2“C3"0-5 

A 

M  -  diag[ 10000,100,1} 

CD^»  0.03 
cog*  0  •  31 
0)3-  4.49 

Cl*C2“C3“0-5 

*  All  the  models  have  the  »ame  stiffness  matrix 


Table  2  Test  Example  Set  II  (Flexible  Space  Structure) 


MODE 

_EQL _ 


DESIRED  CLOSED-LOOP 
EIGENVALUE 


OPEN-LOOP  EIGENVALUE 


Table  3.  Performance  of  Eigenstructure  Assignment  Algorithms 

on  Set  I  Examples 


MODEL 

!  Algorithm  I* 

Algorithm  II* 

Algorithm  III* 

NO. 

o  ** 
*<♦  > 

c  ** 
*<♦  > 

c  ** 
k(9  ) 

c  ** 
k<*  > 

lGt 

1 

6.92 

926 

50.91 

926 

19.83 

926 

19.83 

2 

68.39 

45.08 

45.08 

3 

20.19 

10.08 

121.79 

2131 

128.96 

2131 

128.96 

4 

72.94 

31.79 

367.04 

73.46 

40112 

73.46 

40112 

*  Algorithm  I  •Projection  method  using  unitary  basis  vectors 
as  target  closed-loop  eigenvectors. 


Algorithm  II  -Projection  method  using  open-loop  eigenvectors 
as  target  closed-loop  eigenvectors. 

Algorithm  III  -IMSC  method 


**  The  superscript  o  and  c  denote  open -loop  and  closed-loop,  respectively,  k/ )  denotes  the  condition  number. 


Table  4.  Performance  of  Eigenstructure  Assignment  Algorithms 

on  Set  II  Examples 


MODEL 

NO. 


No.  of  States 
and  No.  of  Controls 
n  m 


o  ** 

*(♦  I 


Algorithm  I* 
c  ** 

Mf  >  |6^ 


5 

6 

7 

8 


12 

16 

20 

24 


6 

6 

6 

6 


9600 

9600 

9600 

9600 


31.  234,000 

347.  786,749 

8,342.  11,904,002 

11,406.  5,920,422 


Algorithm  II* 
c  ** 

k(0  I G  ^ 


32.  208,000 

461.  906.380 

14,753.  7,913,951 

25,495.  10,730,075 


•  Algorithm  I  -  Projection  method  based  on  unitary  vectors. 
Algorithm  II  -  Projection  method  based  on  open-loop  eigenvectors. 


**  The  superscripts  o  and  c  denote  open-loop  and  closed-loop  respectively. 


Table  5.  Robustness  Index  Optimization 


ALGORITHM 


I.  LQR(N-O) 

I. *  LQR  (N*0) 

II.  Modified  LQR 

III.  Sylvester's  Method 

*  7r  is  minimized  subject  to  the  inequalities 


STATE  CONTROL  ROBUSTNESS 
ENERGY  ENERGY  INDEX 

Js  Ju  V 

3.0  0.368  3.270 

3.0  0.385  3.150 

3.0  0.842  3.050 

3.0  1.000  3.040 
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Multi-Criterion  Efgenstructure  Optimization 

Multiple  objective  optimization  and  trade-off  surface  generation  requires  many 
nonlinear  iterations  and  are  computationally  expensive  processes.  It  is  presently  reason¬ 
able  to  carry  out  this  conceptually  attractive  idea  only  for  low  to  moderate  order  systems. 
To  illustrate  the  ideas,  we  restrict  our  attention  to  the  sixth  order  spring-mass  system  with 
the  mass  matrix,  M  =  diag[  1, 1, 2],  and  the  stiffness  matrix  scaling  factor  k-\.  This  sixth 
order  model  has  two  controllers,  i.e.,  the  control  input  matrix  is  given  by 

f/=P  0  01 
Lo  0  lj 

For  this  system,  we  consider  three  feedback  design  algorithms:  Algorithm  A  (general¬ 
ized  LQR  in  Form  1,  Eqs.  (19)),  Algorithm  B  ( LQR  in  Form  2,  Eq.  22)  and  Algorithm  C 
(Sylvester’s  method,  Eqs.  (29),  (30)).  For  Sylvester’s  method,  die  closed  loop  eigen¬ 
values  are  also  considered  design  parameters  and  tuned  in  the  optimization  process,  so 
that  with  this  additional  feature'  [16],  the  comparison  of  its  performance  with  the  two 
LQR  algorithms  will  be  consistent.  For  Algorithm  A,  we  considered  two  cases:  one  with 
N=0  (this  reduces  to  the  classical  LQR),  another  with  N*0.  The  performance  of  each 
feedback  design  algorithm  is  compared  for  multi-criterion  optimizations  of  three  design 
objectives:  expected  state  error  energy,  control  energy  and  robustness  measure  (condi¬ 
tion  number  of  the  eigenvector  matrix). 

Arbitrary  initial  design  parameters  are  selected  for  Algorithm  B  and  corresponding 
initial  parameters  for  Algorithms  A  and  C  are  generated  so  that  the  three  algorithms  are 
initiated  with  the  same  control  gains  and  closed  loop  system.  The  parameter  values  at  the 
beginning  of  the  iterations  are  summarized  below: 

Design  Parameters  for  Algorithm  B: 

t,  =  diagl.52,  .52,  ,52,  .52,  .5 \  .52],  1 ^  =  L3=L4  =  diag[l,l) 

Weight  Matrices  and  Initial  State  Covariance  Matrix: 

Qu  =  Qs=Xo=* 

Homotopy  Step  Size  and  Convergence  Limit: 

a/+l  =  OL;  +  0.1,  |  Ap  |  <  10”  convergence  tolerance  for  each  a,- . 

Using  the  three  step  numerical  algorithm  described  above,  the  optimization  of  the 
primary  objective,  Jr  (condition  number  of  eigenvectors),  was  first  performed  subject  to 

satisfying  the  specified  admissible  region  constraining  equations  for  the  state  error  energy 
and  control  energy:  0  zJsz3,0  zJuz2.  The  results  of  this  step  are  given  in  Table  5, 

where  it  can  be  seen  that  the  optimum  /r’s  obtained  by  each  algorithm  occurred  on  the 
boundary  of  the  feasible  region  at  the  same  state  error  energy  level  Js  -  3.0,  however  the 
(Ju,  J  )  values  were  different.  Starting  each  algorithm  at  the  point  obtained  by  minimiz¬ 
ing  Jf,  grids  of  neighboring  points  in  the  (Js,  Ju)  space  were  defined.  At  each  grid  point, 


231 


MtNNintMn 


Figure  1.  Multi-Criterion  Tradeoff  Surface:  Figure  2.  Multi-Criterion  Tradeoff  Surface: 

Classical  LQR  Control(jV=0)  Generalized  LQR  Control  Form  1  (N* 0) 


Figure  3.  Multi-Criterion  Tradeoff  Surface:  Figure  4.  Multi-Criterion  Tradeoff  Surface* 

Generalized  LQR  Regulator  Form  2  Robust  Eigentructure  Assignment 

via  Sylvester’s  Equation 


the  primary  objective  Jf  was  optimized  while  constraining  Jg  and  Ju  to  remain  constant  at 

a  point  on  the  grid,  so  that  points  on  the  surfaces  of  Figures  1-4  can  be  interpreted  as 
constrained  minima  of  the  robustness  index  Jf  (minimum  Jf  for  fixed  Js,  Ju). 

For  all  three  algorithms,  Figs.  1-4  show  that  the  expected  state  error  energy  and 
robustness  index  are  obviously  competing  each  other  for  same  control  energy  level.  We 
also  observe  that  there  is  a  significant  trade-off  relation  between  control  energy  and  the 
robustness  index,  especially  for  small  state  energy  (7J<1).  As  can  be  seen  in  Figs.  1-4, 

the  surface  generated  by  using  the  classical  LQR  (Algorithm  A)  is  much  more  irregular 
than  those  of  the  others,  which  may  be  due  to  more  nonlinear  constraining  equations,  e.g., 
the  nonlinear  Riccati  equation  instead  of  linear  Lyapunov  equation.  When  only  diagonal 
elements  of  the  QR  matrices  were  iterated,  it  was  not  possible  to  generate  a  complete 
trade-off  surface  since  the  accessible  region  in  (Js,  Ju)  space  was  found  to  be  severely 

limited.  Comparing  Figs.  3  and  4,  we  conclude  that  the  multi-criterion  surfaces  of  Algo¬ 
rithms  B  and  C  are  approximately  the  same.  In  fact,  the  Lyapunov  equation  can  be 
viewed  as  a  special  type  of  Sylvester  equation. 

Several  observations  made  from  these  numerical  results  are  summarized  as  follows: 

1)  For  all  the  cases,  the  expected  state  error  energy  and  robustness  index  were  found  to 
be  strongly  competing  objectives. 

2)  The  LQR  design  with  "cross-coupling"  weights  (N  matrix)  in  the  criterion  produces 
more  regular  tradeoff  surfaces  and  offers  more  choices  of  the  feedback  gains  than 
that  standard  LQR  design.  However,  the  N  matrix  increases  the  redundancy  in  the 
sense  that  the  number  of  weight  parameters  are  increased  compared  to  the  number 
of  elements  in  G. 

3)  For  the  cases  studied,  the  modified  LQR  formulation  and  Sylvester’s  method  per¬ 
formed  approximately  the  same  in  the  sense  that  both  methods  generated  similar 
near-planar  performance  tradeoff  surfaces,  which  are  judged  more  attractive  than 
the  conventional  LQR  results.  These  two  algorithms  also  are  more  easily  imple¬ 
mented.  An  attractive  feature  of  the  Sylvester  approach  is  the  direct  fashion  in 
which  the  eigenvalues  may  be  assigned  to  arbitrary  points  in  the  complex  plane. 

Simultaneous  Structure-Controller  Design  Optimization 

The  above  developments  all  share  the  underlying  assumption  that  the  nominal  struc¬ 
tural  design  is  being  held  fixed,  i.e.,  the  above  developments  are  concerned  with  design 
of  robust  controllers  for  a  fixed  structural  design.  Recently  [3,23,26,27,29,32,33,36- 
38,46]  there  had  been  considerable  effort  to  unify  structural  design  and  controller  design 
into  a  unified  optimization  problem.  This  research  has  met  with  some  success,  but  it  is 
fair  to  say  that  the  unified  methodology  remains  in  an  early  stage  of  development.  It  is 
easy  to  extrapolate  that  there  is  a  widespread  need  for  this  methodology  since  a  trend  is 
evident  that  extensive  "paper  studies"  and  optimization  of  preliminary  structure  and 
controller  designs  will  precede  most  missions  for  large  space  structures. 
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This  simultaneous  structure-controller  optimization  is  complicated  by  the  following 
issues,  relative  to  separate  structure  or  controller  optimization:  (i)  one  must  simultane¬ 
ously  consider  several  competing  performance  measures,  (ii)  the  dimensionality  of  the 
independent  and  dependent  parameter  and/or  function  spaces  is  higher,  there  are  typically 
many  inequality  constraints,  and  (iii)  the  simultaneous  consideration  of  structural  mass, 
geometry,  and  stiffness  parameters  along  with  sensor/actuator  locations,  and  control  law 
parameters  inherently  leads  to  highly  nonlinear  problems.  Recently  [23,32,33,38,46] 
progress  has  been  made  in  developing  an  attractive  nonlinear  programming  algorithm 
which  has  proven  successful  on  a  variety  of  problems.  These  algorithms  combine  the 
homotopy  idea  with  Sequential  Linear  Programming  (SLP).  The  motivation  for  using 
linear  programming  (LP)  lies  in  the  fact  the  (i)  numerous  inequality  constraints  are  han¬ 
dled  with  ease,  (ii)  standard,  reliable  algorithms  are  available  which  are  applicable  to  LP 
problems  with  several  hundred  unknowns  [39,40,42,43],  and  (iii)  it  has  been  shown 
[32,39,40]  to  be  competitive  or  superior  to  more  popular  penalty  function  approaches 
which  use  quasi-Newton  or  conjugate  gradient  correction  schemes.  For  these  reasons,  we 
will  overview  the  SLP  approach  and  some  recently  obtained  results. 

Unified  Optimization  Problem 

We  consider  the  closed  loop,  output-feedback  controlled  system  of  Eqs.  (12)-(15). 
We  address  the  most  general  situation  wherein  the  d  x  1  global  stiucture/controller  design 
vector  p  is  given  by 

P  =  Col  S l»”"»^rt<]  (58) 

with  m  =  col  structural  model  parameters,  K=K(m),  C=C(m) 

s  =  col  sensor  location  and  model  parameters,  S = S(s) 

a  =  col  {<z,,...,n  },  actuator  location  and  model  parameters,  D  s  D(a) 

g  =  col  {gi,-,g„4h  =  vec{G},  control  gains,  G  -  G(g) 

consider  the  situation  where  all  independent  and  dependent  constraint  functions  (e.g. 
eigenvalue  constraints)  are  expressed  asjfp)  =  f*,f  Zj*,/*/*,  all  three  possibilities  are 
captured  by  the  notation 

f(p)  {<.,=,*}/'  (59) 

The  objective  or  desired  values  f*  are  considered  specified.  In  addition  to  performance 
bounds,  eigenvalue  constraints,  and  other  dependent  geometry  constraints,  Eq.  (59) 
includes  all  structural  constraints  (i.e.,  negative  thickness  is  not  allowed),  and  require¬ 
ments  that  sensors  and  actuators  be  located  on  the  structure!  Thus  the  dimension  of  Eq. 
(59)  is  often  much  higher  than  the  p  vector  itself,  even  though  only  a  subset  of  the  in¬ 
equalities  are  likely  to  be  active  at  the  final  converged  solution.  In  addition  to  the  con¬ 
straints  of  Eq.  (59),  we  consider  another  set  of  dependent  functions  (J}(p),  J2(p), -}  to  be 

performance  measures  which  we  are  interested  in  extremizing  subject  to  conditions  of 
Eq.  (59).  Since  we  do  not  expect  to  be  able  to  extremize  minimize  all  functions  simulta¬ 
neously,  we  anticipate  from  the  onset  the  necessity  of  tradeoff  studies.  In  particular,  we 
consider  three  performance  objectives: 
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I  minimize  eigenvalue  sensitivity  =  J^  =/j(p) 


n  d  3X,  ^ 

h  1  w/w‘j-w«>0 


(60) 


II  maximize  Patel/T oda  robustness  =  72  =  /2(P) =  [/?«(-X)]  /k(\\f)  (61) 


III  minimize  total  mass:  -  J$(p)  =  total  mass  (62) 

To  simplify  the  SLP  discussion  below,  we  will  use  J  to  refer  to  any  one  of  the  J-  unless 
we  need  to  be  specific. 


Sequential  Linear  Programming  (SLP) 

We  begin  by  defining  a  homotopy  to  replace  constraint  objectives  by  portable 
constraints,  Eq.  (59)  is  replaced  by 

Jip)  {*,  =,  (1  -  start)  +  Y J*  (63) 

Obviously  as  y  s  swept  from  zero  to  unity,  we  define  a  family  of  neighboring  objectives 
which  initiate  at  f(Pstar)>  associated  with  our  starting  design  vector  (p <  and  terminat¬ 

ing  with  the  prescribed  objective/".  Clearly  we  have  p*p( y),  if  we  seek  to  minimize 
J*J(p)  subject  to  Eq.  (63),  we  suppress  the  dependence  of  p  on  y,  for  notational  conven¬ 
ience.  Without  loss  of  generality,  we  seek  to  maximize  J(p). 

Equation  (63)  and  J(p)  can  be  linearized  about  the  current  p  vector  to  obtain  the 
v  following  local  linear  optimization  problem 

Maximize  £  ^ dp,=  {^}r if  (64) 

Subject lo  [|£]  Ap/S,=, y  -fy)  (65) 


-E^Ap^E 


(66) 


Equation  (66)  is  a  step  size  constraint  (notice  e  has  positive  elements  and  is  an  assigned 
vector,  Eq.  (66)  holds  element-by-element).  In  [23,46],  the  above  problem  is  arranged  in 
standard  form  for  using  the  Simplex  Linear  programming  algorithm,  as  implemented  in 
[43].  By  slowly  sweeping  y  from  zero  to  unity  and  iteratively  solving  the  above  linear 
program  to  convergence  for  each  y,  we  have  a  nonlinear  programming  method  which 
applies  to  the  family  of  problems  under  consideration.  In  [32],  the  above  approach  is 
compared  to  more  popular  nonlinear  programming  (penalty  function  methods  using  the 
CONMIN  quasi-Newton  algorithm);  it  is  shown  to  be  superior  vis-a-vis  reliable  conver¬ 
gence.  We  now  consider  an  illustrative  example  due  to  and  Lim[46]  and  Junkins  [23]. 


Numerical  Example  of  Structure/Controller  Design  via  SLP 

Figure  5  shows  a  two-body  problem  consisting  of  a  rigid  body  with  a  flexible  beam 
attached  by  a  torsional  spring.  The  nominal  configuration  is  specified  in  Tables  6  and  7. 
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i 


Figure  5  Two-Body  Structure 


Table  6.  Nominal  Design  Variables 


DESIGN  VARIABLE 

SYMBOL 

VALUE 

actuator  2  location 

•l 

5m 

actuator  3  location 

*2 

10m 

actuator  4  location 

«3 

15m 

stiffness  of  ton  ion  al  spring 

k 

500  n-m/rad 

thickness  of  flexible  beam 

«F 

.lm 

Young’s  modulus  of  beam 

E 

•1482xl09N/m2 

mass  density  of  rigid  body 

PR 

300  kg/m3 

output  gain  elements: 

G(1.1XG(2.1).  0(3.1).  C(4,l)  -1 

all  other  C(i  j)  elements  0 


Table  7.  Fixed  structural  parameters 


PARAMETER 

SYMBOL 

VALUE 

width  of  rigid  body 

WR 

lm 

thickness  of  rigid  body 

*R 

3m 

depth  of  rigid  body 

<R 

2m 

width  of  flexible  beam 

WF 

20m 

depth  of  flexible  beam 

-F 

lm 

mass  density  of  flexible  beam 

PF 

1799  kg/i 

sensor  1  location 

*1 

3m 

sensor  2  location 

*2 

7m 

sensor  3  location 

*3 

13m 

sensor  4  location 

*4 

17m 

Table  8.  Open  loop  and  desired  closed  loop  damped 


frequencies  and  damping  factors 


MODE 

OPEN  LOOP 

DESIRED  CLOSED  LOOP 

# 

(rad/a) 

C 

* 

(rad/s) 

c* 

1 

.0056 

.4819E-10 

.1 

.7 

2 

.2803 

.1402E-5 

.3 

.1 

3 

.3443 

.1718E-5 

.45 

.1 

4 

1.241 

.6204E-5 

1.0 

.05 

5 

1.768 

.8839E-5 

1.5 

.05 

6 

3.981 

.1990E-4 

4.0 

.05 

7 

5.004 

.2502E-4 

>ti)j  +  .1 

dg 

.02 

8 

8.295 

.4147E-4 

unconstrained 

.02 

9 

9.902 

.495 IE -4 

unconstrained 

.02 

10 

14.34 

•7171E-4 

unconstrained 

.02 
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Table  9.  Lower,  upper  and  local  step  size 
bounds  on  design  parameters 


PARAMETER  SYMBOL 

VALUE 

lower  bounds  on  actuator  location  Jlf 

1  l 
*2*  *3 

0m 

upper  bounds  on  actuator  location 

u  u 
•2*  «3 

20m 

lower  bounds  on  spring  stiffness 

k' 

4 

5  N-m/rad 

lower  bound  on  beam  thickness 

Dim 

upper  bound  on  beam  thickness 

4 

2m 

lower  bound  on  beam  stiffness 

e' 

.1480xl09  N/m2 

upper  bound  on  beam  stiffness 

e" 

•1496xl09  N/m2 

lower  bound  on  rigid  body  density 

4 

50  kg/m3 

upper  bound  on  rigid  body  density 

4 

1000  kg/m3 

local  step  size  bounds: 

actuator  location 

A«2 *  A*3  .1m 

spring  stiffness 

Alt 

30  N-m/rad 

beam  thickness 

AtP 

.01m 

beam  stiffness 

AE 

.U105  N/m2 

rigid  body  density 

% 

40  kg/m3 

gamelements  U1....4;  AG(i,j) 

10 

frequency  separation  between  mode  7  and  6 

Aa»76 

.1  rad/s 

Table  10.  Computer  execution  times 
for  various  subproblems 


SUBPROBLEM  CP  secs. 

(CYBER  170) 

real,  nomymmetric  left  and  right 
eigenvalue  problems  (20x20)  2.67 

using  IMSL  routine  EIGRF 


Solution  of  linear  program 
(SS  variables,  83  constraints)  22.73 

using  IMSL  routine  ZX4LP 


Compute  eigenvalue  derivatives 

3Xi  i-1,  .  ..,6 

9p3  f  j-1, ...» 55 

Compute  second  eigenvalue  derivatives 


A. 


i-l* 

3-1* 

k-1. 


.*55 

,55 


5.05 


159.06 
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Figure  6  Convergence  of  Eigenvalue  Sensitivity  Figure7  Convergence  of  Condition  Number 


Figure  8  Convergence  of  Robustness  Index  Figure  9  Convergence  of  Total  Mass 


Figure  10  Closed  Loop  Eigenvalue  Locus 
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Table  11.  Converged  Parameters  for  Three  Designs 

CASE  I:  Minimum  Eigenvalue  Sensitivity 
CASE  It  Maximum  Stability  Robustness  Design 
CASE  III:  Minimum  Mass  Design 


CASE 

*i 

* 2 

*3 

k 

*F 

E 

PR 

I 

4.924 

7.878 

14.72 

1443 

.0841 

.1480E+9 

5122 

n 

4.797 

8.924 

15.48 

1481 

.0939 

.1496E+9 

262.1 

in 

4.087 

9.795 

14.75 

2315 

.0709 

.1494E+9 

50.0 

Table  12.  Actual  Robustness  of  Three  Designs 


PARAMETER 

PERCE 

CAUSI 

:nt  VARIAl 
NG  INSTABl 

ION 

LITY 

MASS 

DESIGN 

SENsmvm 

DESIGN 

ROBUSTNESS 

DESIGN 

al 

6 % 

12% 

16% 

ACTUATOR  a- 

LOCATIONS  1 

LS 

9 

8 

2.4 

4 

4 

k 

4 

6 

98 

STRUCTURAL  tp 

3 

5 

10 

PARAMETERS  E 

8 

14 

31 

PR 

6 

24 

28 

CO.  1) 

9 

9 

67 

SELECTED  C(  1,3) 

12 

50 

28 

CONTROL  COS) 

43 

31 

91 

CAINS  C( 3,9) 

38 

51 

25 

C(4,ll) 

24 

8 

31 

55  PARAMETER  AVERAGE 

13% 

18% 

37% 

23S 


Six  pairs  of  position  and  velocity  sensors  and  located  on  the  structure,  four  linear  motion 
pars  are  located  on  the  beam  (Table  7)  available  for  re-design  iterations.  An  angle  and 
angular-velocity  measuring  sensor  pair  is  fixed  to  the  rigid  body  and  another  to  the  beam 
mid-span.  Four  actuators  are  assumed,  one  torquer  acts  on  the  rigid  body,  the  other  three 
torquers  act  on  the  beam  with  their  stations  available  for  optimization.  There  are  a  total 
of  55  design  variables  free  for  optimization  (the  4x12=48  elements  of  the  output  feedback 
gain  matrix,  plus  the  7  sensor,  actuator,  and  model  parameters  of  Table  6). 

Table  8  shows  the  nominal  system’s  open-loop  eigenvalues  for  the  first  ten  modes 
and  some  arbitrarily  selected  eigenspace  constraints  we  wish  to  impose.  Table  9  provides 
the  additional  set  of  inequality  conditions  imposed  to  establish  Eq.  (59).  We  considered 
the  three  performance  measures  of  Eqs.  (60)  -  (62)  and  established  three  separate  design 
problems.  For  each  case,  we  extremized  one  of  the  three  indices,  but  calculated  the  other 
two  for  evaluation  purposes. 

Design  I  (minimum  eigenvalue  sensitivity)  has  a  performance  measure  which 
involves  a  sum  square  of  eigenvalue  first  partials.  Obviously  forming  Eq.  (64)  requires 
eigenvalue  second  partials.  We  used  the  formulation  of  [2,3]  to  compute  these  by  ana¬ 
lytical  means.  As  is  evident  in  Table  10,  the  second  partial  derivative  computation  domi¬ 
nates  the  solution  time,  even  in  comparison  to  the  cost  of  solving  the  linear  program. 

The  results  of  the  three  optimizations  are  summarized  with  reference  to  Tables  11, 
12  and  Figures  6-11.  Notice  in  Table  11  that  the  three  sets  of  structural  design  and  con¬ 
trol  gain  parameters  all  satisfy  the  inequality  bounds  of  Table  9,  but  the  three  designs  are 
quite  different.  Figures  6-10  show  the  convergence  of  important  quantities  during  the 
optimization/constraint  enforcement  process  (as  y-»l).  Each  point  on  these  curves  repre¬ 
sent  the  converged  results  from  the  SLP  algorithm  with  y  held  fixed.  In  Figure  6,  it  is 
obvious  that  the  minimum  sensitivity  design  I  converged  to  a  point  one  to  three  orders  of 
magnitude  less  sensitive  (measured  locally  by  Eq.  (60))  than  the  sensitivity  of  the  maxi¬ 
mally  robust  (II)  and  minimum  mass  designs  (III).  In  Figures  7  and  8,  notice  that  the 
small  condition  number  and  large  robustness  index  are  well  correlated,  as  one  would 
expect.  Notice  for  y  small  that  the  minimum  sensitivity  designs  and  maximum  robustness 
designs  are  very  close  together.  This  is  because  eigenvalue  sensitivity  obviously  domi¬ 
nates  robustness  when  some  eigenvalues  are  near  the  imaginary  axis  (the  eigenvalue 
trajectories  begin,  for  y»0,  near  open-loop  positions  on  the  imaginary  axis).  Notice,  the 
obvious  tradeoff  between  robustness  and  mass.  The  mass  of  the  minimum  mass  design 
was  2853  kgs,  compared  to  the  nominal  design  of  5398  kgs,  the  minimum  sensitivity 
design  of  3336  kg  and  the  maximum  robustness  design  of  4952  kg.  The  robust  design, 
not  surprisingly,  converged  to  the  thickest  beam,  the  most  massive  rigid  body  and  the 
largest  Young’s  modulus  of  the  three  designs. 

A  crucial  question  is  now  considered,  is  the  Robust  Design  II  really  more  robust? 
We  investigate  this  question  by  sweeping  the  55  parameters  away  from  their  respective 
converged  values  (for  the  three  designs)  and  record  the  variation  for  which  one  of  the 
eigenvalues  loci  first  enters  the  right-half  plane.  Table  12  summarized  the  three  sets  of 
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calculations.  It  is  obvious  that  the  actual  robustness  to  these  (highly  structured)  vari¬ 
ations  is  most  significantly  increased.  In  [23,46],  additional  details  are  presented  show¬ 
ing  which  modes  were  least  stable  (to  the  55  parameter  variations),  consideration  of  a 
second  Patal/Toda  robustness  measure,  and  a  discussion  of  the  computer  implementation. 


Concluding  Remarks 

In  this  chapter  we  have  presented  significant  methods  for  design  of  robust  full  state 
feedback  controllers  for  fixed  structures.  We  have  also  given  some  results  for  simultane¬ 
ous  optimization  of  structures  and  output  feedback  controllers.  Enhanced  convergence  of 
iterative  processes  is  achieved  through  the  use  of  homotopy  methods.  A  multi-criterion 
approach  is  followed  throughout  to  display  the  multidimensional  nature  of  optimal  con¬ 
trol.  Performance  tradeoff  surfaces  are  presented  which  provide  an  attractive  means  for 
generating  a  family  of  designs  displaying  inherent  tradeoffs  between  robustness,  small 
control  errors,  and  small  controller  inputs.  The  favorable  consequences  of  robustness 
optimization  upon  actual  robustness  is  studied  through  generation  of  multi-parameter  root 
locii.  Numerical  examples  are  given  which  provide  a  basis  for  optimism  for  future 
development  and  implementations. 
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Abstract 

A  structural  aodet  Identification  method  is 
developed  for  determination  of  the  mass  and 
stiffness  matrices  of  an  undamped  structure  along 
with  the  damping  matrix  of  a  Tightly-damped 
Structure.  Utilizing  measurements  of  natural 
frequencies,  damping  factors,  and  frequency 
response  elements,  a  unique  identification  of  the 
model  is  established  through  incorporation  of  the 
spectral  decomposition  of  the  frequency  response 
function  and  the  modal  orthonormality 
conditions.  Numerical  simulations  demonstrate  the 
flexibility  and  potential  of  the  proposed  method. 

Introduction 

Accurate  knowledge  of  the  mass,  damping,  and 
stiffness  associated  with  a  dynamical  system  1$  a 
key  ingredient  for  correlating  theoretical  and 
experimental  results  and  for  designing  active 
control  schemes  for  vibration  suppression  and 
at l i lude  maneuvering.  Olscrel izat ion  of  a  linear 
continuous  structure  by  means  of  finite  element 
analysis  (or  other  similar  methods)  yields  the 
well-known  mass  and  stiffness  matrices.  Although 
mis  discretization  process  is  well  defined,  the 
resulting  structural  model  will  be  only  as 
accurate  as  the  parameters  and  modeling 
assumptions  used  to  characterize  the  structural 
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behavior.  Alsu,  oeterminat  ion  of  the  damping 
matrix  requires  knowledge  of  parameters  which  may 
be  difficult,  if  not  impossible,  to  measure  in  the 
laboratory. 

Methods  for  refining  a  priori  structural 
models  are  readily  available  in  the  literature. 
References  11-61  address  the  identification  of  a 
set  of  physical/geomelrical  parameters  using 
nonlinear  least-squares  and  Bayesian  estimation 
methods.  Tne  disadvantages  of  these  methods  are 
i)  use  of  natural  frequencies  and/or  mode  shapes 
exclusively  results  in  non-unique  identification 
unless  some  parameters  are  "fixed"  at  their 
initial  values  and  11)  convergence  of  the 

nonlinear  estimation  algorithms  requires  initial 
parameter  estimates  to  be  "close*  to  their  true 
values.  References  17-11)  determine  mass  and 
stiffness  matrix  improvements  to  enforce  exact 
agreement  beiween  tneory  and  experiment.  Again, 
use  of  mojal  information  alone  results  in  both 
non-unique  solutions  and  physically  unrealistic 
coupling.  Reterence  1171  utilizes  subraatrix  scale 
factors  to  improve  the  initial  mess  ano  stiffness 
matrices  using  modal  information  with  the 

uniqueness  problem  once  again  surfacing.  In 
references  113-151  a  linear  algorithm  is  used  to 
identify  the  mass,  damping,  end  stiffness  matrices 
from  forced  time-domain  response.  Although  there 
is  rw  initial  estimate  required  for  the  model  and 
the  uniqueness  problem  is  in  principle  eliminated, 
the  disadvantages  are  now  i)  the  order  of  the 
resulting  model  Is  dependent  upon  the  number  of 
sensors  used  on  the  structure  and  it)  the 
parameter  vector  consists  Of  every  element  of  the 
highly  redunoant  mass,  damping,  and  stiffness 
matrices. 
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k  method  (or  idenliiying  the  NS'.,  damping, 
and  stiffness  Matrices  of  an  undamped  or  lightly- 
damped  structure  using  Measured  modal  inforaation 
and  frequency  response  elements  Is  developed  in 
this  paper.  This  Method  is  designed  to  eliainate 
the  problems  described  above  and  Is  staple  to 
iapICMent. 

Identification  of  Undamped  Structures 

Consider  the  classical  second-order  equations 
governing  the  Motion  of  an  undamped,  structural 
system, 

•tu  '  i  ii  ■  I  (1) 

where  H  and  K  are  the  n  x  n  mass  and  stiffness 
Matrices,  u  is  the  n  x  I  generalized  coordinate 
ve^icr<  dllj  f  is  the  r.  *  1  generalized  force 
vector.  1 1#  initial  estimates  of  the  aass  and 
stiffness  matrices',  Mg  and  K.  ,  are  obtained  from 
a  standard  discretization  process  (i.e.  the  finite 
element  method).  It  is  assumed  that  the  following 
Measurements,  extracted  froa  response  of  the 
actual  si lucturc,  are  available:  (i)  a  set  of  a 
(-n)  natural  frequencies  ,  (li)  a  set  Of 
corresponding  n  x  1  Mode  shapes  (or 
approximations  from  the  initial  structural  model), 
and  (iii)  a  small  set  of  frequency  response 
elements  measured  throughout  the  frequency 
range  of  interest  for  the  structure.  The  goal  of 
the  structural  model  identification  method  is  to 
improve  the  initial  mass  and  stiffness  matrices 
such  tiiot  the  theoretical  and  experimental  results 
are  in  agreement. 


li  bey  in,  it  is  desirable  to  Introduce  the 
«»el  I -sno»n  spectral  decomposition  of  the  frequency 
response  function, 

n  c  ir 
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J  r*  1  cy-  u 

where  i is  the  jth  clement  of  the  rth  mass- 
normal  i/ed  mj.it  shape  which,  in  matrix  form, 
sat  isf  ies 

;’m  i-  -  i  (3) 

Since  the  true  mess  matrix  is  not  known,  an 
appro-. imjt  i„n  to  tq.(2)  must  be  utilized. 
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into  (q.(7).  an  approx imat ion  of  thr  spectral 
decomposit ion  can  be  written  as 
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•  n..  lq-(5),  the  first  term  represents  the 
contribution  irom  any  rigid-body  modes  (w  •  0)  , 
the  last  icnu  represents  an  approximate 
contribution  from  high-frequency  awdes  (outside 
tne  measured  frequency  range),  and  the  u's  are 
to-be-determined  modal  normalization  factors.  By 
"sampling*  throughout  the  frequency  range  of 
interest,  lq.(5)  can  be  rearranged  Into  the 
following  standard  linear  least-squares  format  to 
identify  the  modal  normalization  factors. 
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Once  the  modal  normalization  factors  have 
been  determined,  the  orthonormalUy  conditions 
that  the  mode  shapes  must  satisfy  can  be  written 
as 


*1  H  \j  *  4ij  '  “j 
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To  identify  the  true  mass  and  stiffness  matrices 
the  following  expansions  are  utilized  1121, 
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where  Hr  and  *f  art  tnc  rlh  pre-octermined  mss 
and  stiffness  SulMMiriieS,  tr  and  tf  ar*  the  to- 
be-determined  rth  mss  «nd  stiffness  subMlrix 
scale  factors,  and  I'  and  u  are  the  total  number  of 
mss  and  stiffness-, subM trices.  ine  mss  and 
stiffness  subMtrices  can  represent  single  finite 
elements  or  (more  commonly)  groups  of  coanon 
finite  elements  assembled  into  their  corresponding 
ylubal  locations.  lhe  flexibility  (and 
responsibility)  in  defining  Mr  and  Kr  in  £q . (8) 
is  an  important  feature  which  can  be  used  to 
exploit  an  engineer's  insight  explicitly. 
Substituting  Cq . (8)  into  £q.(7)  and  rearranging 
terms  yields 
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If  I  iqhl  viscous  damping  is  introduced  into  the 
equations  cf  motion  in  the  <orm  of  the  damping 
Mtrlx  C.  the  state- space  representation  is 
perturbed  by  the  relation 
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where  fcj  becomes  lhe  perturbation  matrix  due  to 
the  presence  of  the  light  damping.  A  first -order 
perturbation  solution  to  the  free-response 
eigenvalue  problem  of  lq.(10)  can  be  obtained  to 
approximate  the  Change  in  the  eigenvalues  due  to 
the  inclusion  Of  the  damping  matrix  |16|. 


where 
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Consider  the  eigenvalue  problem 
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where  the  second  set  of  equations  in  £qs.(9a)  and 
(9b)  are  valid  when  i/j  .  Collecting  £q.(9)  for 
each  measured  natural  frequency  yields  a  set  of 
equations,  linear  in  the  unknown  submatrix  scale 
factors,  which  can  be  solved  by  a  least-squares 
method  provided  that  m(m*l)/2  is  greater  than 
Mx(P.Q).  Since  Cq. (5)  represents  an 

approximation  to  the  frequency  response  function, 
an  iterative  procedure  can  be  used  whereby  the 
unmeasured  natural  frequencies  and  mode  shapes  are 
predicted  from  the  present  best  estimate  of  the 
structural  model  and  used  in  £q.(S)  in  lieu  of 
measurer-ients. 


where  AQ  and  are  in  x  2n  symmetric  matrices 
and  and  :^r  are  the  2n  eigenvalues  and 
eigenvectors.  It  is  assumed  that  the  eigenvectors 
are  normalised  such  that 
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If  small  perturbations  Aj  ana  i!(  are  added  to 
each  matrix  me  resulting  eigenvalue  problem 
becomes 


Identification  of  tight ly-Damptd  Structures 

If  there  is  a  small  amount  of  damping  present 
in  a  structure  the  structural  identification 
aiethoj  developed  in  the  previous  section  can  be 
used,  in  conjunction  with  Mtrlx  perturbation 
theory,  to  identify  the  mss,  damping,  and 
stiffness  matrices.  Consider  the  symmetrical 
state-space  representation  of  Eq.(l)  in  the  form 
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The 

eigenvalues  »lr  and 

eigenvectors  *jr 

represent  small  perturbations 

from  their  original 

values. 

Cxparuing  £q.(I4a), 

utiliting  Cq.(12). 

and  neglecting  second -order  terms,  yields  the 
equal  ion 
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Multiplying  t  q .  (lb)  by  « q  and  utilizing  t  q .  (13) 
yields  the  relation 
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where  «n»l  „r  are  the  rth  measured  damping 
factor  and  damped  natural  frequency.  to  utilize 
Eg. (If)  tlx*  eigenvectors  mutt  be  normalized 
according  10  Iq.(l.i).  In  general,  me  fore,  of  the 
eigenvrctots  becomes 


It  can  Ik.  observed  from  I q. ( 14 )  that  If  Aj  and  Bj 
are  zero  then  *Jr«  0  (r*l  ,2,. . . ,2n)  and  «jf 
becomes  a  scalar  mw It iple  of  .  In 
general,  *Jr  can  be  written  as  a  linear 

combination  of  the  vectors  «0),  4Q2 . 4q2h  . 

1o  guarantee  that  «jf*  0  when  Aj  and  Bj  are  zero 
It  Is  assumed  that  the  perturbation  eigenvector 
has  the  Iprm  I  16  I 
7n 

‘ls\;,  ‘sc‘oi  Ass*  0  s‘>*2 . 2"  <17> 

Using  [q. (17)  in  £q.(lo)  and  letting  s*r  results 
in  an  expression  for  the  perturbed  eigenvalues. 
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where  «0(.  are  the  mode  shapes  from  the  identified 
undamped  model,  normalized  with  respect  to  the 
idem  it  led  mass  matrix.  Therefore,  using  tq.  (20) 
in  (13a)  determines  scale  factors  „r  necessary  to 
normalize  4Ur  such  that  £q. ( 1 3)  is  satisfied, 
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In  the  sequel,  it  will  be  Shown  that  Eq.(18)  can 

be  used  as  the  central  equation  for  Identification  or  „r*  -  — i-i p 
Of  the  damping  matrix.  2uOr 


(21c) 


for  a  lightly- damped  structure  the  frequency 
response  function  closely  resembles  that  of  the 
corresponding  undamped  structure  except  near  the 
resonant  conditions.  Therefore,  given  a  set  of 
complex  frequency  response  measurements  from  a 
lightly- damped  structure.  Idem  If  ication  of  the 
mass  and  stiffness  matrices  can  be  performed,  as 
described  in  the  previous  section,  by  using  the 
real  components  of  the  frequency  response 

measurements  anJ  the  imaginary  components  of  the 
eigenvalue  measurements.  Again,  this  method  will 
only  be  accurate  for  frequency  response 

measurements  «way  from  the  resonant  conditions. 
Once  the  mass  and  stiffness  matrices  nave  been 
identified,  the  damping  matrix  can  be  determined 
as  follows.  First,  the  perturbed  eigenvalues  tjr 
ere  obtained  by  simply  subtracting  the  unoemped 
mpoe lej  eigenvalues  from  the  measured 
eigenvalues  >r  , 


Ihe  normalized  eigenvectors  zQr  can  now  be 
written  as 


Expanding  the  damping  matrix  in  a  similar  fashion 
to  I q. (8),  an. i  using  Fqs.(22)  and  (19d)  in  Eq.(18) 
win,  Aj*  (i  and  bj  defined  in  Eq.(ll),  yields  the 
re  lul  ion 
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where  Cp  is  tne  initial  camping  matrix,  Is  the 
qth  damping  submatrix,  Is  the  qth  damping 
submatrix  scale  factor,  and  0  Is  the  total  number 
of  damping  submatrices.  Since  the  right  side  of 
Eq.(23)  Is  real,  only  the  measured  damping 
factors  cf  are  used  to  identify  tne  damping 
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where  It  it  attuned  that  there  ere  *>  (>0)  Measured 
damping  factors.  Solving  Eq.(?4)  for  the 
submairtx  scale  factors  leads  to  the  desired 
damping  Matrix.  the  advantages  of  this 
perturbation  approach  are  twofold:  identification 
of  the  damped  equations  of  notion  can  be  performed 
in  configuration  space  without  the  need  to  solve 
the  slate-space  eigenvalue  problem,  and  the 
original  damping  matrix  Cq  need  only  represent 
the  true  damping  matrix  in  the  coupling  of  the 
elements  (the  original  numerical  values  can  be  Off 
by  orders  of  magnitude). 

txample  1 

Tne  mass  and  stiffness  matrices  arc 
identified  for  the  Simple  manipulator  arm  shown  in 
figure  1.  Inc  structure  consists  of  two  flexible 
appendages,  rotational  springs  at  the  base  and  at 
the  connecting  joint,  and  a  grip  with  mass  and 
inert ia. 


Croup 

j 

Mass  Matrix  contribution  of 

appendage  I 

Group 

it 

Mass  aiatrix  contribution  Of 

appendage  ? 

Is’tAU)' 

in 

1 1|.  mjSS  moment  of  inert  ia 

Group 

it 

lip  MaSS 

Stiimeis:  troop  1 
bruup  1 1 


troop  1 1 1 
Group  IV 


Stillness  matrix 
contribution  of  appendage  1 
Stiffness  matrix 
contrlbut ion  of  appendage  2 
Base  rotational  stiffness 
Joint  rotational  stiffness 


Ihe  initial  fractional  modal  energy  contributions 
of  cadi  i- lament  group  (obtained  from 

Mr  *Q  and  tj  Kr  *0  /  Jr  )  are  given  in  Table 
1.  It  is  apparent  from  examination  of  tn» 
potential  energy  distribution  that  the  first  two 
modes  approximate  those  that  would  be  obtained  for 
a  two  degrec-of-f reedom  model  with  rigid 
appendages  and  tne  higher  modes  represent  the 
flexibility  cf  the  appendages. 


A  two  step  process  was  used  to  identify  the 
structure.  iirst,  the  three  hignest  modes  were 
used  to  identify  mass  element  groups  1,  11,  and 
HI  and  stiffness  element  groups  I  and  1).  Then, 
the  two  lowest  modes  were  used  to  identify  mess 
element  group  iv  and  stiffness  element  groups  III 
and  IV.  lnt  free-  and  forced- response 
identification,  results  (after  two  iterations)  ere 
provided  in  Table  2  and  Figure  2,  respectively. 


figure  1  Simple  Manipulator  Arm 

Tne  estimation  process  is  initiated  by  approximate 
mass  and  stiffness  matrices  obtained  by  increasing 
the  true  mass  properties  by  I0X  and  decreasing  the 
true  stiffness  properties  oy  1OT.  lne  first  five 
natural  frequencies  of  the  true  model  and  the 
frequency  response  function  representing  the  ratio 
cf  displacement  at  the  joint  to  torque  at  the  base 
are  treated  as  measurement.  To  cast  the  model  In 


txample  2 

lne  mass,  damping,  and  stiffness  matrices  are 
identified  for  the  planar  truss  structure  shown  in 
figure  3.  both  internal  (material)  and  external 
(atmospheric)  light  viscous  damping  is  present, 
although  there  is  no  quantification  of  the  amount 
of  damping. 
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i  igure  3  Planar  truss  Structure 

the  measurement  set  consists  of  the  ftrst  eight 
complex  eigenvalues  ana  transverse  and 
longitudinal  f requency  response  functions  between 
points  A  and  B.  lo  cast  the  Model  in  tenas  of 
suUualr ices,  the  following  groups  are  chosen: 

Mass  and  Stiffness:  Group  I  20  upper  and  lower 

bending  elements 
Group  II  20  diagonal 

bending/shear 

elements 

Damping:  Group  I  Interna!  viscous  damping 
matrix 

Group  II  Internal  viscous  damping 
matrix 

Ine  mass  and  stiffness  matrices  arc  approximated 
initially  by  increasing  the  true  mass  properties 
by  10*  and  decreasing  the  true  stiffness 
properties  by  10Z.  The  initial  approximations  of 
tnt  external  and  internal  passive  damping  matrices 
are  only  accurate  in  the  Coupling  of  the  elements 
( t  t.e  numerical  values  are  Off  by  orders  of 
Giagr. itude).  Ihe  identification  process  requires 
two  steps:  (i)  identification  of  the  mass  and 
stiffness  matrices  from  the  real  components  of  the 
measured  irequency  response  functions  and  the 
imaginary  components  of  the  measured  eigenvalues, 
and  (ii)  identification  of  the  damping  matrix  from 
the  real  components  of  the  measured  eigenvalues. 
The  free-  and  forced-response  identification 
results  for  the  structure  are  presented  in  Table  3 
and  figure  J,  respectively. 


for*,  lux  ions 

A  m.iu-1  lor  identifying  undamped  and 
light  ly-dampc.i  I  inear  structures  n#s  been 
presented  and  successfully  tested  in  two  simulated 
examples.  If*-  advantages  of  the  method  are: 

1)  incorporat ion  of  measured  frequency  response 
functions  provides  a  unique  identification  of 
the  structural  model, 

2)  all  least-squares  formulations  are  linear, 

3)  the  consistency  of  the  original  model  is 

maintained  (no  unmodeled  coupling  occurs  as  a 
consequence  of  the  identification  process). 

A)  use  of  submatrix  scale  factors  limits  the 
identification  to  a  relatively  small  set  of 
parameters, 

5)  for  lightly-damped  structures  the 

ident  ii  i  cat  ion  can  be  performed  in  the  (n) 
configuration  space  without  the  need  to  solve 
the  (2n)  state-space  eigenproblem,  and 

6)  for  lightly-damped  structures  the  original 

estimate  of  the  damping  matrix  need  only  be 
accurate  in  the  coupling  of  the  elements  (the 
numerical  values  can  be  off  by  orders  of 

magnitude) . 

further  research  efforts  are  currently  being 
pursued  on  the  effects  of  measurement  noise  in  the 
simulated  data  and  on  application  to  an  actual 
Structure. 
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A  novel  strategy  (which  oe  call  "ainiana 
aodel  error"  estiaation)  for  post-experiaent 
optiaal  stats  estiaation  of  discretely-asassrsd 
dynaaic  systeas  is  developed  sad  illustrated  for  a 
siaple  esaaplc.  The  aethod  it  especially  approp¬ 
riate  for  post-eaperiaent  estiaation  of  dynaaic 
systeas  whose  preanaed  state  governing  agnations 
are  known  to  contain  or  suspected  of  containing 
errors.  The  new  aethod  accounts  for  errors  in  the 
•yatea  dynaaic  aodel  equations  in  a  rigorous  a  a  li¬ 
ner.  Specifically,  the  dynaaic  aodel  error  terns 
in  the  proposed  aethod  do  not  require  the  usual 
Ealaan  f  il  ter- aaoother  process  noise  atsoapliont 
of  sero-aean,  syaaetrically  distributed  randon 
di atnrhance a,  nor  do  they  require  representation 
by  assuaed  paraae t er  iz ed  tine  series  (such  as 
Fonrier  series).  Instead,  the  dynaaic  aodel  error 
teraa  require  no  prior  aasuaptions  other  than 
piecewise  continuity.  Estiaatcs  of  the  state 
histories,  as  well  as  the  dynaaic  aodel  errors, 
are  obtained  as  part  of  the  solution  of  a  two- 
point  boundary  value  problea.  The  state  estiaates 
are  continuous  and  optiaal  in  a  global  sense,  yet 
the  algoritha  processes  the  aeaaureaents  sequen¬ 
tially.  The  esaaplc  deaonstrates  the  aethod  and 
ahowa  it  to  be  quite  accurate  for  state  estiaation 
of  a  poorly  aodel cd  dynaaic  systea. 

Introduction 

A  large  nusibcr  of  appl  ications  esist  in  the 
general  area  of  "poat-exper iaent"  estiaation. 
wherein  estiaates  of  the  actual  state  histories  of 
a  dynaaic  systea  are  obtained  using  an  assuaed 
state  dynaaic  aodel  and  sets  of  discrete  aeaaure- 
aeata.  Applications  are  found  throughout  enginee¬ 
ring.  but  are  especially  nuaerous  in  such  aero¬ 
space  probleaa  as  orbit  estiaation,  attitude  esti- 
aation,  and  post-flight  trajectory  estiaation. 

In  general,  both  the  dynaaic  aodel  and  the 
3  .  ail able  aeaaureaents  are  iaperfect.  The  activa¬ 
tion  for  applying  an  estiaation  algoritha  it  to 
eoabise  the  aodel-predicted  state  estiaates  with 
the  available  aeaanreaents  in  snch  a  way  as  to 
obtain  estiaates  of  the  state  histories  which  are 
•t  higher  accuracy  and  aora  coaplete  than  either 
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the  aodel  predictions  or  the  aeasureaents.  If  the 
estiaation  algoritha  optiaises  toae  perforaaucc 
index,  typically  based  on  the  state  estiaste 
error,  than  the  resulting  state  estiaste  is  said 
to  be  optiaal.  In  this  paper,  we  propose  a  novel 
optiaal  estiaation  strategy,  which  includes  both  a 
sew  optiaal ity  criterion  and  a  new  algorithn  for 
obtaining  estiaates  based  apoa  it. 

The  aost  connonly  used  estiaation  approach  it 
the  Ealaan  filter  and  nuaeront  closely  related 
strstegiea,  originally  developed  by  Ealaand)  and 
Ealaan  and  Bucy**),  In  the  keynote  address  to  the 
198S  Aaerican  Control  Conference,  Gelb^  points 
out  that  2997  papers  on  Ealaan  filtering  were 
published  in  the  15  years  between  1969  and  1984, 
an  average  of  200  each  year  or  17  each  aonth.  The 
Ealaan  algorithas  are  well-suited  for  real-liae 
estiaation,  due  to  their  sequential  processing 
structure  and  eaphasit  on  the  aost  recent  data. 
Probably  due  to  popularity  and  faniliarity.  Ealaan 
filters  are  now  routinely  used  for  post-ezperiaent 
estiaation,  noraally  accomplished  via  iterative 
post-processing  of  the  filter  estiaste 
(** taoo thing* •). 

The  various  filter  strategies  use  siailar, 
although  distinct,  optiaality  criteria.  The  two 
aost  coaaon  are  "ainiaua  variance"  and  "aaxiaua 
likelihood"  criteria  (see.  e.g.,  Junkius^h.  In 
ainiaua  variance  estiaation,  a  function  of  the 
trace  (typically  the  trace  itself)  of  the  state 
estiaste  error  covariance  aatriz  is  ainiaited.  In 
aesiaua  likelihood  estiaation,  the  aost  probable 
state  estiaste  is  found  gives  the  aeasureaents. 
The  iaportant  feature  of  these  existing  strategies 
is  that  they  require  estiaation  of  the  state  esti¬ 
vate  error  covariance.  Iu  order  to  rigorously 
estiaste  the  state  estiaste  error,  knowledge  of 
both  the  aodel  error  and  the  aeasnreaeut  error  it 
required.  While  aeasureaest  errors  any  he  deter- 
ained  in  nuaarous  ways,  aodel  errors  are  generally 
unknown  by  definition  (i.e.,  if  one  it  aware  of 
the  aodel  error,  one  corrects  the  aodel). 

To  the  beat  of  the  current  author  a*  knowledge 
(we  adait  that  we  have  not  read  all  of  the  pre- 
1969  nor  post-1984  Ealaan  filter  papers,  let  alone 
the  2997  published  during  1969-1984),  every  filter 
strategy  actually  iapleaanted  numerically  dealt 
with  the  aodel  error  knowledge  reqnireaeat  by 
asanaing  that  the  aodel  error  is  a  syaaetr ieal  ly- 
distribntad  white  noise  aeqnsnca  of  knows  covari¬ 
ance,  noraally  called  "process  noise"  in  the 
literature.  We  note  that  this  assnaption  often 
has  no  theoretical  bstis,  and  that  in  fact,  for 
physical  systeas,  aodel  errors  are  acre  often 
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•month  fuilioH  nulttii  from  typical  modal 
liaflifiMliM  •  setup  t  loci  seek  ••  linearisation, 
ignoring  of  secondary  effects  or  higher  order 
teres,  etc.,  or  jest  plain  ignorance. 

I*  tkis  paper,  a  as*  optical  ity  critcrios  for 
determining  atato  eaticates  is  described.  Tkis 
eriterioc  seeks  to  obtain  tke  scaliest  eaticats  of 
model  error  ackject  to  a  "cotrariasta  eoa- 
otraiot**.  It  is  ksssd  solely  oa  asseccd  know¬ 
ledge  of  tks  ccasarcosat  error  covariance,  obick, 
»•  claia,  is  far  core  likely  to  be  eeemretely 
koooo  tks a  tke  model  error  sad  which,  ia  aay 
oeeat,  ia  also  required  ia  tks  filter  strategics. 
Vs  also  preseat  aa  optical  strategy  ("ciaicac 
sedel  error"  esticetioa)  for  detcrciaiag  tke 
state  esticstes  okick  satisfy  tke  opticality  eri- 
terioa.  Tke  algoritkc  ia  skova  to  ke  related  to 
elascieal  optical  ooatrol  problems. 

SlUlil  Froblen  Statement 

The  follooiag  generic  problec  stateceat  for 
post-ezporiceat  estimation  of  a  dyaacic  process  is 
ased  as  a  starting  point  for  the  development  of 
tke  cetkod.  GItob  a  systec  whose  state  vector 
dyaacics  is  codcled  by  the  (linear  or  aealiaear) 
systec  of  equations. 

i  -  i(j(t),t)  (1) 

•here 

a  «  asl  state  vector 
£  -  azl  codel  eqaatioas 

sad  given  a  set  of  discrete  oeasareceats  modeled 
by  the  (linear  or  nonlinear)  systec  of  eqaatioas, 

m  ik<*<tk).tk)  ♦  xk  .  k-1.2 . N  (2) 

where 

Xk  -  autl  ces snr scent  set  at  tics  tfc 

lt  “  cal  measareceat  codel  at  tics  tk 

2k  "  ■*!  ganssiaa  distribated  raadon  seqaeace, 
with  aero  aeaa  and  knows  covariance,  lj 

determine  the  optical  esticatc  for  j(t)  (dcaoted 
by  d<t»,  daring  soce  specified  tine  interval 
*o W«f 

Ikf  Ceririssei  Constraint  Coacsnt 

In  tke  present  cetkod.  the  optical  state 
trajectory  esticatc  is  detsrciasd  oa  ths  basis  of 
the  assaeptioa  that  consistent  estimates  of  the 
state  trajectories  cast  catch  the  available  nes- 
sareceats  with  a  residaal  error  eovariaaee  which 
ia  approaicately  eqaal  to  the  known  neasnreasat 
error  eovariaaee.  This  aecessary  coaditioa  is 
hereafter  referred  to  as  the  "eovariaaee  con¬ 
straint".  The  eovariaaee  constraint  it  imposed 
by  reqmiring  the  following  approximation  to  b* 
satisfied: 

fxk-\«k<i<tk>  •  *kJ  I  txk-ik<i(tk) .  tk>  j1-^, 

k-1.2 . N  (3) 


That,  tke  estimated  oatpat  dk <d<tk).tk)  is 
reqaired  to  fit  tke  actaal  ceasareceats  fk  with 
approaicately  the  aace  error  eovariaaee  as  tke 
actaal  ceasaremeata  fit  the  trath.  Otherwise,  tke 
esticate  it  statistically  inconsistent. 

Considerable  flealbility  eaists  ia  the  appl  i- 
eatioa  of  the  eovariaaee  constraint,  Eq.  (3).  The 
interpretation  of  the  "approaicately  eqaal"  sign 
ia  Eq.  (3)  cay  bs  taken  ia  a  aaabsr  of  ways,  no 
one  of  which  is  appropriate  for  all  sitnatioas. 
For  eaacple,  la  the  typical  case  where  tke  cea- 
eareesat  sets  are  all  of  tke  aace  plptical  qaaati- 
ties,  and  with  tke  aace  aociaal  accaracy,  it  is 
appropriate  to  compare  the  averaged  ccasareasat- 
ciaas-es ticate  residaal  error  covariance  with  a 
single  prescribed  ceasareceat-Biaas-trath  error 
eovariaaee  as 

k  5  ^“Bk^V*  V,I*k"*k<*<tk,*tk,,T~K  (4) 

k-1 

where  tke  sabacript  k  has  bass  dropped  froa  the 
prescribed  covarieace  to  indicate  that  the 
neatareceat-ciaas-trath  eovariaaee  is  constant 
over  all  ceasarecaat  seta. 

Tks  averaging  of  covariance*  over  a  awn bar  of 
ceeeareceat  sets  is  applicable  if  aoy  of  the  nsa- 
sareneat  sets  arc  repeated  daring  tke  tice  inter¬ 
val  of  interest,  la  soce  applications,  there  aay 
be  two  or  core  distinct  ceasareceat  sabsets.  each 
of  which  is  ceasared  aaaeroas  tiaes.  Ia  these 
sitnatioas.  aa  averaged  eovariaaee  coastrsiat  ia 
tke  fore  of  Eq.  (4)  cay  be  applied  to  each  dis¬ 
tinct  ceasarecsat  sabset.  An  eaacple  of  this  type 
of  application  is  the  attitade  esticetioa  of  a 
spacecraft,  where  aaneroas  aagalar  velocity  and 
independent  attitade  angle  ceasareceats  are  made, 
bat  at  different  times  and  with  different  acca¬ 
racy.  An  averaged  eovariaaee  constraint  for  sugn- 
lsr  velocity  measareceats  and  a  separately 
eversged  covariance  coastrsiat  for  attitade  angle 
BaisareceBts  is  appropriate. 

The  primary  motivation  for  asiag  aa  averaged 
covariance  constraint  is  the  redaction  of  the 
sensitivity  of  the  approach  to  snail  sscple  sta¬ 
tistical  anomalies.  If  the  covariance  coastrsiat 
is  inposed  individually  on  each  aessureneat  set, 
then  obviously  any  ceasareceats  which  deviate 
sigaif icaatly  from  the  assaced  aeasurecent  error 
cay  cease  unreal istie  corrections  to  the  state 
estimates.  By  averaging  over  a  large  mucker  of 
seasiriceats,  the  likelihood  that  statistical 
aaecaliss  are  affecting  the  eaticates  is  redaced. 
Ws  aote  ia  passing  that  the  usual  filter-smoother 
ceasareceat  processiag  eqaatioas  are  applied  to 
each  cessarecsat  sequentially,  with  the  assaeptioa 
that  the  meesareceat  error  eovariaaee  for  that 
ceasureneat  it  correct. 

The  esticate  optimised  by  tke  averaged  covs- 
risaee  coastrsiat  is  ia  esseace  a  global  best  fit. 
i.e.,  a  batch  esticate.  Ia  geaeral,  if  a  number 
of  Beasareceat  sets  are  available  slcultsaeously, 
as  is  the  cate  is  post-caper iaeat  estinatioa, 
batch  processiag  it  preferred  over  sequential 
filtering  due  to  smoother  esticstes  and  generally 
higher  accaracy.  The  advantages  of  sequential 
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(Utirlti  or*  («n4  it  ml*tl«i  estimation,  which 
la  tat  th*  caaa  aadar  study  kara,  and  ia  tka  aaaa 
of  aoapatatioa  which  ia  gained  by  processing  tka 
aaatmraaaats  sequentially.  As  ia  show  a  ia  a  iatar 
aactioa,  w*  aay  accoapl  iak  a  batck  aatiaata  ala 
sequential  processing  of  tka  aaaauraaaats. 

Tka  Minimum  Modal  Error  Coaeaot 

V a  begin  by  accoaatiag  for  aodal  arrort  by 
adding  a  to-bc-datera  load  unaodeled  disturbance 
aactor  4(t)  to  tka  right-hand  aides  of  tbe  origi¬ 
nal  stata  aodal  equations,  Eq.  (1),  to  prodnea  the 
aodifiad  atata  govaraiag  agnations, 

J  ■  l(j(t).t>  ♦  4(1)  (5) 

Naxt.  tka  folloaing  cost  functional  it  ainiaixad 
•  ilk  raspact  to  ^(t): 

J  -  ^  lik^^V^V^'k^V^k^V’V1 
i-1 

ff  T 

♦  I  i  (t)w  4(t)dt  (<) 

o 

ahara 

■  ■  am  aaigkt  aatrix.  datarainad  to  at  to  tatis- 
fy  the  covariance  constraint  as  described 
abortly. 

An  algoritha  for  the  aitiiaixation  of  Eg.  (6)  nilh 
raapect  to  tbe  unaodeled  disturbance  vector  £(1) 
ia  developed  in  tka  next  taction. 

Tbe  fanctional  7  in  Eg.  (6)  ia  the  ana  of  tno 
penalty  teras.  The  first  it  a  aaigbtad  ana  of 
discrete  taras  which  penal  lie  the  deviation  of  tbe 
predicted  aeaanrcaants  (based  npon  tka  ontpnt 
eoapnted  asing  the  estiaated  atataa)  froa  the 
actnal  aea torcaeot s.  Miniaixation  of  this  tuaaa- 
tion  tara  drives  the  state  aatiaatat  toward  valnct 
wkicb.  when  substituted  into  the  aeasnrcacnt 
aodcl.  predict  tbe  actnal  aea anraaant a.  The 
weighting  Kg1  0B  **ch  of  theta  penalty  taras  is 
tka  invar aa  of  the  aaaociatad  aeasoreaent  error 
covariance:  thus,  accnrate  aaaanraaents  (aaall  lg) 
are  weighted  aora  heavily  than  inaccurate  aeasure- 
aants  (large  1^'  **  *■  weighted  least  squares  or 
aaxiana  likelihood  aatiaators.  The  second  tara  ia 
J  is  aa  integral  tara  which  reflect*  the  atsuap- 
tloa  that  the  aaoaat  of  aaaodelod  affect  to  h* 
added  should  be  ainiaixad,  i.*.,  tha  original 
aodal  should  he  adjusted  by  a  ainiaal  aaoaat  (we 
give  th*  aodalar  the  benefit  of  the  doabt.  Vhils 
1(0  any  ia  fact  b*  large,  it  should  ha  at  aaall 
at  possible!).  This  is  th*  origin  of  the  title, 
"aiaiana  aodal  error*'  sstiaation. 

Th*  prataae*  of  j|(t)  in  th*  cost  functional  7 
prodnea*  xoaawhat  aabivalant  raanltx.  If  th* 
original  atata  aodal  agnations  contain  aigaificant 
errors,  thoa  tha  addition  of  largt  aodcl  correc¬ 
tion  teras  should  enable  the  catiaatc  to  better 
fit  the  aaaiaraaaats.  Thoa.  tha  anaaation  tara  ia 
7  la  dacraasad.  However,  th*  additioa  of  j(t) 
iacraasas  th*  integral  tara  in  7.  Th*  proper 
balaaca  batwaan  th*  two  eoapeting  affects  depends 
on  tha  ehoie*  of  V.  Th*  weight  aatrix,  V.  it 


datarainad  sack  that  the  covariance  constraint  it 
aatixflnd.  Thus,  w*  sack  th*  nanllaat  £(t)  which 
ia  consistent  statistically  with  th*  aaaawraaanta. 

A  typical  plot  of  V  versa*  tha  cowariaaca 
constraint  it  shown  ia  Fig.  (la).  To  keep  tha 
discassioa  staple,  attaa*  that  a  single  state  it 
bciag  sstiaatad,  and  that  th*  aaataraasnts  arc  of 
th*  atata  itself.  Farther  attaa*  that  the  dynaaic 
aodal  contains  significant  nrrors,  i.a..  th* 
aodcl-pradictcd  state  is  substantially  different 
froa  th*  actual  state. 

In  Fig.  (In),  thn  eovtriancn  constraint  is 
represented  by  the  point  at  which  the  naasereasat- 
ainas-sttiaatc  variance  it  agnal  to  th*  aeasurc- 
aent-ainss- truth  varianca  (i.a.,  the  known  ati- 
inrcaant  error  varianca). 

For  large  values  of  V,  th*  aodcl  correction 
tara  d(t)  (the  second  tara  in  J)  is  penal  lxad 
heavily  coaparad  with  th*  aaaanrsaant-ainas-aati- 
aat*  rasidaals  (th*  first  tara  ia  7).  Conse¬ 
quently,  large  aeasuranaat-nians-ettiaatc  resi¬ 
duals  arc  allowed.  The  state  estimate  is  btted 
priaarily  on  the  original  aodcl.  The  acatnrcaant- 
ainus-cstiaatc  variance  it  large  and  essentially 
constant  for  a  wide  tenge  of  large  V.  since  the 
aodel  correction  tern  d(t)  renains  virtually  taro. 
The  aaasnreaeat-ainss-cstiaat*  variance  is  anch 
larger  than  the  aaatnrcacnt-ainnt-trnth  variance. 


Fig.  1:  Choosing  V  to  satisfy  th*  covariance 
constraint  lands  to  aa  optimal  state 
astiaatc. 


1 


J 


-  I 
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Inmr,  if  V  it  decreaaed,  the  nodal  eorruc 
ti«a  tut  it  peaalixed  nlitWtlj  lea*  kmily  tad 
the  aeaaureaeat-aiBBa-eatiaatt  retidaal*  art  peaa- 
liitd  nlithil;  aort  ktarilf.  Fox  toat  auffici- 
totljr  tatll  V,  tkt  aodel  corxtctios  ttra  d(t) 
kteoatt  aoastro  tad  begiat  to  eorroct  tkt  aodtl 
prediction  toward  agreeaent  with  tkt  atttartatott. 
Tkt  appropriate  walat  for  W  it  tkc  oat  thick 
all owt  enough  aodtl  corrtctioa  to  ctatt  tkc  aea- 
tortatat-aiaat-tttiatlt  wtriaacc  to  attch  the 
aeatureacBt-ainui-trath  wtriaacc.  If  V  it 
dterttttd  below  tkit  walat.  the  ectiaate  attehtt 
tht  acaeareaeata  too  clotely  tad  btcoaet  too 
affected  by  atatareatat  aoitc. 

la  Fig.  (lb),  the  actaal  tttiaatc  error 
wtriaaet  (i.t..  the  trotb-aiouc-tctiaa te  waritaet) 
it  plotted  wertat  V.  Statistically,  thit  wariaaee 
it  aiaiaixed  whta  the  cowaritact  coattraiat  it 
aatiafitd.  If  V  it  too  large,  the  eetiaate  it  toe 
far  froa  tkc  acaearcaeatc.  If  V  it  too  aaall.  tkt 
tctiactc  it  too  cloac  to  tkt  acatartatatt.  Whta 
tke  cowariaact  coattraiat  it  aatiafitd.  the  eati- 
aatt  aatchet  the  acatareatata  with  the  aaae  cova- 
riaact  ta  the  trath  at  tehee  the  Bcatarcatatt.  For 
tht  giwta  aodtl  aad  particular  taaple  of  aeacure- 
acatt.  thic  it  the  optiaal  eetiaate,  although  the 
actaal  error  cowariaact  goct  to  xcro  only  for  aa 
iafiaitc  act  of  acaearcaeatc. 

Fig.  (1)  repreaeatt  typical  reaalta  ia  a 
concept  cal  aaaacr.  Bowtwtr.  like  all  atrategiet 
baaed  oa  atatiatical  iaterpretatioa,  theae  reaalta 
are  affected  by  the  particelar  aaaple  of  aeaanre- 
aeat  error*  ia  tht  awailable  acaeareaeata. 
Although  the  aeaiurtacot  error  covariaace  aatrix. 
Rfc.  ia  aataatd  to  be  know  a,  it  it  atrictly  wal  id 
only  for  aa  iafiaitc  aaaber  of  acaaarcaeata,  ao  ia 
practice  it  it  aa  approximation.  Thus,  aatiafac- 
tioa  of  the  cowariaact  coattraiat  it  alco  aa 
approxiaatioa.  We  aotc  ia  paatiag  that  filter- 
type  algoritkac  require  attaaed  valuta  for  both 
the  acaaareacat  aoiae  aad  the  aodel  error  aoiae 
(of  coarte,  thia  latter  aaaaaptioa  prcaappoect 
that  the  aodel  error  it  iadeed  aiaply  aoitc).  The 
preeeat  aethod  cliaiaatee  the  requirement  for 
aodel  error  aacaaptioBa  but  rctaiaa  the  aeaeare- 
aeat  aoiae  kaowledga  aaaaaptioa.  The  abowe  quali¬ 
tative  ditcaaaioa  aotiwatea  tke  foraal  ixatioa  aad 
general  it  a ti oa  of  tke  ideat.  Theae  reaalta 
follow. 

Ptjj.vj.tiBB  al  Ets  fetiwtioq  Alxoritha 

la  thic  eectioa,  the  calcalaa  of  wariatioac 
i*  used  to  dewelop  aa  eatiaatioa  algoritha  for 
aodeled  dyaaaic  ay  a  tea  a.  The  dewelopacat 
it  aiailar  to  the  typical  textbook  dewelopaeate  of 
optiaal  control  theory  (ace,  e.g.,  Bryaoa  aad 
Bo<*>  or  Iirk(<*>.  low  ewer,  the  adaptatioa  of 
theae  wariatioaal  concept  a  to  tke  dewelopaeat  of 
an  eatiaatioa  algoritha  repreaeatt  a  aowel  iater¬ 
pretatioa  of  the  clacaieal  reaalta.  Ia  particu- 
lar,  we  eaeoaater  aa  aaataal  aalti-poiat  boundary 
walat  problta  aad  fiad  a  aowel  eolation  proeeaa. 
Application  of  the  eowariaace  coattraiat  it  dea- 
cribed  ia  the  aext  aectioa. 

We  begin  by  giwiag  the  aeccteary  condition! 
for  the  aiaiaixation  of  a  functional,  with  reapect 
to  a  weetor  faactioa,  which  iacladet  both  diacretc 


aad  integral  teraa.  6iwea  the  ayatea  of  equa¬ 
tion!, 

1  ■  I<a<t).!<t),t)  .  t^t^tj  (7) 

where 

1  “  axl  atate  weetor.  j(to>  apecified 
£  ■  axl  aodtl  equation* 
jl  -  pxl  to-be-deteraiaed  control  weetor 
and  a  performance  index  defined  at 


J  -  +[l(tf))  ♦  |  UjU).J|(t).t]dT  (•) 

o 

where 

4  “  penalty  oa  the  final  atate  weetor 

L  ■  penalty  reflecting  the  deviation  of  j(t)  or 
S< t)  froa  their  detired  traj ectoriea. 

the  prohlea  way  be  atated  aa:  find  a  aaooth. 
differentiable,  nnbonnded  g(t)>  which  ainiaixet  I, 
anbject  to  the  differential  equation  conatraiat. 
Eq.  (7). 

The  neceatary  condition*  for  the  ainiaixatioa 
of  I  in  Eq.  (t)  are  obtained  by  equating  the 
variation  of  3  to  aero.  That*  condition*,  utaally 
called  "Poatryagia'a  neceatary  condition*",  are 
given  by  (e.g.,  Boxonoer^)  or  Eopp^8*)  the  2a 
differential  equation*. 

J  -  Ilj(t).j(t).t)  (9) 


where  ^(t)  i*  the  vector  of  coctatec;  the  p  alge¬ 
braic  equation*. 


aad  the  2a  boundary  condition*. 


jg(t0>  ■  apecified 

(12) 

A<v 

(13) 

The  2a  boundary  condition*  are  cpl  it  between 
a  initial  coaditioa*  oa  tke  atate*  aad  a  f iaal 
coaditioaa  on  the  coatate*  (claatically  called 
traaewereelity  coaditioaa).  That,  Poatryagia'a 
neceatary  coaditioaa  lead  to  a  two— point  boundary 
value  problta  (1PWP).  Nnaeroa*  aethod*  bawe  beta 
developed  for  the  tolntioa  of  TPBVP’c;  tee,  e.g., 
Vidali*^  or  Eeller^10*.  Typically,  the  2a  diffe¬ 
rential  eqnatioac,  Eq*.  (9)  aad  (10),  aatt  be 
integrated  forward  froa  the  apecified  atate  ini¬ 
tial  coaditioa*.  Eq.  (12),  a*iag  "gneaaed" 
cottate  iaitial  condition*.  At  the  final  tin*  tf. 
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(19) 


tka  integrated  vtlui  of  thi  itiutti  hi  compared 
witk  tki  specified  coatata  fiaal  conditions.  Eq. 
(IS).  If  tke  agreement  bataaaa  tka  integrated  aad 
specified  values  la  inadequate,  tkaa  tka  ceatata 
ialtial  coaditioaa  aaat  ka  adjaatad  aad  tka  iateg- 
ratioa  repeated.  Tkla  proem  ia  rapaatad  aatil 
tka  agreement  between  tka  integrated  fiaal 
aaatataa  aad  tka  apaeifiad  fiaal  eoatataa  ia  suf- 
fieiaat.  Other  forward/backward  itaratioa  ackeaes 
axa  given  ia  Bryson  aad  Ho^. 

It  ia  poaaibla  (aaa.  e.g..  Bearing11)  or 
Book*12*)  to  astaad  tka  baaie  Poatryagin*.  neees- 
aary  eoaditioea  to  aecoaat  for  taraa  ia  3  at 
diacrata  tiaaa  within  the  tiaa  doaaia.  If  tka 
perforaaaea  iadax  ia  Modified  to  the  fora. 


3  »  2  Ej(j(t1).t1)  ♦  I  Llg(r)  ,j(t)  .rldr  (14) 
i-1  *o 

tkaa  the  aecesaary  coaditioaa  are  aodifiad  by  tka 
additioaal  iateraal  boaadary  coaditioaa 

AT(ll>  ■  *T<  V  -  srl  f  w  <15> 

The  ratal  tiag  TPBVP  no*  coataiaa  Jaap  discontinu- 
itiaa  ia  the  eoatataa  at  the  tiaaa  tj  aaaociated 
with  each  iateraal  peaalty  tara.  Theta  Jaap  dis- 
coatiaaitiea  complicate  the  calcalatioa  of  tka 
partial  derivatives  of  the  fiaal  eoatataa  «itk 
raapect  to  the  initial  atateti  the  at  partial  deri¬ 
vatives  are  frequently  nted  at  the  batia  for  cboo- 
aiag  eorractiona  to  tka  iaitial  atate  aatiaatca. 
Bewever,  the  solution  of  the  TPBVP  it  aot  the 
focaa  of  the  pretest  work,  to  the' TPWP  ia  aaaaaed 
to  be  solvable  is  the  dit  coat  ion  which  follow  a. 

Eq.  (6)  ia  clearly  ia  the  fora  of  Eq.  (14). 
The  diacrcte  penalty  teraa  is  Eq.  (6)  arc  gives  by 

ij  •  lIk-jk(i<tk).tk)JTR^1l5k-ik<i(tk),tk))  (i«) 

Dtilixisg  Eq.  (IS),  the  jsap  di a  cost inni t i a  a  is 
tka  eoatataa  doe  to  thia  penalty  tcra  aay  be 
written 


« 

A(t;>  -  My  -  jf 


**  i<tk).tk 
-  A<*k)  ♦  2B^Rk1(ik-gk(i(tk,,tk)) 


(17) 


sre 


Hk  -  *r 


i(tk>.tk 


Am  algoritka  for  the  iapl  aaestatioa  of  the 
aisiama  aodcl  error  approach  sow  followa  directly 
froa  tka  aodifiad  Poatryagia'a  aeceaaary  condi- 
tioaa.  For  a  given  V,  the  aiaiairatioa  of  3  ia 
Eq.  (d)  with  raapect  to  J(t)  leadt  to  the  TPBVP 
saaaarixed  at: 


i  “  Kx(t).t]  ♦  i(t) 


(IS) 


^(tfl)  *  apaelfiad  (aeaaarad.  aatiaatad,  ate.)  (20) 

A(t")  -  0  (21) 

o 

A(t*)  -  i(t")  ♦  2H*B^1lxk-.gk<i(tk).tk))  (22) 

A(t*)  -  0  (23) 

Thia  algorithm,  aad  tka  rcaaltlag  atata  eatiaatc. 
cahibitt  aavaral  daairabla  faataraa  of  both  batch 
aad  aeqaeatia)  catiaatioa  technique!.  The  atata 
aatiaata  ia  obtained  by  procetting  all  of  the 
available  aaaaaraaeatt,  mack  like  a  batch  estine- 
tor  aaeh  at  laaat  aqnaraa.  That,  the  aatiaata  ia 
opt  ia  it  ad  ia  a  global  acaac.  Ia  addition,  the 
atata  aatiaata  ia  coatiaaoaa.  eliminating  the 
atata  aatiaata  Jaap  di acoat iasi t i a  a  present  ia 
filter  estimates.  For  aaay  physical  systems,  Jaap 
di  acoat inni t iet  ia  the  states  are  not  poaaibla; 
that,  Jaap  dit con t inni tie  a  ia  the  filter  atate 
aatiaatca  antt  be  reconciled  ia  as  artfal  aaoaer. 
Obvioatly,  the  aatiaate  of  £<t)  it  discontinuous 
at  each  tj;  ia  ataence,  the  di  acoat  iaai  t  iet  have 
bean  '’pushed"  ap  one  order  into  the  atata  deri¬ 
vatives.  Ia  addition  to  tka  batch  al gori tha-1 ike 
advantages,  the  aiaiaaa  nodal  error  algorithm 
calculations  are  baaed  upon  sequential  procetsing 
of  the  measurements,  which,  like  the  fil'er  algo¬ 
rithms.  greatly  reduces  the  neaory  requirements 
and  eliminates  the  seed  for  large  matrix  manipula¬ 
tions.  Froa  the  standpoint  of  algorithmic  calcu¬ 
lations,  the  minimum  aodcl  error  technique  shares 
advantages  of  both  batch  and  aequeatial  estimation 
techniques. 

Eqa.  (H)-(2 3)  describe  a  TPBVP  for  a  given 
valae  of  V.  Once  the  TPBVP  hat  been  solved,  the 
atate  aatiaatca  are  substituted  into  the  nessure- 
aent  model  jgk  to  produce  the  predicted  measure¬ 
ments  for  thia  value  of  V.  If  the  errors  between 
the  predicted  aeaaareaeata  and  the  actual  ncature- 
aenta  have  the  same  covariance  as  the  prescribed 
aesauraaeat  error  covariance,  than  the  state  esti¬ 
mate  ia  coaai stent.  If  the  prescribed  measurement 
error  covariance  is  larger  than  the  error  covari¬ 
ance  matrix  between  the  predicted  and  actual  aes- 
aureneata,  then  the  predicted  aeaasrementa  are  too 
close  to  the  actual  aeasureneats.  Too  much  model 
correction  has  been  admitted.  Thus,  W  should  be 
increased  sad  the  resulting  TPBVP  ia  solved  for  a 
•aw  atate  aatiaate.  If  the  prescribed  aeaaureaeat  * 
error  covariance  ia  smaller  than  the  error  cova¬ 
riance  between  the  predicted  and  actual  measure¬ 
ments,  then  the  predicted  aeaauraaenta  are  not 
accurate  enough.  Too  little  model  correction  hat 
bees  admitted,  ao  V  should  be  decreaaad,  and  the 
resulting  TPBVP  solved  for  a  new  atate  eatiaatc. 

Baaed  on  limited  axperlanca  in  applying  thia 
approach  to  a  few  example  problems,  a  good  star¬ 
ting  value  for  V  it  the  inverse  of  the  measurement 
error  eovariance  matrix.  Thia  value  ia  also 
intuitively  reasonable,  but  the  fiaal  value  of  1 
ia  dependent  on  the  aodel  error,  which  it  unknown 
apriori.  The  subsequent  corrections  to  V  nay  be 
automated  using  standard  search  procedures.  Ve 
note  that  choosing  an  appropriate  value  of  T  it 
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litUtr  to  "taming**  •  Kalman  filter,  with  the 
important  distinction  tkat  tke  akoica  of  protect 
•oiaa  ia  tka  tuning  of  a  Kalman  filter  la  rarely 
bated  oa  more  tka  a  tka  mter*a  artiatry.  Ia  oiai- 
aaa  octal  arror  aatioatioa.  tka  covariance  eon- 
atraiat  determiner  a  aaaaaaary  aaoditiao  upon  tka 
acceptable  akoica  of  V.  At  tka  praaaut,  tka 
naiqaeaeta  of  I  kaa  aot  fcaaa  reeolved  for  malti- 
dimeaeioaal  appl  icatioaa. 

Sioola  Scalar  Example 

To  illaatratc  tka  applicatioa  of  tka  oiaiauo 
model  arror  approach,  coetidcr  aatioatioa  of  tka 
atatc  kiatory  of  a  acalar  faoctioa  of  tioa  for 
•  kick  aoiay  eeaeareoeate  era  tka  only  iaforoatioa 
available.  Mo  prior  knowledge  of  tka  underlying 
dyaaoica  ia  eaamoed.  Tkaa.  tke  ayatao  dyaaoic 
•odal  aqua  tioa  ia 


For  aioplicity.  tka  aeaaereoeata  are  direct  nee- 
aarcocatc  of  tka  atatc  itaalf.  aad  tka  oaaaaraoant 
noiac  ia  a  taro  oeaa  gaaaaiaa  proceaa  with  a 
prcaaoed  known  variance  of  o^. 

Oaing  tka  oiniono  nodal  arror  approach,  tke 
ayatao  nodal  ia  nodified  by  tke  addition  of  a  to- 
be-catiaated  anaodeled  affect  at 

i  -  0  *  d(t)  <25> 

where  d(t)  repreaenta  tke  dynanic  nodal  error. 
The  aeatnrenente  arc  given  at 

yfc  •  *(tk)  *  vfc  .  k-1.2....,M  (20 

where  y  ia  the  ncaanrancnt  at  tine  tk>  x(tk>  it 
the  true  atatc  at  tine  tg.  and  vk  it  a  tero-oem 
gauaaian  sequence  of  preanned  variance  a*.  The 
coat  functional  to  be  aiaiaiied  (ace  Eq.  (6))  ia 


H  *f 

\  2  *  f  d2(T,WdT 

o  .  .  I  - 


k-1  *o 

where  V  it  the  t o-be-de te ro ined  weight  on  the 
integral  tum-eqoarc  nodel  error  tarn.  The  TPBVP 
which  reanlta  froo  the  oiainization  of  J  with 
reaped  to  d(t)  oay  be  aunaariaed  at 

i  -  d(t)  (28) 


X(t  )  -  X(t.)  -  0 

O  I 


xu*)  -  x(t”)  *  ^j(yk-*(tk>) 


where  X  ia  the  eoatatc. 

Tka  algorithn  proceeda  according  to  the  fol¬ 
lowing  atapa: 

1 .  Choote  V 


Ut  V*o 

Integrate  forward  to  tf.  accounting  for  the 
j  map  diacontinaitiaa  ia  X  at  each  aaaaareaeat 
tine 

Check:  It  X(t*)-0?  If  to.  go  to  atep  7 
•X(tt> 


Detcrnine  JjJYJ)  •  tk,B  Ax*l0* 
o 


Adjutt  no  by  Aa(t0><  go  to  atep  J 


Check  the  covariance  ccnatraint: 

i  ^  <vi(tf))J  =  T 


8.  If  the  covariance  coattreiat  ia  not  tatie- 
fiad.  go  to  atep  1 

The  trne  atatc  hiatory  for  tbia  caanple  ia  taken 
it  i(t)*toa(t).  In  Fig.  (2).  a  act  of  101  einu— 
lated  aaaenrenentt  aproning  the  tine  interval  tp-0 
to  tflO  ia  tbown.  The  aeacoranenta  were  aion- 
1  *  ted  by  adding  a  conputer-geoera ted  ganaaian 
raodon  aeqnence  to  the  trne  atatc  at  ahown  in  Eq. 
(2d).  The  noninal  variance  of  vg  in  Fig.  (2)  ia 
0.1.  althongh  the  actnal  variance  dependa  on  the 
eced  anpplicd  to  the  randon  ember  generator.  For 
the  ncaanrcnenta  ahown,  the  actual  error  variance 
it  0.114.  rapreaenting  a  typical  error  nagnitnde 
of  approximately  0.34.  The  atatc  itaelf  kaa  an 
average  nagnituda  of  0.d4,  to  that  the  typical 
neaaareneat  error  in  thia  example  ia  more  than  50b 
of  the  atatc  (the  aignal  to  noiac  ratio  it  jnat 
coder  2). 
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Fig.  2:  Simulated  Meaaoranenta 

Trnth-coa(t) .  Meaaurament  variance-0.114 


In  Fig.  (3).  the  aiaiana  modal  arror  atata 
catinata  it  ahown  along  with  the  aeatareaenta  aad 
the  true  atata  hiatory.  Note  that  tke  atatc  kaa 
bean  tceonatrocted  to  an  arror  variance  of  .0085, 
conaidcrably  batter  tkan  tka  aeaturemeat  variance 
even  ia  the  total  abtence  of  a  nodal.  Note  alao 
that  the  model  prediction  variance  (i.e.,  eoaetant 
x-0)  ia  0.717.  That,  tka  HUE  actinatc  error 
varianoc  it  100  tinea  cnaller  tkaa  tka  model  arror 


Fig.  9:  *Meatoreaentt.  O  Troth.  end  □  State 
Eatiaata.  Meaiareaent  variance  ia  0.114, 
Modal  variance  ia  0.717,  Eatiaata 
variance  ia  0.00SS. 


variance  aod  15  tiaaa  aaallar  thae  the  aaataraaaat 
error  variance.  The  optiaal  eatiaata  ia  aignifi- 
eantly  aore  accarate  than  either  the  aodel  or  the 
aeaaareaeata,  ahieh  it  the  iaplieit  objective  of 
atata  eatiaatioa  algorithaa. 

Ve  mote  ia  patting  that  the  aaaal  filter 
atrategiea  do  not  iaclade  aechaaiaat  for  correc¬ 
ting  incorrect  itate  dy  mulct  aodel  t.  That,  the 
betaeea-aeatoreaent  filter  predictioat  are  bated 
oa  integration  of  the  original  aodel.  Ia  the  oaaa 
of  the  pretent  ezaaple,  than,  the  filter  eetiaate 
aoald  eoatitt  of  a  ditcontinaoat  horizontal  line, 
•  itb  Jaap  ditcontiaaitiea  occarriag  at  each  aea- 
•araaent  tiae. 

Swim  nr  ud  Cwtluloit 

la  thit  paper,  a  nan  optiaal  atate  aitiaatioa 
aethod  hat  been  developed  for  the  pott-ezperiaeat 
atate  eatiaatioa  of  diacre teljr-aeaearcd  dynaaic 
eyeteaa.  The  concept  of  a  "covariance  eon- 
straiat”  hat  been  iatrodaced  at  a  aecettary  con¬ 
dition,  narking  a  departare  froa  the  traditional 
criteria  each  at  aiaiana  variance  or  aaziaaa  like- 
1  ihood  ettiaatioa.  The  aev  aethod  accoanta  for 
errort  ia  the  dynaaic  atate  aodel  equations  and 
doet  not  require  or  attaae  apriori  knowledge  of 
the  dynaaic  aodel  error.  A  ainiaaa  aodel  error 
algoritha  for  obtaining  atate  ettiaatea  which 
aatitfy  the  covariance  conitraiat  it  alto  derived. 
The  aethod  vat  deaonttrated  for  a  aiaple  acalar 
problaa.  and  the  retaltt  Indicate  that  the  aethod 
ia  capable  of  obtaining  vary  accarate  atata  cati- 
>it»«  ia  the  pretence  of  tignif leant  aodel  error 
and  tignif  leant  aeatareaeat  error. 

With  the  exception  of  a  few  qaalitative 
reaarka.  the  aethod  hat  net  been  coaparad  to 
Kalaan  f ilter-eaoother  type  algorithaa.  Thia 
oaiaaioa  ia  intentional,  aiace  (i)  thit  paper 
aervet  to  iatrodace  the  new  aethod,  and  (il)  the 
coapariaoaa  ahoald,  for  fairaeta,  iaclade  a  aaaber 
of  oaaaplaa  to  perait  ayateaatic  inveatigation  of 
the  aevaral  iataea.  Thit  it  a  lengthy  aadertaking 
reterved  for  tatare  papera.  Several  conparleone 
are  done  ia  Nook^Z),  Ve  note  that  if  coatiaaoaa, 
perfect  aeatnreaentt  are  available,  the  filtert 
can  obtain  perfect  oatiaataa  withoat  a  aodel, 
whereat  aparte  aeeiareaeata  rely  heavily  oa  the 


dynaaic  aodel  for  the  batvaen-aeaanroaent  atti- 
aataa.  Naaerlcal  coapariaoaa  aaat,  by  their  vary 
aatnra.  be  handled  on  an  individaal  cate  batit. 
K  varthelaaa,  aiaiana  aodel  error  eatiaatioa  ia  a 
potentially  aignifieaat  iaproveaeat  for  tkoaa 
aitaatioaa  in  which  the  aodel  error  it  large  and 
the  aeaaareaeata  are  aparaa  and/or  poor. 
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GROUND-BASED  TESTING  OF  LARGE  FLEXIBLE  SPACECRAFT 


by 

Roger  C.  Thompson 


Analytical  and  experimental  results  are  presented  concerning 
important  topics  in  ground-based  testing  of  flexible  spacecraft. 
In  particular,  the  concepts  concerning  testing  of  scale  models  is 
investigated,  and  the  behavior  of  accelerometer  sensor  systems  in 
the  gravity  field  of  Earth-bound  laboratories  is  examined.  For 
ground-based  testing  to  be  an  acceptable  and  accurate  basis  for 
prediction  of  spacecraft  behavior,  we  most  address  these  issues. 

Scaling  down  of  large  space  system's  to  laboratory-sized 
models  requires  much  more  than  simple  proportional  reduction  of 
dimensions.  In  order  to  preserve  the  frequency  response  of  the 
structure,  point  masses,  structural  masses,  and  the  material 
itself  must  be  scaled  such  that  mass  and  stiffness  elements  are 
scaled  by  identical  factors.  Analytical  results  are  presented 
for  simple  models. 

Accelerometers,  when  operated  under  certain  conditions  in  a 
gravity  field  may  produce  erroneous  readings  of  structural 
accelerations,  depending  upon  the  orientation  and  frequency  of 
the  motion  relative  to  the  gravitational  field.  We  investigate 
this  phenomenon  to  determine  how  to  predict  the  magnitude  of  the 
sensor  errors.  Experimental  results  for  simple  motion  of  rigid 
and  flexible  beams  are  presented. 


I  wish  to  thank  the  Air  Force  Office  of  Scientific  Research 
and  the  Air  Force  Astronautics  Laboratory  for  their  sponsorship 
of  this  work.  The  support  and  guidance  of  Dr.  Alok  Das  was 
instrumental  in  the  completion  of  this  research.  Furthermore, 
the  assistance  of  Mr.  Waid  Schlaegel,  Lt.  Tim  Strange,  Lt.  John 
Word,  Lt.  Greg  Norris,  and  Mr.  Angel  Cruz  of  the  Air  Force 
Astronautics  Laboratory  was  greatly  appreciated. 

I  also  wish  to  thank  Drs.  John  L.  Jurkins  and  S.  R.  Vadali 
for  their  assistance  and  for  providing  the  opportunity  for  me  to 
work  on  this  project.  Finally,  I  wish  to  thank  Dr.  Mark  Norris 
for  bringing  the  accelerometer  problem  to  my  attention,  and  for 
his  assistance  with  the  analytical  derivations  regarding  the 
accelerometer  responses. 


Ground-Based  testing  of  flexible  spacecraft  is  required  in 
order  to  verify  the  predicted  behavior  of  many  subsystems,  and  to 
analyze  the  global  response  of  the  structure,  prior  to  placement 
in  orbit.  As  satellites  grow  in  size,  complexity,  and  cost,  we 
can  ill-afford  to  proceed  with  launch  plans  without  a  more 
complete  knowledge  of  how  the  spacecraft  will  react  to  controls, 
disturbances,  and  the  environment  of  space.  Consequently,  we 
must  rely  on  experimental  measurements  of  system  response,  in  the 
gravitational  environment  of  ground-based  laboratories,  to 
predict  the  behavior  of  a  structure  under  conditions  experienced 
in  orbit. 

Laboratory  testing  of  large  space  structures  presents  many 
problems  that  must  be  examined  and  compensated  for,  if  possible. 
Because  the  environment  of  space  can  never  be  completely 
simulated  in  an  earth-bound  facility,  we  must  usually  test 
various  systems  individually.  In  this  report,  we  present 
research  efforts  conducted  at  the  Air  Force  Astronautics 
Laboratory  (AFAL)  regarding  the  vibrational  response  of  large 
space  structures.  The  research  focuses  on  two  distinct  and 
unrelated  areas.  In  the  first,  we  examine  the  concept  of 
developing  laboratory-sized  scale  models  of  a  structure  such  that 
the  flexural  response  of  the  system  is  preserved;  and  in  the 
second  subject,  we  analyze  the  accelerometer  measurement  errors 
observed  in  experiments  on  the  AFAL  grid  structure.  Although 
unrelated,  these  two  topics  are  important  considerations  when 
developing  experimental  procedures,  and  they  illustrate  some  of 
the  problems  associated  with  ground-based  testing  of  large 
flexible  structures. 


The  principal  objective  of  model  scaling  is  to  produce  a 
(usually)  smaller  replica  of  a  structure  that  is  proportional  to 
the  actual  (full  scale)  object.  However,  when  we  consider 
dynamic  effects  in  the  scaling  process,  we  introduce  additional 
requirements  the  reduced  size  model  must  behave  dynamically  like 
the  full  sized  structure.  Stated  in  more  formal  terms,  dynamic 
scaling  is  the  process  by  which  a  scale  model  of  an  object  is 
produced  such  that  the  frequency  response  of  the  model  is 
identical  to  the  frequency  response  of  the  original  structure  for 
all  possible  types  of  motion. 

It  is  important  to  understand  why  we  require  the  frequency 
response  to  remain  "constant."  A  large,  complex  structure  will 
exhibit  vastly  different  behaviors,  depending  on  the  natural 
frequencies  of  vibration.  At  low  frequencies,  motion  may  be 
difficult  to  control,  damping  is  often  small,  and  spillover  or 
excitation  of  multiple  modes  is  quite  common.  As  modal 
frequencies  increase,  the  spillover  effects  are  reduced,  the 
flexural  motions  are  generally  much  smaller,  and  passive 
structural  damping  begins  to  dominate  such  that  the  motion  decays 
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much  faster.  Therefore,  if  we  use  a  scale  model,  with  higher 
modal  frequencies  than  the  structure  as  a  means  of  testing  the 
behavior,  the  results  will  contain  significant  errors  if  the 
frequencies  of  the  model  and  the  structure  are  dissimilar. 

Producing  scale  models  that  behave  as  a  large  structure 
would  behave  is  a  concept  of  dimensional  analysis  [1-2],  where 
dimensionless  parameters  that  govern  the  behavior  of  any  similar 
structure  under  similar  conditions  are  identified.  The 
Buckingham  Pi  Theorem  is  a  method  by  which  a  complete  set  of 
parameters  can  be  isolated;  however,  the  time  (frequency) 
parameters  must  often  be  scaled  in  order  to  achieve  perfect 
similitude.  As  indicated  above,  this  is  inconsistent  with  the 
goal  of  our  dynamic  scaling  experiments.  Conflicts  with  the 
scaling  laws  are  quite  common  [3-4],  particularly  with  rate 
sensitive  parameters  such  as  viscoelastic  materials  and 
structural  damping. 

Derivation  of  the  Scale  Factors 


If  the  physical  dimensions  of  a  structure  were  to  be  scaled 
by  some  proportional  constant,  excluding  the  dynamic  scaling 
considerations,  the  natural  frequencies  of  the  structure  would  be 
increased.  For  example,  if  we  consider  only  the  bending  modes  of 
a  simple  beam,  we  know  that  the  natural  frequencies  are 
proportional  to  the  structural  properties  such  that 


Where  E  is  the  Elastic  Modulus  of  the  material,  I  is  the 
cross-sectional  moment  of  inertia,  p  is  the  density  of  the 
material,  A  is  the  cross-sectional  area,  and  L  is  the  length  of 
the  beam.  If  the  dimensions  of  the  beam  are  scaled  by  a  common 
factor  (n) ,  then  the  scaled  quantities  are  given  by 
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A  ■ 
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L  -  nL 


and  the  natural  frequencies  of  the  scaled  model  will  be 
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6  Ifi» 
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(2) 


Therefore,  we  can  see  that  either  the  elastic  modulus  or  the 
mass  density  (or  both)  must  be  scaled  in  order  for  the  frequency 
response  to  be  preserved. 


We  develop  the  scaling  parameters  by  introducing  simple 
factors  for  quantities  that  define  some  property  of  the 
structure,  where  these  parameters  may  not  be  independent  of  each 
other.  Clearly,  the  spatial  dimensions  of  the  model  must  be 
proportional  to  the  structure.  As  indicated  by  the  derivation  of 
Eq.  (2),  the  Mass  density  and  Elastic  modulus  also  represent 
common  parameters  in  the  dynamic  analysis  of  a  structure.  In 
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addition,  .we  include  a  scale  factor  for  point  masses  (a  mass 
without  significant  spatial  distribution) .  Although  it  is  true 
that  no  actual  construction  of  a  structure  can  truly  contain  a 
point  mass,  such  idealize  fabrications  are  often  used  in 
analytical  modeling,  and  we  shall  include  the  concept  in  the 
derivation. 

By  defining  the  scale  factors  of  the  spatial  quantities, 
density,  elastic  modulus,  and  point  masses  as  n,  r,  s,  and  q 
respectively,  the  "scaling  laws"  may  be  defined  by 

x  •  nx  y  ■  ny  z  ■  nz 

p  «  rp  E  •  SE  nip  ■  qnip  (3) 

From  these  definitions,  other  scaled  quantities  can  then  be 
determined.  For  example,  altering  the  physical  dimensions  of  a 
structure  by  a  factor  n  automatically  alters  the  cross-sectional 
moment  of  inertia  by  n4 

IA  -  J  d2  <1A  -  J  n2d2(n2dA)  -  n"  J  d2dA  -  nV  <*> 

Area  Area  Area  A 


where  d  is  the  distance  of  the  centroid  of  dA  from  an  axis  of  an 
indicated  reference  frame.  Similarly,  it  can  be  shown  that 
"structural  masses"  and  mass  moments  of  inertia  are  scaled 
according  to  ^ 

m3  "  J  P  dV  -  rn3m  (5) 
Vol  * 
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However, 
given  by 


the  mass  moment  of  inertia  of  a  point  mass  would  be 


-2  •  2 
d  in  -  qn  I 
p  m 


(7) 


Consider  the  situation  such  that  the  moment  of  inertia  of  a 
small  "structural  mass"  about  an  axis  whose  distance  is  much 
greater  than  the  dimensions  of  the  mass  distribution  is  compared 
with  the  moment  of  inertia  of  a  point  mass  of  equal  magnitude 
about  the  same  axis.  In  the  limit  as  the  distance  from  the  axis 
continues  to  increase,  the  two  expressions  for  the  moment  of 
inertia  must  be  equal.  Therefore,  the  values  of  the  scale 
factors  q,  r,  and  n  are  constrained  such  that 
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(8) 


q 


In  addition  to  quantities  that  define  the  structure  of  the 
dynamically  scaled  model,  applied  forces  and  moments  must  also  be 
dynamically  scaled.  Applying  Newton's  law  for  any  mass,  the 
scaled  force  is  found  to  be 

-  —  "  ( 9 ) 

F-mr-qnmr-qnF 

In  a  similar  manner,  applied  moments  can  be  shown  to  be  scaled 
such  that 

-  -  -  2  (10) 
M-rxF-qn  M 

Derivations  of  other  computed  scaling  laws  can  then  be  found 
from  Eqs.  (3-10) .  As  an  example,  consider  how  a  linear  spring 
would  be  specified  for  a  laboratory  model.  The  equation  for  a 
scaled  spring  is  directly  analogous  to  the  unsealed  governing 
equation. 


F  »  k  x 

After  substituting  Eqs.  (3)  and  (9)  into  Eq. 
terms,  the  spring  stiffness  is  found  to  be 

qnF  «  k  nx  or  k  -  qk 

clearly  then,  the  natural  frequency  of  a  spring  mass  system  is 
preserved  since  both  the  mass  and  stiffness  are  scaled  by 
identical  factors. 


(11) 

(11)  and  collecting 


Finally,  we  examine  the  scale  factor  of  the  elastic  modulus 
in  light  of  the  definitions  given  by  Eqs.  (3)  and  (9).  Beginning 
with  the  definition  of  the  modulus  of  elasticity,  we  have 


c 


where  o  is  the  stress  applied  to  a  scaled  structural  element  and 
«  is  the  dimensionless  strain.  The  stress  is  defined  by 
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(14) 
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Substituting  Eg.  (14)  and  the  definition  of  the  scaled  modulus 
from  Eq.  (3)  into  Eq.  (13)  yields  the  constraint  equation 

s  •  jj  or  s  -  rn2  (15) 

Equations  (3-15)  do  not  define  every  quantification  of 
material  or  structural  behavior;  however,  the  definitions  given 
here  are  typically  all  that  would  be  encountered  in  examining 
flexural  vibrations  of  structures. 


Verification  of  the  Scaling  Laws 

Now  that  the  derivation  of  the  scaling  laws  are  complete, 
the  results  can  be  tested  through  analysis  of  example  problems. 
For  simple  continuous  systems,  exact  solutions  are  known  for 
bending,  extension,  and  torsional  modes  of  vibration;  the  scaled 
modal  frequencies  can  be  quickly  compared  with  the  known 
functions.  For  bending  modes,  the  natural  frequencies  are 
proportional  to  the  structural  parameters  such  that 
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(16) 


Substituting  the  scaled  variables  into  Eq.  (16),  the  frequencies 
of  a  model  would  be  given  by 


Upon  substituting  the  constraints  given  in  Eq.  (15)  into  Eq. 
(17) ,  it  can  be  easily  shown  that  the  scale  factors  cancel 
exactly,  and  the  modal  frequencies  remain  the  same.  Similar 
results  are  shown  for  extensional  modes  where 


u 

k 


08) 


and  for  torsional  modes  where 
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(19) 
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As  a  next  step  in  the  verification  process,  the  scaling  laws 
are  applied  to  a  system  that  must  be  solved  numerically. 
Consider  the  simple  uniform  beam  depicted  in  Fig.  1  with  a  point 
mass  attached  to  the  end.  Only  bending  modes  will  be  considered 
for  this  particular  example.  For  the  unsealed  structure,  the 
parameters  are 

L  ■  2.74  m  Mp  -  4.536  kg 

E  -  2.068  X  1011  N/m 2  A  -  4.459  XlO*"5  M2 

P  *  7800  kg/m3 

Numerically  this  problem  is  solved  using  the  Assumed  Modes  Method 
[5]  with  a  trial  function  given  by 


^(x) 
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(20) 


The  calculated  natural  frequencies  of  the  first  three  modes  are 
then  found  to  be 


*  0.206  rad/s 
u 2  -  4.23  rad/s 
«3  **  13.8  rad/s 

This  entire  process  is  then  repeated  for  a  scaled  model  with 
scale  factors  of  n  «  0.25  and  r  -  1.  The  structural  parameters 
of  the  reduced  size  model  are  then 

L  -  0.685  M  Mp  *  0.0709  kg 

E  -  1.2925  X  1010  N/m2  A  =  2.787  XlO-6  M2 

p  -  7800  kg/m3 

Using  the  same  trial  function,  the  natural  frequencies  determined 
from  the  mass  and  stiffness  matrices  of  the  dynamically  scaled 
model  are  identical  (within  numerical  precision)  of  the 
frequencies  of  the  full  scale  example. 

The  next  logical  step  in  verifying  the  dynamic  scaling  laws 
is  to  consider  all  possible  modes  of  vibration  for  a  more 
complicated  structure.  We  have  used  the  NASTRAN  code  to  generate 
the  natural  frequencies  for  a  model  consisting  of  a  tripod 
configuration  of  flexible  beams  cantilevered  to  a  rigid  base 
plate,  as  shown  in  Fig.  2.  A  large  point  mass  is  located  at  the 
juncture  of  the  beams,  and  all  modes  of  vibration  were 
considered.  The  results  obtained  from  the  analysis  of  this 
structure,  with  various  scale  factors,  are  not  presented  in  this 
report;  however,  the  natural  frequencies  of  the  scaled  model 
equaled  the  natural  frequencies  of  the  full  scale  structure  to 
within  numerical  precision. 
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The  ultimate  goal  of  this  research  effort  was  to  verify 
experimentally  the  concepts  of  dynamic  scaling  of  structures. 
Because  the  Air  Force  Astronautics  Laboratory  is  considering  a 
large  structure  constructed  with  thin-walled  tubes  for  testing  in 
their  new  facilities,  it  was  important  that  we  verify  the  dynamic 
scaling  concepts  using  these  components,  if  at  all  possible.  The 
full-sized  structure  is  to  be  a  large  tripod  shaped  article  where 
the  base  of  the  tripod  is  mounted  to  a  large  truss  structure. 
The  composition  of  the  truss  elements  and  the  tripod  will  be 
filament-wound,  graphite-epoxy  tubes.  We  proposed  that  our 
scaling  experiments  would  test  scale  models  of  half,  quarter,  and 
one-eighth  size.  The  material  identification  for  each  model,  and 
some  of  the  structural  parameters  are  shown  in  Fig.  3. 


Many  problems  were  encountered  in  attempting  to  secure 
materials  for  the  experiments.  The  full-sized  structure  is 
composed  of  thin-walled  tubes.  As  we  reduce  the  thickness  of  an 
already  thin  tube  for  each  scale  model,  the  components  become 
unavailable  due  to  manufacturing  limitations.  Furthermore,  since 
the  material  must  be  scaled  as  well,  it  is  even  more  difficult  to 
find  a  specific  size  and  material  combination.  For  example,  the 
quarter  scale  tin  tube  with  a  diameter  to  thickness  ratio  of 
31.25  is  virtually  impossible  to  produce.  Some  manufacturers 
indicated  that  the  product  could  be  produced;  however,  the 
estimated  cost  prohibited  any  further  consideration  of  that 
alternative. 


Although  plastic  tubing  is  readily  available,  seldom  is  it 
used  in  structural  components,  so  the  material  properties  are  not 
well  known  or  vary  considerably  in  the  manufacturing  process.  We 
performed  tensile  tests  on  a  number  of  representative  tubes 
fabricated  from  materials  such  as  PVC,  fiberglass,  acrylic,  tubes 
for  model  aircraft/ automobiles,  and  even  drinking  straws.  None 
of  these  materials  exhibited  the  correct  properties  (elastic 
modulus  and  density)  required  for  a  one-eighth  scale  model. 
Consequently,  the  experimental  phase  of  this  research  was  not 
completed. 


Accelerometer  Measurement  Error  Experiments 

A  topic  unrelated  to  dimensional  analysis  that  was  observed 
during  tests  on  the  AFAL  grid  structure  is  the  phenomenon  of 
phase-shifting  of  the  output  signal  of  accelerometers,  or  more 
precisely)  the  measurement  errors  induced  in  accelerometers  due 
to  motion  in  the  gravity  environment.  A  complete  analytical 
treatment  of  the  phenomenon  is  given  [6]  and  is  therefore  not 
included  in  this  report.  However,  to  investigate  the  phenomenon 
and  verify  the  analytical  predictions,  several  experiments  were 
conducted  at  the  Large  Space  Structures  Facility  of  the  Air  Force 
Astronautics  Laboratory;  consequently,  the  description  of  the 
experiments  and  the  results  are  included  in  this  report. 


273 


DYNAMIC  SCALING  EXPERIMENT 


DYNAMICALLY  SCALED  CANTILEVERED  TUBES 


DESIRED  SCALE  FACTOR  N 
MATERIAL 

DENSITY  (KG/M3) 

DENSITY  SCALE  FACTOR  R 

LENGTH  (METER) 

OUTER  DIA  (CM) 
THICKNESS  (M  M) 
MATERIAL  PROPERTY  (%  ) 
MASS  LOADING  (KG) 


Figure  3.  Planned  Dynamic  Scaling  Experiments 
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Rigid  Pendulum 

The  simplest  structure  that  exhibits  the  accelerometer 
measurement  errors  is  a  simple  rigid  pendulum.  The  signed 
magnitude  of  the  output  signal  of  the  accelerometer  is  given  by 
[6] 


a  -  ui2  -  g/x  (21) 


where  x  is  the  location  of  the  accelerometer  from  the  hinge  point 
of  the  pendulum  and  is  the  circular  frequency  of  the  pendulum. 
Clearly,  the  accelerometer  output  only  approaches  the  true 
tangential  acceleration  of  the  pendulum  as  x  becomes  large. 
Furthermore,  an  accelerometer  located  at  a  distance  x  such  that 
Eq.  (21)  is  equal  to  zero  (a  nodal  location) ,  will  have  an  output 
signal  equal  to  zero,  accelerometers  located  above  the  nodal 
location  will  indicate  a  reversed  phase  relative  to 
accelerometers  below  the  node  point. 

If  the  frequency  of  oscillation  of  a  given  pendulum  is 
known,  Eq.  (21)  can  be  used  to  predict  the  node  location  and  to 
compensate  for  the  measurement  errors.  At  AFAL,  we  set  up  a 
simple  experiment  to  determine  the  node  location  and  compare  the 
measured  value  with  the  predicted  value.  The  pendulum  consists 
of  a  rigid  length  of  2  inch  wide  channel-iron  pinned  to  an 
aluminum  block.  The  block,  in  turn,  is  bolted  to  a  vertical 
surface,  and  the  pendulum  is  allowed  to  swing  freely.  An 
accelerometer  is  attached  to  the  pendulum  and  moved  along  the 
length  of  the  pendulum  until  the  output  signal  is  zero.  The 
results  obtained  in  this  experiment  indicate  an  excellent 
correlation  between  the  predicted  and  measured  nodal  locations, 
in  light  of  the  fact  that  this  was  a  relatively  crude  experiment. 

The  natural  frequency  of  the  pendulum  is  4.871  rad/s,  the 
predicted  node  point  is  therefore  0.415  m,  and  the  measured  node 
point  for  this  experiment  was  found  to  be  0.413  m.  The 
discrepancy  is  less  than  0.5%,  which  can  be  easily  attributed  to 
the  manner  in  which  the  accelerometer  location  was  determined. 

Free  Vibration  of  a  Flexible  Beam 

The  second  experiment  used  to  investigate  the  accelerometer 
measurement  errors  examines  the  free  vibration  of  a  flexible 
beam.  An  aluminum  strip  2  inches  wide,  0.0625  inches  thick,  and 
58  inches  long  is  suspended  vertically  from  a  clamped  end 
condition.  Three  accelerometers  are  mounted  on  the  beam  such 
that  the  uppermost  accelerometer  is  above  the  nodal  location 
(0.395  m  from  the  clamp),  the  lower  accelerometer  is  below  the 
nodal  location  (0.7644  m  below  the  clamp),  and  the  middle 
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accelerometer  is  moved  along  the  length  of  the  beam  until  the 
signal  strength  is  zero. 

The  analytical  solution  [6]  indicates  that  the  nodal 
location  is  given  by 

g  ^(x)  -  u^2  4>1(x)  (22) 

where  4 1(x)  is  the  ith  eigenfunction  of  the  transverse 

vibration  of  a  uniform  beam 


♦j(x)  -  (sin  8iL  -  si nhf^L)  (sinBjX  -  slnhB^)  +  (cosB^  ♦  coshB^)  (23) 
(cosBjX  -  coshBjX) 


and  is  determined  from 


cos  BjL  coshBjL  *1-0  (24) 

For  the  first  mode,  the  nodal  location  is  determined  to  be  x  e 
0.417  m,  and  the  measured  natural  frequency  of  the  beam  for  mode 
1  vibrations  is  ««  6.596  rad/s. 

The  measured  nodal  location  is  found  to  be  0.418  m  which  is 
in  excellent  agreement  with  the  predicted  value;  the  error  is 
less  than  0.3%.  Furthermore,  the  accelerometer  signals,  shown  in 
Fig.  4,  shows  the  zero  output  of  accelerometer  2  and  the  phase 
shift  between  the  output  of  accelerometers  1  and  3.  Clearly,  the 
analytical  model  predicts  the  signed  magnitude  of  the 
accelerometer  output  very  well.  Based  upon  this  information, 
a  predictor  for  the  accelerometers  has  been  incorporated  into  the 
observer  design  for  the  AFAL  grid  experiments  [6]. 

Forced  Beam  Response 

Finally,  the  accelerometer  nodal  location  for  a  forced 
flexible  beam  was  determined  experimentally.  The  experimental 
setup  was  the  same  as  in  the  previous  example  except  that  a 
shaker  was  included  to  excite  the  structure  at  a  frequency  of 
8.86  rad/s.  The  data  has  been  collected  and  the  measured  nodal 
point  has  been  determined  to  be  0.453  m  from  the  cantilever 
point.  Notice  that  the  nodal  location  has  shifted  due  to  the 
artificial  stiffness  induced  by  the  shaker.  The  analysis  of  this 
problem  must  be  done  numerically  (by  finite  element  methods)  and 
is  currently  under  way.  The  ability  to  predict  the  nodal 
locations  and  compensate  for  measurement  errors  for  a  forced 
response  will  be  vitally  important  to  active  control  experiments 
using  accelerometer  signals  in  the  control  loop. 
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Conclusions  and  Recommendations 


Because  of  the  prolonged  search  for  the  correct  combination 
of  materials  and  geometric  configurations,  the  experimental  phase 
of  this  research  has  not  been  completed.  Although  our  search  was 
not  exhaustive,  it  is  readily  apparent  that  "off-the  shelf" 
components  for  these  experiments  (with  the  single  exception  of 
aluminum  tubing)  do  not  exist.  In  order  to  verify  the  dynamic 
scaling  concepts  with  experimental  results,  we  propose  that  the 
experiments  be  conducted  (initially  at  least)  on  cantilevered 
beams  with  solid  cross-sections.  For  example,  cylindrical  rods 
or  rectangular  shapes  could  be  used,  since  these  components  are 
much  more  readily  available.  In  particular,  the  rectangular 
cross-sectional  shapes  can  often  be  cut  from  sheet  materials  to 
any  desired  length  and  width.  Because  the  scaling  laws  apply 
equally  to  any  cross-sectional  configuration,  the  specific 
article  used  in  the  experiments  should  be  independent  of  the 
results. 

With  regard  to  the  experimental  research  to  be  performed 
with  the  tripod  structure,  the  aforementioned  problems  will 
continue  to  be  an  important  issue.  It  may  be  necessary  to 
further  isolate  the  behavior  that  an  experiment  will  be  designed 
to  investigate.  For  example,  we  may  be  interested  only  in  the 
bending  modes  of  a  structure.  Consequently  the  cross-sectional 
shape  and  area  could  be  altered  (in  violation  of  the  rules  for 
dynamic  scaling  presented  in  this  report)  such  that  only  bending 
mode  frequencies  remain  unchanged.  Obviously,  this  method  will 
not  allow  the  correct  determination  of  nodal  interactions  and  it 
is  recommended  only  as  a  possible  alternative  for  special  cases. 
However,  to  completely  investigate  the  behavior  of  a  structure, 
it  may  be  necessary  to  construct  several  different  models  where 
each  is  designed  to  aid  the  investigation  of  a  specific  type  of 
behavior. 
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Low-frequency  Response  of  Accelerometers  for  Observer  Design 
In  a  Gravity  Environment 

M.  A.  Norris,  R.  C.  Thompson  and  A.  Das 
Analytical  and  experimental  results  demonstrate  that  the  dynamic 
effect  of  gravity  degrades  low-frequency  accelerometer  measurements. 

The  motion  of  an  accelerometer  In  a  gravity  field  can  cause  the  output 
signal  to  indicate  a  reversed  phase  relative  to  the  actual  acceleration 
of  the  point  on  the  structure  at  which  the  sensor  is  mounted.  The 
positions  on  the  structure  where  the  phase  shift  occurs  are  called 
accelerometer  nodal  locations,  because  the  output  of  accelerometers 
located  at  these  positions  are  theoretically  zero.  The  effect  is 
demonstrated  analytically  and  experimentally  using  results  from  a 
pendulum  and  a  two-dimensional  grid  structure.  An  observer  is  designed 
for  the  grid  structure  which  uses  the  accelerometer  measurements  as 
input  and  compensates  for  the  effect  of  gravity  on  the  accelerometers. 
The  observer  performance  including  the  dynamic  effect  of  gravity  on  the 
accelerometer  is  compared  to  the  performance  of  an  observer  using  the 
output  signal  from  the  accelerometers  without  compensating  for  the 
gravity  field  degradation.  The  results  show  that  the  dynamic  effect  of 
gravity  must  be  included  in  the  observer  design  for  low-frequency 
response  estimates  in  a  gravity  environment. 

Introduction 

Maneuver  and  vibration  suppression  strategies  for  flexible 
structures  have  received  considerable  attention  in  recent  years. 
Numerous  identification  and  control  techniques  have  been  proposed  for 
active  vibration  suppression  of  large  space  structures  (LSS)  (Ref.  1- 
7).  To  test  and  evaluate  the  techniques,  ground  experiments  must  be 
performed  to  determine  their  practicality,  performance  and  robustness. 
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The  techniques  require  sensors  to  estimate  the  state  of  the  structure  to 
be  used  for  identification  and  control  strategies.  Furthermore,  In  the 
test  and  evaluation  phase,  it  Is  desirable  to  Implement  sensors  that  are 
suitable  for  space  environment,  so  that  the  identification  and  control 
techniques  can  be  evaluated  using  space-ready  hardware. 

A  wide  variety  of  sensors  used  to  estimate  the  state  of  the 
structure  Include  strain  gauges,  rate  gyros,  accelerometers,  imbedded 
sensors,  proximity  sensors,  and  piezoelectric  distributed  (film) 
sensors.  In  this  paper,  we  focus  our  attention  on  the  application  of 
accelerometers,  and  results  are  reported  accordingly.  We  do  not  Imply 
that  any  one  type  of  sensor  is  more  suitable  than  another.  The 
accelerometer  is  advantageous  for  active  vibration  suppression  of 
flexible  structures  due  to  its  small  size  and  low  weight.  In  addition, 
the  piezoelectric  and  plezoreslstlve  accelerometers  are  becoming 
Increasingly  popular  due  to  recent  improvements  In  sensitivity  to  low- 
frequency  response  and  In  weight  reduction. 

We  considered  the  applications  of  accelerometer  measurements  on  a 
rigid-body  and  a  two-dimensional  grid  structure  in  a  1-6  environment. 
The  ground  experiments  were  conducted  at  the  Air  Force  Astronautics 
Laboratory  (AFAl)  LSS  laboratory.  The  AFAL  experimental  facility  is 
used  to  verify  and  develop  Identification  and  control  strategies  for 
flexible  structures  (Ref.  8).  Currently,  structural  vibrations  are 
monitored  using  high-sensitivity,  low-mass  piezoelectric  accelerometers 
and  proximity  sensors. 

Initial  results  support  the  use  of  accelerometer  measurements  for 
ground-based  testing  of  identification  and  control  technqiues.  We 
consider  the  application  where  accelerometers  are  used  to  measure  the 


282 


transverse  vibration  of  the  structure  relative  to  static  equilibrium. 

At  low  structural  vibration  frequencies  In  a  gravity  environment,  the 
output  of  the  accelerometers  can  provide  unexpected  results.  The 
amplitude  of  the  accelerometer  output  Is  dependent  on  the  location  of 
the  accelerometer  as  one  might  expect.  However,  the  relative  motion  of 
the  accelerometer  In  the  gravity  field  is  Interpreted  as  an  acceleration 
of  the  structure  and  the  output  signal  will  include  this  additional 
component.  For  pendulum  motion,  the  accelerometer  output  is  decreased 
by  the  gravitational  component  and  will  be  zero  at  a  specific  location 
on  the  pendulum.  We  call  this  location  the  accelerometer  nodal 
location.  For  elastic  motion  of  a  structure,  accelerometer  nodal 
locations  can  be  determined  for  certain  modes  of  vibration,  and 
predominantly  occur  In  the  lower  modes  of  vibration.  For  the  two- 
dimensional  grid,  the  effect  of  gravity  Is  to  produce  a  180  degree  phase 
shift  In  the  accelerometer  output  for  the  first  mode  of  vibration,  when 
comparing  accelerometer  outputs  vertically  above  and  below  this  nodal 
location. 

This  paper  Illustrates  the  dynamic  effect  of  gravity  on  low- 
frequency  accelerometer  measurements,  where  the  accelerometer  translates 
and  rotates  in  a  gravity  environment.  The  results  are  verified  through 
analysis  and  experiment.  The  paper  Introduces  the  phenomenon  by 
describing  the  accelerometer  output  for  the  case  of  pendulum  motion. 
After  Introducing  the  equations  of  motion  for  flexible  structures,  the 
accelerometer  nodal  locations  are  determined  analytically  for  elastic 
motion.  To  circumvent  the  gravity  effect  on  the  accelerometer  output, 
an  observer  can  be  Implemented  as  long  as  the  mathematical  model  is  an 
accurate  representation  of  the  structure.  Furthermore,  the  observer 
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outputs  are  compared  with  and  without  the  gravitational  effect  in  the 
design  and  the  outputs  are  compared  using  experimental  data.  In 
addition,  analytical  and  experimental  results  using  the  two-dimensional 
grid  structure  Illustrate  the  gravity  effect. 

Accelerometers  in  Pendulum  Motion 
We  begin  with  the  mechanical  representation  of  a  vibration 
measuring  Instrument  as  shown  In  Figure  1  (Refs.  9-11).  The  mass, 
damping,  and  spring  stiffness  of  the  instrument  are  denoted  m,  c,  and  k, 
respectively.  The  displacement  of  the  case,  the  displacement  of  the 
mass  relative  to  the  case,  and  the  absolute  displacement  of  the  mass  are 
denoted  by  y(t),  z(t),  and  x(t),  respectively,  so  that  x(t)=y(t)+z(t) . 
The  relative  displacement  z(t)  is  measured,  which  is  used  to  infer  the  • 
motion  y(t)  of  the  case.  From  Newton's  second  law,  the  equation  of 
motion  can  be  written  as  (Ref.  9) 

mx(t)  ♦  c(x(t)  -  y(t)>  ♦  k(x(t)  -  y(t))  -  0  (1) 

which  upon  eliminating  x(t)  becomes 

mz(t)  +  cz(t)  +  kz(t)  *  -my(t)  (2) 

Note  that  the  gravitational  component  of  acceleration  can  be  ignored  as 
Eqs.  (1)  and  (2)  describe  motion  about  the  equilibrium  position,  where 
gravity  is  considered  to  be  a  static  effect.  The  accelerometer 
parameters,  m,  c  and  k,  are  designed  such  that  w  «  «n,  where 
w  and  «n  denote  the  excitation  frequency  and  the  natural  frequency  of 
oscillation  of  the  accelerometer,  respectively.  For  harmonic  motion  of 
the  case  y(t),  it  can  be  shown  that  Eq.  (2)  becomes  (Ref.  11) 

“pZ  *  «*>2y  (3) 

Hence,  by  measuring  z  and  knowing  «  ,  the  acceleration  of  the  case 
y  *  -WpZ  can  be  determined. 
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Consider  the  case  where  the  accelerometer  rotates  in  a 
gravitational  field  (Fig.  2).  As  will  become  evident,  gravity  can  no 
longer  be  considered  a  static  effect.  Using  Newton's  second  law,  Eq. 

(2)  now  has  the  form 

mz(t)  +  cz(t)  +  kz(t)  =  -my(t)  -  mgsin  e (t )  (4) 

We  consider  the  case  where  the  accelerometer  Is  mounted  to  estimate  the 
tangential  component  of  acceleration  along  a  rigid  structure  in  pendulum 
motion.  The  tangential  acceleration  of  the  accelerometer  casing  is 
then  y  *  ie,  where  t  represents  the  radial  distance  from  the 
accelerometer  to  the  pendulum  support.  Using  the  small  angle 
approximation  sine  *  y/i,  Eq.  (4)  becomes 

mz  +  cz  +  kz  =  -m(y  +  jy)  (5) 

where  we  note  that  in  pendulum  motion,  the  angular  displacement  e(t)  and 
the  tangential  acceleration  y  are  harmonic  with  frequency  u.  It  is  now 
obvious  that  the  acceleration  due  to  gravity  is  no  longer  a  static 
effect  for  small  pendulum  motion  of  the  accelerometer.  Hence,  in  the 
case  of  the  accelerometer  in  pendulum  motion,  Eq.  (3)  becomes 

“nz  *  ~  (6) 

Equation  (6)  indicates  that  the  dynamic  effect  of  gravity  is  to  reduce 
the  output  amplitude  of  the  accelerometer.  Figure  3  displays 
experimental  results  of  three  piezoelectric  accelerometers  mounted  on  a 
rigid  bar  in  pendulum  motion.  The  natural  frequency  of  vibration  of  the 
pendulum,  obtained  experimentally,  is  u  *  4.9  rad/s.  The  three 
accelerometers  are  placed  at  locations  *  0.34  m,  «  0.41  m, 
and  *  0.53  m,  respectively,  along  the  rigid  bar.  Note  that  the 
output  of  the  accelerometer  at  location  is  nearly  zero  because 
ig  *  g/w  ,  which  designates  the  accelerometer  nodal  location  for  the 
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pendulum.  In  addition,  note  the  180  degree  phase  difference  between  the 
output  of  accelerometers  located  at  and  i^. 

For  structures  in  elastic  vibration,  the  dynamic  effect  of  gravity 
may  also  disturb  the  output  of  the  accelerometers.  For  elastic  motion, 
however,  the  relationship  between  the  translation  and  rotation  of  the 
accelerometer  is  no  longer  kinematic  as  In  the  case  of  pendulum 
motion.  In  order  to  determine  this  relationship,  we  resort  to  the 
equations  of  motion.  Indeed,  accelerometer  nodal  locations  for 
structures  in  elastic  motion  can  be  found  using  the  equations  of  motion 
governing  the  structures,  and  they  can  be  found  for  the  modes  of 
vibration  individually.  In  the  next  section,  we  present  the  equations 
of  motion  for  structures  in  elastic  vibration. 

Equations  of  Motion  for  Structures 
The  equations  of  motion  of  a  flexible  structure  can  be  written  In 
the  form  of  a  partial  dlfferenita!  equation  (Ref.  12) 

L  u(P,t)  +  m(P)u(P,t)  *  f  (P,t)  (7) 

where  u(P,t)  is  the  displacement  of  point  P  in  the  domain  D,  m(P)  is  the 
mass  density  and  f(P,t)  Is  the  external  force  density.  We  consider  the 
case  in  which  the  centrifugal  forces  can  be  Ignored  such  that  L  is  a 
self-adjoint  positive-definite  differential  operator  representing  the 
system  stiffness.  Moreover,  we  assume  that  structural  damping  and 
gyroscopic  forces  are  small  enough  to  be  neglected.  The  displacement  u 
must  satisfy  prescribed  boundary  conditions.  Associated  with  Eq.  (7X, 
we  have  the  eigenvalue  problem 

L  *(P)  -  m(P)*(P)  (8) 

The  solution  to  Eq.  (8)  consists  of  a  denumerably  infinite  set  of  real 
eigenfunctions  ♦f(P)  and  associated  real,  positive  eigenvalues  xr,  which 
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represent  the  mode  shapes  and  square  of  the  natural  frequencies  of 
oscillation,  respectively.  The  Infinite  set  of  eigenfunctions  are 
spatially  orthogonal  and  can  be  normalized  to  satisfy  the  orthonormality 
conditions  (Ref.  13).  Using  the  expansion  theorem  (Ref.  13) 

u(P.t)  *  i  *r(P)qr(t)  (9) 

r»t  r  r 

and  the  orthonormality  conditions,  we  can  transform  the  equations  of 
motion,  Eqs.  (7),  Into  an  infinite  set  of  independent  second-order 
ordinary  differential  modal  equations 

qr(t)  ♦  4 qr(t)  -  fr(t)  (10) 

2 

where  u»r  *  xr,  u>r  represent  the  natural  frequencies  of  oscillation,  and 
fr(t)  are  modal  forces  given  by 

fr(t)  -  J  ♦r(p)f(p*t>d0  (U) 

o 

Nodal  Locations  For  Vibration-Measuring  Instruments 
In  this  section,  we  derive  the  accelerometer  nodal  locations  for 
structures  In  elastic  vibration,  or  nodal  locations  for  any  vibration¬ 
measuring  Instrument  In  which  Eq.  (4)  holds.  Before  obtaining  the  nodal 
locations,  we  note  that  Eqs.  (5)  and  (6)  were  obtained  using  the 
kinematic  relation  between  the  tangential  and  angular  acceleration  and 
assuming  small  motions  of  the  pendulum  about  the  static  equilibrium 
position.  For  structures  In  elastic  vibration,  however,  the  relation 
beween  the  acceleration  y  and  the  angular  acceleration  e(t)  is  no  longer 
kinematic.  To  obtain  the  relation,  we  use  the  equations  of  motion  of 
the  structure. 

In  linear  motion,  the  displacement  of  the  structure  Is  small  enough 
so  that  we  can  assume  that  y  coincides  with  the  transverse 
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acceleration  «  u(P^,t)  (1  *  1,2,... ,m)  at  a  point  denoting  the 
accelerometer  location.  Moreover,  represents  the  displacement  from 
the  static  equilibrium  position  of  the  structure  at  a  point  P^,  so 
that  e ( t)  In  Eq.  (4)  represents  any  nominal  rotation  about  the 
equilibrium  point  and  Is  equal  to  uj  (1  *  l,2,...,m)  as  Illustrated  In 
Fig.  (4),  which  Is  the  local  slope  at  P^  with  respect  to  the  static 
equilibrium  position.  Hence,  Eq.  (4)  becomes 

mz^  +  czj  ♦  kz^  «  -  mtij  -  mg  s1n(o^  u\)  (12) 

where  z^  (1  *  l,2,...,m)  Is  the  relative  displacement  of  the  1th 
accelerometer  and  a^(1  *  i,2,...,m)  Is  a  constant  denoting  the  angle 
between  the  vertical  and  the  tangent  to  the  structure  In  equilibrium  at 
accelerometer  location  P^.  We  assume  that  (1  *  l,2,...,m)  can  be 
computed  from  a  static  analysis.  Using  a  small  angle  approximation  In 
u|,  Eq.  (12)  becomes 

mw^  +  cw^  ♦  kw^  «  -  mu1  -  mg(cos  o^)uj  (13) 

where  w^  ■  z^  +  mgsinaj/k  (1  «  l,2,...,m)  denotes  the  motion  of  mass  m 
In  the  accelerometer  about  Its  static  equilibrium  position.  Note  that 
for  an  accelerometer  mounted  vertically  with  j  In  Eq.  (13),  the 
dynamic  effect  of  gravity  Is  negligible.  The  dynamic  effect  of  gravity 
Is  greatest  for  values  »  0. 

The  accelerometer  Is  a  vibration-measuring  instrument  designed  such 
that  the  excitation  frequency  w  is  much  smaller  than  the  natural 
frequency  wn  of  the  accelerometer  w  «  t»n,  so  that  inertia  and  damping 
forces  In  Eq.  (13)  may  be  neglected  because  they  are  quite  small  In 
comparison  to  the  elastic  spring  force  of  the  accelerometer.  Hence,  Eq. 
(13)  becomes 

a^  ■  «  u^  +  g(cosc^)uJ,  1  *  1,2,. ..,m  (14) 
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where  a^  represents  the  output  of  the  1th  accelerometer.  Using  Eqs. 
(9),  (10)  and  (14),  the  accelerometer  output  a^  Is  then 


a1  *  l  {{g(cos  „W)  -  «^r(Pi)]qr(t) 

♦  ♦r(pf)fr(t)l*  1  =  l'2 . m 


(15) 


where  ^(P^)  represents  the  slope  of  the  rth  mode  of  vibration  at  P^. 

We  consider  the  case  of  free  vibration;  i.e.,  fr(t)  *  0  (r  =  1,2,...). 

o 

At  the  accelerometer  location  P^  where  g^(P^)  *  w‘*r(Pi),  the 
accelerometer  output  does  not  include  the  contribution  to  the 
acceleration  of  the  rth  mode.  Hence,  nodal  accelerometer  locations 
exist  for  modes  of  vibration  that  satisfy  g*J.(P^)  *  «J>r(P^).  Examining 
Eq.  (15),  for  higher  natural  frequencies  the  effect  of  gravity  may  be 
negligible  due  to  the  domination  of  w*  ,  so  that  accelerometer  nodal 
locations  occur  predominantly  In  the  lower  modes  of  vibration. 

Observer  Implementation 

In  this  section,  we  develop  an  observer  which  uses  as  Input 
accelerometer  measurements.  In  general,  the  motion  of  a  structure  can 
be  expressed  as  a  linear  combination  of  the  lower  modes  of  vibration 
because  a  large  amount  of  energy  Is  required  to  excite  the  higher 
inodes.  We  consider  a  modal  observer  using  only  the  lower  modes  of 
vibration. 

The  modal-state  estimator  has  the  form  (Ref.  7) 
i  «  Ai  +  B£  +  K(a  -  i)  (16) 

where  i  «  [qi  q2  ...  qn  q^  q2  •••  state  estimate  vector,  f  * 

(fj  f2  ...  fn]^  Is  the  modal  force  vector,  a  »  (a^  a2  ...  a^l^ 
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*  *  A  T 

and  a  >  [a,  a.  ...  a  I  are  the  m-dlmensional  accelerometer  output  and 

—  1  c  m 

estimated  accelerometer  output  vectors,  respectively,  and  A,  B  are  plant 
matrices  given  by 


Note  that  I  Is  the  nxn  Identity  matrix,  0  Is  an  nxn  null  matrix  and  a  Is 
an  nxn  diagonal  matrix  of  eigenvalues  corresponding  to  the  lowest  n 
modes  of  vibration.  Furthermore,  the  matrix  K  Is  the  observer  gain 
matrix.  If  the  system  Is  treated  as  deterministic,  Eq.  (16)  represents 
a  Luenberger  observer.  If  stochastic  signals  are  considered,  the  gain 
matrix  K  may  be  designed  to  satisfy  a  Rlccati  equation  in  which  case  Eq. 
(16)  represents  a  Kalman  filter  (Ref.  14).  The  associated  output 
equation  has  the  form 

a  *  C v  +  Df  (18) 

where  C  and  0  are  mx2n  and  mxn  dimensional  matrices,  respectively,  and 
from  Eq.  (15)  their  entries  are  given  by 

Crs  *  °*  °rs  “  ♦s(Pr)»  r  "  1,2 . m; 

s  *  1,2, ...n  (19) 

Crs  «  g(cosar)*J(Pr)  -  ^s(pr),  r  «  l,2,...,m; 

s  *  n+1,  n+2,  ...»  2n 

A  necessary  condition  for  observability  of  the  modal-estimator  requires 
that  the  matrix  C  contain  only  n  zero  columns. 

Analytical  and  Experimental  Results 
To  determine  the  effects  of  gravity  on  the  accelerometer 
measurements,  an  observer  was  implemented  for  the  AFAL  Grid  structure 
(Ref.  8).  The  two-dimensional  AFAL  Grid  structure  is  Illustrated  in 
Fig.  5.  The  observer  was  a  modal-state  estimator  given  by  Eqs.  (16)  and 
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(17).  The  model  used  in  the  observer  Included  the  first  four  modes  of 
vibration  provided  by  a  Nastran  model  of  the  Grid  structure.  To  test 
the  observer,  both  analytical  and  experimental  results  were 
considered.  "In  the  analytical  tests,  the  free-response  was  used  where 
the  plant  and  observer  model  contained  no  damping.  For  the  experimental 
tests,  damping  was  added  to  the  first  mode  of  vibration  of  the  observer 
model.  The  amount  of  damping  was  determined  experimentally.  The 
structure  was  excited  using  an  electromagnetic  shaker  with  frequency 
approximately  equal  to  the  first  natural  frequency  of  the  structure,  so 
that  the  response  consisted  mainly  of  the  first  mode  of  vibration.  Four 
accelerometers  a^  (1  *  1,2, 3, 4)  and  one  shaker  were  placed  as  shown  In 
Fig.  5,  where  the  structure  Is  suspended  vertically  so  that  *  0  (i  « 
1,2, 3, 4)  In  Eq.  (19).  The  output  equation  for  the  observer  is  given  by 
Eq.  (18). 

We  consider  two  cases  In  the  analysis.  In  the  first,  the  plant 
simulation  and  observer  are  constructed  without  the  gravitational  effect 
and  In  the  second,  the  dynamic  effect  of  gravity  on  the  accelerometers 
is  Included.  In  both  cases,  we  use  the  free  response  where  the  initial 
conditions  of  the  plant  were  designed  such  that  the  response  consisted 
of  the  first  mode  of  vibration  only.  Figure  6  shows  the  output  of  the 
observer  when  the  gravitational  effect  is  not  included,  so  that  g  *  0  in 
Eq.  (18).  Figure  7  Includes  the  dynamic  effect  of  gravity,  where  the 
phase  shift  between  the  accelerometer  outputs  Is  obvious.  The  poles  of 
the  observer  were  placed  In  the  left-half  of  the  complex  plane  so  that 
the  observer  output  converged  to  the  plant  response  quickly.  In 
addition,  the  simulation  contained  no  noise,  hence,  the  plant  response 
is  nearly  Identical  to  the  observer  output.  In  this  manner,  we 


291 


Illustrate  that  the  observer  formulation  given  by  Eqs.  ( 16) - ( 19 )  does 
converge  to  the  plant  simulation.  Comparison  of  Figs.  6  and  7  reveals 
that  the  dynamic  effect  of  gravity  Is  to  cause  a  phase  shift  In 
accelerometer  aj.  Moreover,  Fig.  7  shows  that  the  accelerometer  nodal 
location  for  the  first  mode  of  vibration  of  the  Grid  exists  between  a^ 
and  82*  where  these  locations  are  Illustrated  In  Fig.  5. 

Figure  8  presents  experimental  data  where  the  structures  response 
mainly  consisted  of  the  first  mode  of  vibration  due  to  the  resonance 
excitation  of  the  shaker.  Note  the  phase  shift  between  a^  and  the 
remaining  accelerometer  outputs.  We  use  the  steady-state  accelerometer 
outputs  shown  in  Fig.  8  as  Input  to  the  observer.  It  was  necessary  to 
add  damping  to  the  first  mode  of  vibration  of  the  observer,  due  to  the 
resonance  excitation  of  the  structure  which  Is  used  as  Input  to  the 
observer  through  Eqs.  (16)  and  (18).  Furthermore,  the  damping  added  was 
experimentally  observed  for  the  first  mode  of  vibration.  The  observer 
gains  were  computed  using  the  solution  of  a  Rlccatl  equation  with 
appropriate  values  for  the  noise  Intensities  of  the  shaker  and 
accelerometers,  so  that  the  observer  Is  actually  a  Kalman  filter. 

For  the  experimental  tests,  we  consider  two  cases.  In  the  first, 
the  observer  was  constructed  by  Ignoring  the  gravitational  effect  on  the 
accelerometer  output  using  g  ■  0  in  Eq.  (19).  In  the  second  case,  the 
dynamic  effect  of  gravity  on  the  accelerometer  output  is  included.  The 
steady-state  output  for  the  observer  design  Ignoring  gravity  Is  shown  In 
Fig.  (9).  Note  that  the  observer  predicts  the  accelerometer  outputs  to 
be  In-phase,  similar  to  Fig.  6.  To  predict  the  phase-shift  In 
accelerometer  aj,  we  must  Include  the  dynamic  effect  of  gravity  on  the 
accelerometers  in  the  observer.  The  steady-state  observer  output 


292 


Including  gravity  Is  shown  In  Fig.  10.  In  this  second  case,  the 
observer  predicts  a  phase  shift  In  accelerometer  alt  which  is  compatible 
with  the  experimental  data.  Comparing  Figs.  8  and  10,  we  note  that  the 
amplitudes  of  the  accelerometer  outputs  predicted  by  the  observer  do  not 
match  the  experimental  data.  This  Is  due  to  the  disagreement  between 
the  model  and  the  actual  structure.  Namely,  the  damping  In  the  actual 
structure  has  been  experimentally  observed  to  be  nonlinear.  Morever, 
the  additional  dynamics  of  the  shaker  are  not  included  in  the  Nastran 
model.  We  recognize  that  the  attachment  of  the  shaker  to  the  structure 
alters  the  natural  frequencies  and  mode  shapes  of  the  system. 
Consequently,  a  more  accurate  observer  model  should  Include  the 
additional  dynamic  constraints  caused  by  the  shaker. 

Conclusions 

Analytical  and  experimental  results  demonstrate  the  low-frequency 
response  of  accelerometers  in  a  1-6  environment.  It  Is  concluded  that 
for  low-frequency  response  measurements,  the  dynamic  effect  of  gravity 
on  the  accelerometer  response  cannot  be  Ignored.  The  effect  Is 
demonstrated  experimentally  for  pendulum  motion  and  elastic  vibration  of 
the  AFAL  two-dimensional  Grid  structure.  Furthermore,  the  results  of 
analysis  and  experiment  show  that  accelerometer  nodal  locations  exist 
and  predominantly  occur  in  the  lower  modes  of  vibration.  An  observer  Is 
formulated  to  include  the  dynamic  effect  of  gravity  on  the  accelerometer 
measurements  and  Is  compared  to  an  observer  which  Ignores  the  effect  of 
gravity.  The  observer  Is  constructured  for  the  AFAL  Grid  structure,  and 
experimental  results  Indicate  that  the  dynamic  effect  of  gravity  on 
accelerometer  measurements  should  be  included  In  the  observer  design. 
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Fig.  1.  Vibration  Measuring 
Instrument 


Fig.  2.  Accelerometer  In  Pendulum 
Motion 


Fig.  3.  Accelerometer  Outputs  For  Pendulum  Motion 


Accelerometer  Mounted  on  a  Flexible  Structure  In  1-G 
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I.  6.  Analytical  Observer  Response:  Gravitational  Effects  Not 
Included. 


TIME  (sec) 

Fig.  7.  Analytical  Observer  Response:  Gravitational  Effect  Included. 
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Fig.  9.  Experimental  Observer  Response:  Gravity  Hot  Included. 
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